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Introduction

PDE-Constrained Optimization

A general PDE-constrained optimization problem may be written as

min
y,f

1

2
}y � py}2L2pΩq � β

2
}f}2L2pΩq

s.t. Ly � f, in Ω,

y � g, on BΩ.
Applications in far-reaching areas such as flow control, semiconductor design,
electromagnetic inverse problems, weather forecasting, medical imaging and
finance.
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}y � py}2L2pΩq � β
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s.t. Ly � f, in Ω,ByBn � g, on BΩ.
Applications in far-reaching areas such as flow control, semiconductor design,
electromagnetic inverse problems, weather forecasting, medical imaging and
finance.

Flow control Image processing Chemical reactions

State Velocity and pressure of fluid Image post-processing Concentrations of reactants

Control Energy put into system Data-driven terms in processing Rate at which reactants inserted
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Introduction

PDE-Constrained Optimization

Problems clearly defined, but in general extremely difficult to solve.

Using a finite element method Ñ matrix system of very high dimension.

Very effective approach for solving these systems is to construct iterative
methods which are accelerated by powerful preconditioners.

When solving matrix system Ax � b, a good preconditioner P will be cheap to
apply & such that P�1A has desirable properties.

Many advantages: can exploit sparsity and structure of matrices, don’t have to
store the entire system, can solve large problems rapidly & in parallel.

Matrix A & Preconditioner P
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Background

Saddle Point Systems

For the problems we consider, the matrices are of saddle point structure:

A � �
A BJ
B �C �

.

Two preconditioners are [Kuznetsov, 1995], [Murphy, Golub & Wathen, 2000]:

PD � �
A 0
0 S

�
, PT � �

A 0
B �S �

.

Here, S � C �BA�1BJ is the (negative) Schur complement.

Excellent spectral properties: if P�1
D A and P�1

T A are nonsingular [Murphy, Golub
& Wathen, 2000], [Ipsen, 2001]:

λpP�1
D Aq P "

1,
1

2
p1 �?

5q* , if C � 0,

λpP�1
T Aq P t1u , generally.

In general A, S are not practical preconditioners, so devise approximations pA, pS.
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Background

min
y,f

1

2
}y � py}2L2pΩq � β

2
}f}2L2pΩq

s.t. �∇2y � f, in Ω,

y � g, on BΩ.
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Background

min
y,f

1

2
}y � py}2L2pΩq � β

2
}f}2L2pΩq

s.t. �∇2y � f, in Ω,

y � g, on BΩ.
Distributed Poisson Control

Differentiating (with respect to y, f , p) the cost functional:

Lpy, f ,pq � 1

2
py � pyqJMpy � pyq � β

2
fJM f � pJpKy �M f � gq,

where M is a finite element mass matrix, and K a stiffness matrix, gives�� M 0 K

0 βM �M
K �M 0

���� y

f

p

�� � �� Mpy
0

g

�� .
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min
y,f
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2
}y � py}2L2pΩq � β

2
}f}2L2pΩq

s.t. �∇2y � f, in Ω,

y � g, on BΩ.
Distributed Poisson Control

Differentiating (with respect to y, f , p) the cost functional:

Lpy, f ,pq � 1

2
py � pyqJMpy � pyq � β

2
fJM f � pJpKy �M f � gq,

where M is a finite element mass matrix, and K a stiffness matrix, gives�� M 0 K

0 βM �M
K �M 0

���� y

f

p

�� � �� Mpy
0

g

�� .
This is a saddle point system with

A � �
M 0
0 βM

�
, S � KM�1K � 1

β
M.

We may precondition A using Chebyshev semi-iteration to approximate M�1.

John Pearson (University of Kent) Fast Solvers for Reaction-Diffusion Control Fox Prize Meeting, June 2015 5 / 32



Background

Approximating the Schur Complement – Matching Strategy

We aim to capture both terms of the Schur complement by writing

S � KM�1K � 1

β
M, pS � �

K � 1a
β
M

�
M�1

�
K � 1a

β
M

�
.

This ensures that [Pearson & Wathen, 2012]:

λppS�1Sq P �1
2
, 1

�
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We aim to capture both terms of the Schur complement by writing

S � KM�1K � 1

β
M, pS � �

K � 1a
β
M

�
M�1

�
K � 1a

β
M

�
.

This ensures that [Pearson & Wathen, 2012]:

λppS�1Sq P �1
2
, 1

�
Our preconditioner requires four ingredients:
1 Saddle point approximation,
2 Approximation of mass matrix by Chebyshev semi-iteration,
3 Matching strategy for Schur complement,
4 Effective multigrid method for K � 1?

β
M to apply pS.

Only � 15 iterations required for 6 digits of accuracy using Minres.

J. W. Pearson and A. J. Wathen, A New Approximation of the Schur Complement in Preconditioners for

PDE-Constrained Optimization, Numerical Linear Algebra with Applications, 2012.
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Background

Extension to Time-Dependent Problems

When solving an analogous time-dependent (heat equation control) problem:

min
y,f

1

2

» T
0

»
Ω

pypx, tq � pypx, tqq2 dΩdt� β

2

» T
0

»
Ω

pfpx, tqq2 dΩdt,

s.t. yt �∇2y � f, for px, tq P Ω � r0, T s,
y � g, on BΩ � r0, T s,
y � y0, at t � 0,

one is faced with a system of the form:�� τM1{2 0 KJ
0 βτM1{2 �τM
K �τM 0

���� y

f

p

�� � �� τM1{2py
0

g

�� ,
where

K � ����� M � τK�M M � τK
. . . . . .�M M � τK

����� ,
M1{2 � blkdiag

�
1

2
M,M, ...,M,

1

2
M



, M � blkdiag pM, ...,Mq .
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When solving an analogous time-dependent (heat equation control) problem

min
y,f

1

2

» T
0

»
Ω

pypx, tq � pypx, tqq2 dΩdt� β

2

» T
0

»
Ω

pfpx, tqq2 dΩdt,

s.t yt �∇2y � f, for px, tq P Ω � r0, T s,
y � g, on BΩ � r0, T s,
y � y0, at t � 0,

one is faced with a system of the form:�� τM1{2 0 KJ
0 βτM1{2 �τM
K �τM 0

���� y

f

p

�� � �� τM1{2py
0

g

�� .
We construct our preconditioner as follows [Pearson, Stoll & Wathen, 2012]:

S � 1

τ
KM�1

1{2KJ � τ

β
MM�1

1{2M, pS � 1

τ

�
K � τa

β
M

�
M�1

1{2�K � τa
β
M

�J
ãÑ P � ��� τM1{2 0 0

0 βτM1{2 0

0 0 1
τ

�
K � τ?

β
M

	
M�1

1{2 �K � τ?
β
M

	J ��� .
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Background

SG � XXJ � Y Y JpSG � pX � Y qpX � Y qJ X, Y real

SG, pSG invertible
Ñ λppS�1

G SGq ¥ 1

2
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Background

SG � XXJ � Y Y JpSG � pX � Y qpX � Y qJ X, Y real

SG, pSG invertible
Ñ λppS�1

G SGq ¥ 1

2

Uses of Matching Strategy

Complex valued linear algebraic systems [Axelsson et al., 2014], [Bai et al., 2013].

Cahn-Hilliard models in imaging [Bosch, Stoll & Benner, 2014], [Boyanova,
Do-Quang & Neytcheva, 2012].

Phase Field Crystal equation in soft matter physics [Praetorius & Voigt, 2015].
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Background

SG � XXJ � Y Y JpSG � pX � Y qpX � Y qJ X, Y real

SG, pSG invertible
Ñ λppS�1

G SGq ¥ 1

2

Uses of Matching Strategy

Complex valued linear algebraic systems [Axelsson et al., 2014], [Bai et al., 2013].

Cahn-Hilliard models in imaging [Bosch, Stoll & Benner, 2014], [Boyanova,
Do-Quang & Neytcheva, 2012].

Phase Field Crystal equation in soft matter physics [Praetorius & Voigt, 2015].

Interior point methods for linear (and quadratic) programming:

A � A1 0 BJ
1

0 A2 BJ
2

B1 B2 0

, A1   A2.

The Schur complement may be approximated as follows:

S � B1A
�1
1 BJ

1 �B2A
�1
2 BJ

2 Ñ pS � �
B1 � pD	A�1

1

�
B1 � pD	J ,pDA�1

1
pD � diag

�
B2A

�1
2 BJ

2

	
.
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Reaction-Diffusion Control Problems for Chemical Reactions

Reaction-Diffusion Control from Chemical Processes

A problem which we are now keen to consider is the following optimal control
problem involving reaction-diffusion equations. We wish to minimize

J pu, v, cq � αu

2
}u� pu}2L2pQq � αv

2
}v � pv}2L2pQq � αc

2
}c}2L2pΣq ,

subject to the following PDE constraints:

ut �D1∇
2u � k1u � � γ1uv, in Q :� Ω � r0, T s,

vt �D2∇
2v � k2v � � γ2uv, in Q,

D1

BuBn � c, on Σ :� BΩ � r0, T s,
D2

BvBn � ǫv � 0, on Σ,

upx, 0q � u0pxq, in Ω,

vpx, 0q � v0pxq, in Ω.

We may also incorporate the control constraints:

c P Cad :� tc P L8pΣq : ca ¤ c ¤ cb a.e. on Σu.
Examined in e.g. [Barthel, John & Tröltzsch, 2010], [Griesse & Volkwein, 2006].
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Reaction-Diffusion Control Problems for Chemical Reactions

Optimality Conditions

On the continuous level, we consider the Lagrangian

Lpu, v, c, p, qq � αu

2
}u� pu}2L2pQq � αv

2
}v � pv}2L2pQq � αc

2
}c}2L2pBQq� »

Q

pΩ
�
ut �D1∇

2u� k1u � γ1uv
�� »

Q

qΩ
�
vt �D2∇

2v � k2v � γ2uv
�� »BQ pBΩ�D1

BuBn � c


 � »BQ qBΩ�D2

BvBn � ǫv



.
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.

Differentiating with respect to p, q gives the state equations:

ut �D1∇
2u � k1u � �γ1uv, vt �D2∇

2v � k2v � �γ2uv.
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Differentiating with respect to p, q gives the state equations:

ut �D1∇
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2v � k2v � �γ2uv.
Differentiating with respect to u, v gives the adjoint equations:�pt �D1∇

2p � k1p � γ1pv � γ2qv � αuu � αupu,�qt �D2∇
2q � k2q � γ2qu� γ1pu� αvv � αvpv.
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Differentiating with respect to c gives the gradient equation:

αcc� p � 0, on BQ.
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Reaction-Diffusion Control Problems for Chemical Reactions

Newton Iteration – Matrix System

In matrix form, the Newton system is written as������ αuId γ1p̄� γ2q̄ 0 Du
1 γ2v̄

γ1p̄ � γ2q̄ αvId 0 γ1ū Dv
1

0 0 αcD
�1
1 Id �D�1

1 Id 0
Du γ1ū �D�1

1 Id 0 0
γ2v̄ Dv 0 0 0

������������ su
sv
sc
sp
sq

������ � b,

where

Du � BBt �D1∇
2 � k1Id � γ1v̄, Du

1 � � BBt �D1∇
2 � k1Id � γ1v̄,

Dv � BBt �D2∇
2 � k2Id � γ2ū, Dv

1 � � BBt �D2∇
2 � k2Id � γ2ū.

The vector b represents the terms from the previous iteration:������ αupu � ��p̄t �D1∇
2p̄ � k1p̄ � γ1p̄v̄ � γ2q̄v̄ � αuū

�
αvpv � ��q̄t �D2∇

2q̄ � k2q̄ � γ2q̄ū � γ1p̄ū � αvv̄
��pαcc̄ � p̄q� �ūt �D1∇

2ū� k1ū � γ1ūv̄
�� �v̄t �D2∇

2v̄ � k2v̄ � γ2ūv̄
� ������ .
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Reaction-Diffusion Control Problems for Chemical Reactions

Newton Iteration – Matrix System

Applying a finite element method at the Newton step, we obtain the matrix:������ ταuM τ pγ1Mp � γ2Mqq 0 LJu,C τγ2Mv

τ pγ1Mp � γ2Mqq ταvM 0 τγ1Mu LJv,C
0 0 ταcD

�1
1 MΓ �τD�1

1 NJ 0
Lu,C τγ1Mu �τD�1

1 N 0 0
τγ2Mv Lv,C 0 0 0

������ ,
where

Lu,C � ME � τD1K � τk1M � τγ1Mv,

Lv,C � ME � τD2K � τk2M � τγ2Mu.

Here M and K are block diagonal matrices with mass and stiffness matrices for
each time-step, MΓ is associated boundary mass matrix, N the trace operator
mapping onto the boundary, and ME mass matrices from time-stepping.

All other Mψ � blkdiagpMψ, . . . ,Mψq are obtained from evaluating integrals of
the form rMψsij � ³

ψφiφj for each matrix entry.
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Reaction-Diffusion Control Problems for Chemical Reactions

Newton Iteration – Matrix System������ ταuM τ pγ1Mp � γ2Mqq 0 LJu,C τγ2Mv

τ pγ1Mp � γ2Mqq ταvM 0 τγ1Mu LJv,C
0 0 ταcD

�1
1 MΓ �τD�1

1 NJ 0
Lu,C τγ1Mu �τD�1

1 N 0 0
τγ2Mv Lv,C 0 0 0

������������su
sv
sc
sp
sq

������ � b

The vector b represents the discretization of������ ³
αupu � ³ ��p̄t �D1∇

2p̄� k1p̄ � γ1p̄v̄ � γ2q̄v̄ � αuū
�³

αvpv � ³ ��q̄t �D2∇
2q̄ � k2q̄ � γ2q̄ū � γ1p̄ū � αvv̄

�� ³ pαcc̄� p̄q� ³ �ūt �D1∇
2ū� k1ū � γ1ūv̄

�� ³ �v̄t �D2∇
2v̄ � k2v̄ � γ2ūv̄

� ������ ,
at each time-step.
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Reaction-Diffusion Control Problems for Chemical Reactions������� ταuM τ pγ1Mp � γ2Mqq 0 LJu,C τγ2Mv

τ pγ1Mp � γ2Mqq ταvM 0 τγ1Mu LJv,C
0 0 ταcD

�1
1 MΓ �τD�1

1 NJ 0

Lu,C τγ1Mu �τD�1
1 N 0 0

τγ2Mv Lv,C 0 0 0

�������
Preconditioning the Matrix System – p1, 1q-block

Let us apply saddle point theory when approximating the p1, 1q-block, and takepA � τ

�� αuM � α�1
v pγ1Mp � γ2MqqM�1pγ1Mp � γ2Mqq 0 0

γ1Mp � γ2Mq αvM 0
0 0 αcD

�1
1 MΓ

�� .
We replace M�1 with rdiagpMqs�1, and apply Chebyshev semi-iteration to
approximate M�1

Γ .

Preconditioner will be non-symmetric Ñ apply Bicg, Gmres, or other
non-symmetric solver.

JWP and M. Stoll, Fast Iterative Solution of Reaction-Diffusion Control Problems Arising from Chemical

Reactions, SIAM Journal on Scientific Computing, 2013.
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Reaction-Diffusion Control Problems for Chemical Reactions������� ταuM τ pγ1Mp � γ2Mqq 0 LJu,C τγ2Mv

τ pγ1Mp � γ2Mqq ταvM 0 τγ1Mu LJv,C
0 0 ταcD

�1
1 MΓ �τD�1

1 NJ 0

Lu,C τγ1Mu �τD�1
1 N 0 0

τγ2Mv Lv,C 0 0 0

�������
Preconditioning the Matrix System – Schur complement

We now approximate

S � 1

τ

�
Lu,C τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJu,C τγ2Mv

τγ1Mu LJv,C � � τ

αcD1

�
NM�1

Γ NJ 0
0 0

�
,

where

Ap1,2q � �
αuM γ1Mp � γ2Mq

γ1Mp � γ2Mq αvM

�
.

We make use of our matching strategy derived earlier to write:pS � 1

τ

�
Lu,C �xM τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJu,C �xM τγ2Mv

τγ1Mu LJv,C �
.
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Reaction-Diffusion Control Problems for Chemical Reactions

S � 1

τ

�
Lu,C τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJu,C τγ2Mv

τγ1Mu LJv,C � � τ

αcD1

�
NM�1

Γ NJ 0
0 0

�pS � 1

τ

�
Lu,C �xM τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJu,C �xM τγ2Mv

τγ1Mu LJv,C �
Preconditioning the Matrix System – Schur complement

We select xM such that

1

τ

�xM 0
0 0

� �
αuM γ1Mp � γ2Mq

γ1Mp � γ2Mq αvM

��1 �xM 0
0 0

� � τ

αcD1

�
NM�1

Γ NJ 0
0 0

�
.
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Reaction-Diffusion Control Problems for Chemical Reactions

S � 1

τ

�
Lu,C τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJu,C τγ2Mv

τγ1Mu LJv,C � � τ

αcD1

�
NM�1

Γ NJ 0
0 0

�pS � 1

τ

�
Lu,C �xM τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJu,C �xM τγ2Mv

τγ1Mu LJv,C �
Preconditioning the Matrix System – Schur complement

We select xM such that

1

τ

�xM 0
0 0

� �
αuM γ1Mp � γ2Mq

γ1Mp � γ2Mq αvM

��1 �xM 0
0 0

� � τ

αcD1

�
NM�1

Γ NJ 0
0 0

�
.

This implies that

1

τ
xM �

αuM� α�1
v Mp1,2q

p,q

	�1 xM � τ

αcD1

NM�1
Γ NJ,

where M
p1,2q
p,q :� pγ1Mp � γ2MqqM�1pγ1Mp � γ2Mqq.

An efficient and accurate approximation is a diagonal matrix with�xM�
jj
� τ?

αcD1

������αuM � α�1
v Mp1,2q

p,q

��
jj

����1{2 � �NM�1
Γ NJ�1{2

jj
.

John Pearson (University of Kent) Fast Solvers for Reaction-Diffusion Control Fox Prize Meeting, June 2015 15 / 32



Reaction-Diffusion Control Problems for Chemical Reactions������� ταuM 0 0 LJu,C τγ2Mv

0 ταvM 0 τγ1Mu LJv,C
0 0 ταcD

�1
1 MΓ �τD�1

1 NJ 0

Lu,C τγ1Mu �τD�1
1 N 0 0

τγ2Mv Lv,C 0 0 0

�������
Deriving pS – Gauss-Newton iteration

Within the matching strategy, we select xM such that

1

τ

� xM 0
0 0

� �
αuM 0
0 αvM

��1 � xM 0
0 0

� � τ

αcD1

�
NM�1

Γ NJ 0
0 0

�
.

The resulting approximation xM has diagonal entries given by�xM�
jj
� τ


αu

αcD1

rMs1{2jj � �NM�1
Γ NJ�1{2

jj
.
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Reaction-Diffusion Control Problems for Chemical Reactions������� ταuM γ1Mp � γ2Mq 0 LJu,C τγ2Mv

γ1Mp � γ2Mq ταvM 0 τγ1Mu LJv,C
0 0 τD�1

1 pαcMΓ � ε�1GAq �τD�1
1 NJ 0

Lu,C τγ1Mu �τD�1
1 N 0 0

τγ2Mv Lv,C 0 0 0

�������
Deriving pS – Control constraints

Within the matching strategy, we select xM such that

1

τ

� xM 0
0 0

� �
αuM γ1Mp � γ2Mq

γ1Mp � γ2Mq αvM

��1 � xM 0
0 0

�� τ

D1

�
NpαcMΓ � ε�1GAq�1NJ 0

0 0

�
.

The resulting approximation xM has diagonal entries given by�xM�
jj
� τ?

αcD1

������αuM � α�1
v Mp1,2q

p,q

��
jj

����1{2 � �N�αcMΓ � ε�1GA

��1
NJ�1{2

jj
.
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Reaction-Diffusion Control Problems for Chemical Reactions

pS � 1

τ

�
Lu,C �xM τγ1Mu

τγ2Mv Lv,C

�
A�1p1,2q � LJ

u,C �xM τγ2Mv

τγ1Mu LJ
v,C

�
Some Observations

To apply pS�1 in practice, use fixed number of iterations of an Uzawa scheme,
coupled with algebraic multigrid routine to approximate the diagonal blocks.

Good lower bound of λppS�1Sq.
Greater variation in upper bound due to range of parameters: mesh size h, τ , αu,
αv, αc, D1, D2, k1, k2, γ1, γ2, ǫ, ca, cb, ε.

Best case scenario: when one term in S strongly dominates.

Worst case scenario: when first term of S is (close to) indefinite.
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Reaction-Diffusion Control Problems for Chemical Reactionspu � t |sinp2x1x2x3q| � 0.3, pv � 0, k1 � k2 � D1 � D2 � 1, γ1 � γ2 � 0.15

DoF
αc � 10�3 αc � 10�5

Time Newton Iterations Time Newton Iterations
538, 240 1, 995 step 1 17 1, 726 step 1 16

step 2 20 step 2 16
step 3 20 step 3 16

3, 331, 520 14, 757 step 1 28 14, 904 step 1 28
step 2 31 step 2 27
step 3 29 step 3 34
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Reaction-Diffusion Control Problems for Chemical Reactionspu � "
0.7 if x P r0, 1

2
s3

0.2 otherwise
, pv � 0, k1 � k2 � D1 � D2 � 1, γ1 � γ2 � 0.15

DoF
αc � 10�3 αc � 10�5

Time Newton Iterations Time Newton Iterations
382, 840 2, 624 step 1 24 2, 819 step 1 29

step 2 30 step 2 35
step 3 33 step 3 33

2, 670, 200 19, 128 step 1 36 22, 976 step 1 46
step 2 44 step 2 52
step 3 44 step 3 53
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Reaction-Diffusion Control Problems for Chemical Reactionspu � t |sinp2x1x2x3q| , pv � 0, k1 � k2 � D1 � D2 � 1, γ1 � γ2 � 0.15, c ¤ 0.5

DoF
αc � 10�3 αc � 10�5

Time Newton Iterations Time Newton Iterations
60, 920 1, 066 step 1 18 859 step 1 22

step 2 21 step 2 26
step 3 21

382, 840 5, 498 step 1 26 13, 358 step 1 29
step 2 36 step 2 33
step 3 35 step 3 33
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Optimal Control of Pattern Formation Processes
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Optimal Control of Pattern Formation Processes

Parameter Identification in Pattern Formation Processes

Another important reaction-diffusion control problem concerns pattern formation
processes. Here we wish to minimize

J pu, v, a, bq � β1

2
}u� pu}2L2pQq � β2

2
}v � pv}2L2pQq � ν1

2
}a}2L2pQq � ν2

2
}b}2L2pQq ,

subject to PDE constraints given by the Gierer-Meinhardt equations

ut �Du∇
2u � ru2

v
� au � r, in Q,

vt �Dv∇
2v � ru2 � bv � 0, in Q,

upx, 0q � u0pxq, vpx, 0q � v0pxq,BuBn � BvBn � 0, on BQ



Optimal Control of Pattern Formation Processes

Parameter Identification in Pattern Formation Processes

Another important reaction-diffusion control problem concerns pattern formation
processes. Here we wish to minimize

J pu, v, a, bq � β1

2
}u� pu}2L2pQq � β2

2
}v � pv}2L2pQq � ν1

2
}a}2L2pQq � ν2

2
}b}2L2pQq ,

subject to PDE constraints given by the Gierer-Meinhardt equations

ut �Du∇
2u � ru2

v
� au � r, in Q,

vt �Dv∇
2v � ru2 � bv � 0, in Q,

upx, 0q � u0pxq, vpx, 0q � v0pxq,BuBn � BvBn � 0, on BQ,
or the Schnakenberg equations

ut �Du∇
2u� γpu � u2vq � γa � 0, in Q,

vt �Dv∇
2v � γu2v � γb � 0, in Q,

upx, 0q � u0pxq, vpx, 0q � v0pxq,BuBn � BvBn � 0, on BQ.
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Optimal Control of Pattern Formation Processes

Parameter Identification in Pattern Formation

min
u,v,a,b

β1

2
}u� pu}2L2pQq � β2

2
}v � pv}2L2pQq � ν1

2
}apx, tq}2L2pQq � ν2

2
}bpx, tq}2L2pQq

s.t. ut �Du∇
2u � ru2

v
� au � r, in Q,

vt �Dv∇
2v � ru2 � bv � 0, in Q,

upx, 0q � u0pxq, vpx, 0q � v0pxq,BuBn � BvBn � 0, on BQ.
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Optimal Control of Pattern Formation Processes

Newton System – Schnakenberg Model

The matrix system obtained from a finite element discretization at each Newton
step is given by���������

Au,S �2τγMupq�pq 0 0 �LJu,S �2τγMuv�2τγMupq�pq Av,S 0 0 τγMu2 �LJv,S
0 0 τν1M 0 τγM 0
0 0 0 τν2M 0 τγM�Lu,S τγMu2 τγM 0 0 0�2τγMuv �Lv,S 0 τγM 0 0

���������
��������su
sv
sa
sb
sp
sq

�������� � b,

where

Au,S � τβ1M � 2τγMvpq�pq,
Av,S � τβ2M,

Lu,S � ME � τDuK � τγM � 2γMuv,

Lv,S � ME � τDvK � τγMu2 ,

Here ME denotes the mass matrices appearing from time-stepping method.

All other Mψ � blkdiagpMψ, . . . ,Mψq are again obtained from evaluating
integrals of the form rMψsij � ³

ψφiφj for each matrix entry.

John Pearson (University of Kent) Fast Solvers for Reaction-Diffusion Control Fox Prize Meeting, June 2015 23 / 32



Optimal Control of Pattern Formation Processes

Newton System – Schnakenberg Model

The matrix system obtained from a finite element discretization at each Newton
step is given by���������

Au,S �2τγMupq�pq 0 0 �LJu,S �2τγMuv�2τγMupq�pq Av,S 0 0 τγMu2 �LJv,S
0 0 τν1M 0 τγM 0
0 0 0 τν2M 0 τγM�Lu,S τγMu2 τγM 0 0 0�2τγMuv �Lv,S 0 τγM 0 0

���������
��������su
sv
sa
sb
sp
sq

�������� � b.

The vector b denotes the discrete representation of�������� β1
³ ppu� ūq � ³ p�p̄t �Du∇

2p̄ � 2γūv̄pq̄ � p̄q � γp̄q
β2
³ ppv � v̄q � ³ p�q̄t �Dv∇

2q̄ � γū2pq̄ � p̄qq� ³ pν1ā � γp̄q� ³ pν2b̄ � γq̄q³ pūt �Du∇
2ū � γpū� ū2v̄q � γāq³ pv̄t �Dv∇

2v̄ � γū2v̄ � γb̄q
�������� .

John Pearson (University of Kent) Fast Solvers for Reaction-Diffusion Control Fox Prize Meeting, June 2015 23 / 32



Optimal Control of Pattern Formation Processes���������
Au,S �2τγMupq�pq 0 0 �LJu,S �2τγMuv�2τγMupq�pq Av,S 0 0 τγMu2 �LJv,S
0 0 τν1M 0 τγM 0
0 0 0 τν2M 0 τγM�Lu,S τγMu2 τγM 0 0 0�2τγMuv �Lv,S 0 τγM 0 0

���������
�������� su

sv
sa
sb
sp
sq

�������� � b

Preconditioning the Matrix System – p1, 1q-block
We approximate the p1, 1q-block by:pA � ���� pA1 0 0 0�2τγMupq�pq Av,S 0 0

0 0 τν1M 0
0 0 0 τν2M

���� ,
where pA1 is a Schur complement approximation defined bypA1 � Au,S � p2τγq2Mupq�pqA�1

v,SMupq�pq.
M. Stoll, JWP and P. K. Maini, Fast Solvers for Optimal Control Problems from Pattern Formation, submitted

to Journal of Computational Physics, 2014.
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Optimal Control of Pattern Formation Processes

S � � �Lu,S τγMu2�2τγMuv �Lv,S �
A�1p1,2q � �LJu,S �2τγMuv

τγMu2 �LJv,S � � τγ2
�
ν�1
1 M 0
0 ν�1

2 M

�pS � � �Lu,S �xMp1q
1 τγMu2�2τγMuv �Lv,S �xMp1q

2

�
A�1p1,2q � �LJu,S �xMp2q

1 �2τγMuv

τγMu2 �LJv,S �xMp2q
2

�
Preconditioning the Matrix System – Schur complement

We choose xMp1q
1 , xMp2q

1 , xMp1q
2 , xMp2q

2 such that [Stoll, Pearson & Maini, 2014]:� xMp1q
1 0

0 xMp1q
2

�
A�1p1,2q � xMp2q

1 0

0 xMp2q
2

� � τγ2
�
ν�1
1 M 0
0 ν�1

2 M

�
.
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A�1p1,2q � �LJu,S �2τγMuv

τγMu2 �LJv,S � � τγ2
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ν�1
1 M 0
0 ν�1

2 M

�pS � � �Lu,S �xMp1q
1 τγMu2�2τγMuv �Lv,S �xMp1q

2

�
A�1p1,2q � �LJu,S �xMp2q

1 �2τγMuv

τγMu2 �LJv,S �xMp2q
2

�
Preconditioning the Matrix System – Schur complement

We choose xMp1q
1 , xMp2q

1 , xMp1q
2 , xMp2q

2 such that [Stoll, Pearson & Maini, 2014]:� xMp1q
1 0

0 xMp1q
2

�
A�1p1,2q � xMp2q

1 0

0 xMp2q
2

� � τγ2
�
ν�1
1 M 0
0 ν�1

2 M

�
.

Examining the diagonal blocks leads to approximations such that

M
p1q
1
pA�1
1 M

p2q
1 � τγ2

ν1
M, pA1 � Au,S � p2τγq2Mupq�pqA�1

v,SMupq�pq,
M

p1q
2
pA�1
2 M

p2q
2 � τγ2

ν2
M, pA2 � Av,S � p2τγq2Mupq�pqA�1

u,SMupq�pq.
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A�1p1,2q � �LJu,S �2τγMuv

τγMu2 �LJv,S � � τγ2
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ν�1
1 M 0
0 ν�1

2 M

�pS � � �Lu,S �xMp1q
1 τγMu2�2τγMuv �Lv,S �xMp1q

2

�
A�1p1,2q � �LJu,S �xMp2q

1 �2τγMuv

τγMu2 �LJv,S �xMp2q
2

�
Preconditioning the Matrix System – Schur complement

We choose xMp1q
1 , xMp2q

1 , xMp1q
2 , xMp2q

2 such that [Stoll, Pearson & Maini, 2014]:� xMp1q
1 0

0 xMp1q
2

�
A�1p1,2q � xMp2q

1 0

0 xMp2q
2

� � τγ2
�
ν�1
1 M 0
0 ν�1

2 M

�
.

This motivates selecting diagonal matrices with�xMp1q
1

�
jj
�

τ

ν1
γ � rMs1{2jj � ���� pA1

�
jj

���, �xMp2q
1

�
jj
�

τ

ν1
γ � rMs1{2jj ,�xMp1q

2

�
jj
�

τ

ν2
γ � rMs1{2jj � ���� pA2

�
jj

���, �xMp2q
2

�
jj
�

τ

ν2
γ � rMs1{2jj .
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Optimal Control of Pattern Formation Processes

Newton System – Gierer-Meinhardt Model

The matrix system obtained from a finite element discretization at each Newton
step is given by���������

Au,GM �2τrMup{v2 �τMp 0 �LJu,GM 2τrMu�2τrMup{v2 Av,GM 0 �τMq �τrMu2{v2 �LJv,GM�τMp 0 τν1M 0 �τMu 0
0 �τMq 0 τν2M 0 �τMv�Lu,GM �τrMu2{v2 �τMu 0 0 0

2τrMu �Lv,GM 0 �τMv 0 0

���������
��������su
sv
sa
sb
sp
sq

�������� � b,

where

Au,GM � τβ1M � 2τrMp{v � 2τrMq,

Av,GM � τβ2M � 2τrMu2p{v3 ,
Lu,GM � ME � τDuK � 2τrMu{v � τMa,

Lv,GM � ME � τDvK � τMb.
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Optimal Control of Pattern Formation Processes

Newton System – Gierer-Meinhardt Model

The matrix system obtained from a finite element discretization at each Newton
step is given by���������
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2τrMu �Lv,GM 0 �τMv 0 0

���������
��������su
sv
sa
sb
sp
sq

�������� � b.

The vector b here denotes the discrete representation of���������
β1
³ ppu� ūq � ³ p�p̄t �Du∇

2p̄ � 2r ū
v̄
p̄ � āp̄ � 2rūq̄q

β2
³ ppv � v̄q � ³ p�q̄t �Dv∇

2q̄ � r ū
2

v̄2
p̄� b̄q̄q³ pūp̄ � ν1āq³ pv̄q̄ � ν2b̄q³ pūt �Du∇

2ū � rū2

v̄
� āū � rq³ pv̄t �Dv∇

2v̄ � rū2 � b̄v̄q
��������� .
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Optimal Control of Pattern Formation Processes���������
Au,GM �2τrMup{v2 �τMp 0 �LJu,GM 2τrMu�2τrMup{v2 Av,GM 0 �τMq �τrMu2{v2 �LJv,GM�τMp 0 τν1M 0 �τMu 0

0 �τMq 0 τν2M 0 �τMv�Lu,GM �τrMu2{v2 �τMu 0 0 0
2τrMu �Lv,GM 0 �τMv 0 0

���������
�������� su

sv
sa
sb
sp
sq

�������� � b

Preconditioning the Matrix System – p1, 1q-block
We use saddle point theory to approximate the p1, 1q-block by:pA � ����� pA1 0 0 0

0 pA2 0 0�τMp 0 τν1M 0
0 �τMq 0 τν2M

����� .
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Au,GM �2τrMup{v2 �τMp 0 �LJu,GM 2τrMu�2τrMup{v2 Av,GM 0 �τMq �τrMu2{v2 �LJv,GM�τMp 0 τν1M 0 �τMu 0

0 �τMq 0 τν2M 0 �τMv�Lu,GM �τrMu2{v2 �τMu 0 0 0
2τrMu �Lv,GM 0 �τMv 0 0

���������
�������� su

sv
sa
sb
sp
sq

�������� � b

Preconditioning the Matrix System – p1, 1q-block
We use saddle point theory to approximate the p1, 1q-block by:pA � ����� pA1 0 0 0

0 pA2 0 0�τMp 0 τν1M 0
0 �τMq 0 τν2M

����� .
We seek pA1 and pA2 that satisfy:� pA1 0

0 pA2

� � Ap1,2q � �
τν�1

1 MpM
�1Mp 0

0 τν�1
2 MqM

�1Mq

�
.
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Au,GM �2τrMup{v2 �τMp 0 �LJu,GM 2τrMu�2τrMup{v2 Av,GM 0 �τMq �τrMu2{v2 �LJv,GM�τMp 0 τν1M 0 �τMu 0

0 �τMq 0 τν2M 0 �τMv�Lu,GM �τrMu2{v2 �τMu 0 0 0
2τrMu �Lv,GM 0 �τMv 0 0

���������
�������� su

sv
sa
sb
sp
sq

�������� � b

Preconditioning the Matrix System – p1, 1q-block
We use saddle point theory to approximate the p1, 1q-block by:pA � ����� pA1 0 0 0

0 pA2 0 0�τMp 0 τν1M 0
0 �τMq 0 τν2M

����� .
We then replace Ap1,2q by its own saddle point approximation to write:pA1 � Au,GM � p2τrq2Mup{v2A�1

v,GMMup{v2 � τν�1
1 MpM

�1Mp,pA2 � Av,GM � τν�1
2 MqM

�1Mq.
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S � � �Lu,GM �τrMu2{v2
2τrMu �Lv,GM �

A�1p1,2q � �LJu,GM 2τrMu�τrMu2{v2 �LJv,GM �� τ

�
ν�1
1 MuM

�1Mu 0
0 ν�1

2 MvM
�1Mv

�pS � � �Lu,GM �xMp1q
1 τrMu2{v2�2τrMu �Lv,GM �xMp1q

2

�
A�1p1,2q � �LJu,GM �xMp2q

1 �2τrMu

τrMu2{v2 �LJv,GM �xMp2q
2

�
Preconditioning the Matrix System – Schur complement

We choose xMp1q
1 , xMp2q

1 , xMp1q
2 , xMp2q

2 such that [Stoll, Pearson & Maini, 2014]:� xMp1q
1 0

0 xMp1q
2

�
A�1p1,2q � xMp2q

1 0

0 xMp2q
2

� � τ

�
ν�1
1 MuM

�1Mu 0
0 ν�1

2 MvM
�1Mv

�
.
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S � � �Lu,GM �τrMu2{v2
2τrMu �Lv,GM �

A�1p1,2q � �LJu,GM 2τrMu�τrMu2{v2 �LJv,GM �� τ

�
ν�1
1 MuM

�1Mu 0
0 ν�1

2 MvM
�1Mv

�pS � � �Lu,GM �xMp1q
1 τrMu2{v2�2τrMu �Lv,GM �xMp1q

2

�
A�1p1,2q � �LJu,GM �xMp2q

1 �2τrMu

τrMu2{v2 �LJv,GM �xMp2q
2

�
Preconditioning the Matrix System – Schur complement

We choose xMp1q
1 , xMp2q

1 , xMp1q
2 , xMp2q

2 such that [Stoll, Pearson & Maini, 2014]:� xMp1q
1 0

0 xMp1q
2

�
A�1p1,2q � xMp2q

1 0

0 xMp2q
2

� � τ

�
ν�1
1 MuM

�1Mu 0
0 ν�1

2 MvM
�1Mv

�
.

We again examine the diagonal blocks, and select approximations such that

M
p1q
1
pA�1
1 M

p2q
1 � τ

ν1
MuM

�1Mu, pA1 � Au,GM � p2τrq2Mup{v2A�1
v,GMMup{v2 ,

M
p1q
2
pA�1
2 M

p2q
2 � τ

ν2
MvM

�1Mv, pA2 � Av,GM � p2τrq2Mup{v2A�1
u,GMMup{v2 .
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β1 � 1, β2 � 10, Du � 1, Dv � 10, γ � 50

DoF
ν1 � ν2 � 10�2 ν1 � ν2 � 10�4 ν1 � ν2 � 10�6

Newton Iterations Newton Iterations Newton Iterations

43,740 step 1 11 step 1 13 step 1 9

step 2 11 step 2 12 step 2 9

step 3 11 step 3 12 step 3 9

step 4 11 step 4 12

step 5 11 step 5 12

294,780 step 1 11 step 1 13 step 1 11

step 2 11 step 2 12 step 2 11

step 3 11 step 3 12 step 3 11

step 4 11 step 4 12 step 4 11

step 5 11 step 5 12

2,156,220 step 1 11 step 1 13 step 1 11

step 2 11 step 2 12 step 2 11

step 3 11 step 3 12 step 3 11

step 4 11 step 4 12 step 4 11

step 5 11 step 5 12
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β1 � 102, β2 � 102, Du � 1, Dv � 10, r � 10�5

DoF
ν1 � ν2 � 10�2 ν1 � ν2 � 10�4 ν1 � ν2 � 10�6

Newton Iterations Newton Iterations Newton Iterations
507,000 step 1 18 step 1 16 step 1 16

step 2 20 step 2 15 step 2 15
step 3 20 step 3 15 step 3 15
step 4 20 step 4 15 step 4 15
step 5 20 step 5 15

1,996,920 step 1 23 step 1 17 step 1 17
step 2 23 step 2 18 step 2 16
step 3 24 step 3 18 step 3 16
step 4 23 step 4 18 step 4 16
step 5 23 step 5 18
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Conclusions

Conclusions

PDE-constrained optimization is a diverse and important field.

Have built framework for examining problems motivated by applications.

Matrix systems have highly complex structure Ñ carefully chosen
preconditioners.

Key is powerful approximations of p1, 1q-block and Schur complement.

Image-driven: can “read in” data from nature.

Fast and efficient solvers, often parallelizable.
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Conclusions

PDE-constrained optimization is a diverse and important field.

Have built framework for examining problems motivated by applications.

Matrix systems have highly complex structure Ñ carefully chosen
preconditioners.

Key is powerful approximations of p1, 1q-block and Schur complement.

Image-driven: can “read in” data from nature.

Fast and efficient solvers, often parallelizable.

In the Future ...

Efficient storage schemes for time-dependent nonlinear problems: data stored for
each time-step.

Pattern formation on more challenging/growing surfaces.

Improved models using different norms.

Tensor-train methodology & low-rank methods.
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Conclusions

Thank you for your attention
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