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secon
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∆
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k ‖
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≥
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d ∆
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≤
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d
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e
b
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k ‖
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κ
h
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k ‖
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k
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κ
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κ
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u
p
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g
k
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0
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d
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∆
k
≤

‖g
k ‖

m
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

1

κ
h

+
κ
b , (1

−
η
v )

2κ
d


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h
en

iteration
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l
an

d

∆
k
+

1
≥

∆
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B
y

d
efin

ition
,

1
+
‖B

k ‖
≤
κ
h

+
κ
b

+
first

b
ou

n
d

on
∆
k

=
⇒

∆
k
≤

‖g
k ‖

κ
h

+
κ
b
≤

‖g
k ‖

1
+
‖B

k ‖
.

C
orollary

3.2
=
⇒

f
k
−
m
k (s

k )
≥

12 ‖g
k ‖

m
in



‖g
k ‖

1
+
‖B

k ‖
,∆

k


=

12 ‖g
k ‖∆

k .

+
L
em

m
a

3.3
+

secon
d

b
ou

n
d

on
∆
k

=
⇒

|ρ
k
−

1|
=

∣∣∣∣∣∣∣∣ f
(x

k
+
s
k )
−
m
k (s

k )

f
k
−
m
k (s

k )

∣∣∣∣∣∣∣∣ ≤
2
κ
d ∆

2k

‖g
k ‖∆

k
=

2
κ
d ∆

k

‖g
k ‖

≤
1
−
η
v .

=
⇒

ρ
k
≥
η
v

=
⇒

iteration
is

very
su

ccessfu
l.
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S
u
p
p
ose

th
at
f
∈
C

2,
th

at
th

e
tru

e
an

d
m

od
el

H
es-

sian
s

satisfy
th

e
b
ou

n
d
s
‖H

k ‖
≤
κ
h

an
d
‖B

k ‖
≤
κ
b

for
all

k
an

d

som
e
κ
h
≥

1
an

d
κ
b
≥

0,
an

d
th

at
κ
d

=
12 (κ

h
+
κ
b ).

S
u
p
p
ose

fu
rth

erm
ore

th
at

th
ere

exists
a

con
stant

ε
>

0
su

ch
th

at
‖g

k ‖
≥
ε

for
all
k
.

T
h
en∆

k
≥
κ
ε

d
ef
=
εγ

d
m

in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d



for
all
k
.

P
R

O
O

F
O

F
L
E
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M
A

3
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S
u
p
p
ose

oth
erw

ise
th

at
iteration

k
is

first
for

w
h
ich

∆
k
+

1
≤
κ
ε .

∆
k
>

∆
k
+

1
=
⇒

iteration
k

u
n
su

ccessfu
l
=
⇒

γ
d ∆

k
≤

∆
k
+

1 .
H

en
ce

∆
k
≤
ε
m

in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d



≤
‖g

k ‖
m

in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d



B
u
t

th
is
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L
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m
a

3.4
th
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iteration

k
m

u
st

b
e
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ccessfu
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3
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.
S
u
p
p
ose

th
at
f
∈
C

2,
an

d
th

at
b
oth

th
e

tru
e

an
d

m
od

elH
essian

s
rem

ain
b
ou

n
d
ed

for
allk

.
S
u
p
p
ose

fu
rth

erm
ore

th
at

th
ere

are
on

ly
fin

itely
m

any
su

ccessfu
l
iteration

s.
T

h
en
x
k

=
x
∗

for

all
su

ffi
ciently

large
k

an
d
g
(x

∗ )
=

0.

P
R

O
O

F
O

F
L
E
M

M
A

3
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x
k
0 +
j

=
x
k
0 +

1
=
x
∗

for
all
j
>

0,
w

h
ere

k
0

is
in

d
ex

of
last

su
ccessfu

l
iterate.

A
ll

iteration
s

are
u
n
su

ccessfu
l
for

su
ffi

ciently
large

k
=
⇒

{∆
k }

−
→

0

+
L
em

m
a

3.4
th

en
im

p
lies

th
at

if‖g
k
0 +

1 ‖
>

0
th

ere
m

u
st

b
e

a
su

ccessfu
l

iteration
of

in
d
ex

larger
th

an
k

0 ,
w

h
ich

is
im

p
ossib

le
=
⇒

‖g
k
0 +

1 ‖
=

0.

G
L
O

B
A

L
C

O
N

V
E
R

G
E
N

C
E

O
F

O
N

E
S
E
Q

U
E
N

C
E

T
h
e
o
re

m
3
.7

.
S
u
p
p
ose

th
at
f
∈
C

2,
an

d
th

at
b
oth

th
e

tru
e

an
d

m
od

el
H

essian
s

rem
ain

b
ou

n
d
ed

for
all
k
.

T
h
en

eith
er

g
l
=

0
for

som
e
l
≥

0

or

lim
k
→

∞
f
k

=
−
∞

or

lim
in

f
k
→

∞
‖g

k ‖
=

0.

P
R

O
O

F
O

F
T

H
E
O

R
E
M

3
.7

L
et

S
b
e

th
e

in
d
ex

set
of

su
ccessfu

l
iteration

s.
L
em

m
a

3.6
=
⇒

tru
e

T
h
eorem

3.7
w

h
en

|S
|
fin

ite.

S
o

con
sid

er
|S
|
=
∞

,
an

d
su

p
p
ose

f
k

b
ou

n
d
ed

b
elow

an
d

‖g
k ‖

≥
ε

(6)

for
som

e
ε
>

0
an

d
all
k
,
an

d
con

sid
er

som
e
k
∈
S

.

+
C

orollary
3.2,

L
em

m
a

3.5,
an

d
th

e
assu

m
p
tion

(6)
=
⇒

f
k
−
f
k
+

1
≥
η
s [f

k
−
m
k (s

k )]
≥
δ
ε

d
ef
=

12 η
s ε

m
in



ε

1
+
κ
b ,κ

ε

.

=
⇒

f
0
−
f
k
+

1
=

k∑j
=

0
j∈

S [f
j
−
f
j
+

1 ]
≥
σ
k δ
ε ,

w
h
ere

σ
k

is
th

e
nu

m
b
er

of
su

ccessfu
l
iteration

s
u
p

to
iteration

k
.

B
u
t

lim
k
→

∞
σ
k

=
+
∞
.

=
⇒

f
k

u
nb

ou
n
d
ed

b
elow

=
⇒

a
su

b
sequ

en
ce

of
th

e
‖g

k ‖
−
→

0



G
L
O

B
A

L
C

O
N

V
E
R

G
E
N

C
E

T
h
e
o
re

m
3
.8

.
S
u
p
p
ose

th
at
f
∈
C

2,
an

d
th

at
b
oth

th
e

tru
e

an
d

m
od

el
H

essian
s

rem
ain

b
ou

n
d
ed

for
all
k
.

T
h
en

eith
er

g
l
=

0
for

som
e
l
≥

0

or

lim
k
→

∞
f
k

=
−
∞

or

lim
k
→

∞
g
k

=
0.

II:
S
O

L
V

IN
G

T
H

E
T

R
U

S
T

-R
E
G

IO
N

S
U

B
P

R
O

B
L
E
M

(ap
p
roxim

ately)
m

in
im

ize
s∈

IR
n

q(s)
≡
s
T
g

+
12 s
T
B
s

su
b
ject

to
‖s‖

≤
∆

A
IM

:
fin

d
s
∗

so
th

atq(s
∗ )

≤
q(s

C)
an

d
‖s

∗ ‖
≤

∆

M
ight

solve

�
exactly

=
⇒

N
ew

ton
-like

m
eth

od

�
ap

p
roxim

ately
=
⇒

steep
est

d
escent/con

ju
gate

grad
ients

T
H

E
`
2 -N

O
R

M
T

R
U

S
T

-R
E
G

IO
N

S
U

B
P

R
O

B
L
E
M

m
in

im
ize

s∈
IR
n

q(s)
≡
s
T
g

+
12 s
T
B
s

su
b
ject

to
‖s‖

2
≤

∆

S
o
lu

tio
n

ch
a
ra

cte
risa

tio
n

re
su

lt:

T
h
e
o
re

m
3
.9

.
A

ny
glo

ba
l
m

in
im

izer
s
∗

of
q(s)

su
b
ject

to
‖s‖

2
≤

∆
satisfies

th
e

equ
ation

(B
+
λ
∗ I

)s
∗

=
−
g
,

w
h
ere

B
+
λ
∗ I

is
p
ositive

sem
i-d

efin
ite,λ

∗
≥

0
an

d
λ
∗ (‖s

∗ ‖
2 −

∆
)

=

0.
If
B

+
λ
∗ I

is
p
ositive

d
efin

ite,
s
∗

is
u
n
iqu

e.

P
R

O
O

F
O

F
T

H
E
O

R
E
M

3
.9

P
rob

lem
equ

ivalent
to

m
in

im
izin

g
q(s)

su
b
ject

to
12 ∆

2
−

12 s
T
s
≥

0.

T
h
eorem

1.9
=
⇒

g
+
B
s
∗

=
−
λ
∗ s

∗
(7)

for
som

e
L
agran

ge
m

u
ltip

lier
λ
∗
≥

0
for

w
h
ich

eith
er
λ
∗

=
0

or
‖s

∗ ‖
2

=

∆
(or

b
oth

).
It

rem
ain

s
to

sh
ow

B
+
λ
∗ I

is
p
ositive

sem
i-d

efin
ite.

If
s
∗

lies
in

th
e

interior
of

th
e

tru
st-region

,
λ
∗

=
0,

an
d

T
h
eorem

1.10

=
⇒

B
+
λ
∗ I

=
B

is
p
ositive

sem
i-d

efin
ite.

If
‖s

∗ ‖
2

=
∆

an
d
λ
∗

=
0,

T
h
eorem

1.10
=
⇒

v
T
B
v
≥

0
for

all

v
∈
N

+
=
{v|s

T∗
v
≥

0}.
If
v
/∈
N

+
=
⇒

−
v
∈
N

+
=
⇒

v
T
B
v
≥

0
for

all
v
.

O
n
ly

rem
ain

in
g

case
is

w
h
ere

‖s
∗ ‖

2
=

∆
an

d
λ
∗
>

0.
T

h
eorem

1.10

=
⇒

v
T
(B

+
λ
∗ I

)v
≥

0
for

all
v
∈
N

+
=
{v|s

T∗
v

=
0}

=
⇒

rem
ain

s
to

con
sid

er
v
T
B
v

w
h
en
s
T∗
v
6=

0.



w

s s
∗

N
+

s

F
ig

u
re

3
.1

:
C

o
n
stru

ctio
n

o
f
“
m

issin
g
”

d
irectio

n
s

o
f
p
o
sitiv

e
cu

rv
a
tu

re.

L
et
s

b
e

any
p
oint

on
th

e
b
ou

n
d
ary

δR
of

th
e

tru
st-region

R
,
an

d
let

w
=
s
−
s
∗ .

T
h
en

−
w
T
s
∗

=
(s

∗
−
s)
T
s
∗

=
12 (s

∗
−
s)
T
(s

∗
−
s)

=
12 w

T
w

(8)

sin
ce

‖s‖
2

=
∆

=
‖s

∗ ‖
2 .

(7)
+

(8)
=
⇒

q(s)
−
q(s

∗ )
=
w
T
(g

+
B
s
∗ )

+
12 w

T
B
w

=
−
λ
∗ w

T
s
∗
+

12 w
T
B
w

=
12 w

T
(B

+
λ
∗ I

)w
,

(9)

=
⇒

w
T
(B

+
λ
∗ I

)w
≥

0
sin

ce
s
∗

is
a

glob
al

m
in

im
izer.

B
u
t

s
=
s
∗
−

2
s
T∗
v

v
T
v
v
∈
δR

=
⇒

(for
th

is
s)
w
‖v

=
⇒

v
T
(B

+
λ
∗ I

)v
≥

0.

W
h
en
B

+
λ
∗ I

is
p
ositive

d
efin

ite,
s
∗

=
−

(B
+
λ
∗ I

) −
1g

.
If
s
∗
∈
δR

an
d
s
∈
R

,
(8)

an
d

(9)
b
ecom

e
−
w
T
s
∗
≥

12 w
T
w

an
d
q(s)

≥
q(s

∗ )
+

12 w
T
(B

+
λ
∗ I

)w
resp

ectively.
H

en
ce,

q(s)
>
q(s

∗ )
for

any
s
6=
s
∗ .

If

s
∗

is
interior,

λ
∗

=
0,
B

is
p
ositive

d
efin

ite,
an

d
thu

s
s
∗

is
th

e
u
n
iqu

e

u
n
con

strain
ed

m
in

im
izer

of
q(s).

A
L
G

O
R

IT
H

M
S

F
O

R
T

H
E
`
2 -N

O
R

M
S
U

B
P

R
O

B
L
E
M

T
w

o
cases:

�
B

p
ositive-sem

i
d
efin

ite
an

d
B
s

=
−
g

satisfies
‖s‖

2
≤

∆
=
⇒

s
∗

=
s

�
B

in
d
efin

ite
or
B
s

=
−
g

satisfies
‖s‖

2
>

∆

In
th

is
case

�
(B

+
λ
∗ I

)s
∗

=
−
g

an
d
s
T∗
s
∗

=
∆

2

�
n
on

lin
ear

(qu
ad

ratic)
system

in
s

an
d
λ

�
con

centrate
on

th
is

E
Q

U
A

L
IT

Y
C

O
N

S
T

R
A

IN
E
D
`
2 -N

O
R

M
S
U

B
P

R
O

B
L
E
M

S
u
p
p
ose

B
h
as

sp
ectral

d
ecom

p
osition

B
=
U
T
Λ
U

�
U

eigenvectors

�
Λ

d
iagon

al
eigenvalu

es:
λ

1
≤
λ

2
≤
...

≤
λ
n

R
equ

ire
B

+
λ
I

p
ositive

sem
i-d

efin
ite

=
⇒

λ
≥

−
λ

1

D
efin

e

s(λ
)

=
−

(B
+
λ
I
)
−

1g

R
equ

ire

ψ
(λ

)
d
ef
=

‖s(λ
)‖

22
=

∆
2

N
ote

(γ
i
=
e
Ti
U
g
)

ψ
(λ

)
=
‖U

T
(Λ

+
λ
I
)
−

1U
g‖

22
=

n∑i=
1

γ
2i

(λ
i +

λ
)
2



C
O

N
V

E
X

E
X

A
M

P
L
E

ψ
(λ

)

λ
−

8
−

6
−

4
−

2
0

2
4

0 1 2 3

6

-

B
=



1
0

0

0
3

0

0
0

5



g
=



111



∆
2

=
1
.151

so
lu

tio
n

cu
rv

e
a
s

∆
v
a
ries

@
@

@
@ @I

��������

?

1

N
O

N
C

O
N

V
E
X

E
X

A
M

P
L
E

ψ
(λ

)

λ
−

8
−

6
−

4
−

2
0

2
4

0 1 2

6

-

m
in

u
s

leftm
o
st

eig
en

v
a
lu

e
�

B
=



−
1

0
0

0
3

0

0
0

5



g
=



111



2

T
H

E
“
H

A
R

D
”

C
A

S
E

ψ
(λ

)

λ
−

8
−

6
−

4
−

2
0

2
4

0 1 2

6

-

m
in

u
s

leftm
o
st

eig
en

v
a
lu

e
�

B
=



−
1

0
0

0
3

0

0
0

5



g
=



011



∆
2

=
0
.0

9
0
3

3

S
U

M
M

A
R
Y

F
or

in
d
efin

ite
B

,

H
a
rd

ca
se

occu
rs

w
h
en
g

orth
ogon

al
to

eigenvector
u

1

for
m

ost
n
egative

eigenvalu
e
λ

1

�
O

K
if

rad
iu

s
is

rad
iu

s
sm

all
en

ou
gh

�
N

o
“obviou

s”
solu

tion
to

equ
ation

s
...b

u
t

solu
tion

is
actu

ally
of

th
e

forms
lim

+
σ
u

1

w
h
ere

�
s

lim
=

lim
λ

+
−
→
−
λ

1
s(λ

)

�
‖s

lim
+
σ
u

1 ‖
2

=
∆



H
O

W
T

O
S
O

L
V

E
‖s(λ

)‖
2

=
∆

D
O

N
’T

!!

S
olve

in
stead

th
e
se

cu
la

r
e
q
u
a
tio

n

φ
(λ

)
d
ef
=

1

‖s(λ
)‖

2

−
1∆

=
0

�
n
o

p
oles

�
sm

allest
at

eigenvalu
es

(excep
t

in
h
ard

case!)

�
an

alytic
fu

n
ction

=
⇒

id
eal

for
N

ew
ton

�
glob

al
convergent

(u
ltim

ately
qu

ad
ratic

rate
excep

t
in

h
ard

case)

�
n
eed

to
safegu

ard
to

p
rotect

N
ew

ton
from

th
e

h
ard

&
interior

solu
tion

cases

T
H

E
S
E
C

U
L
A

R
E
Q

U
A

T
IO

N

0

φ
(λ

)

0
−

λ
1

λ
∗

λ

6

-

m
in

−
14
s
21

+
14
s
22

+
12
s
1

+
s
2

su
b
ject

to‖
s‖

2
≤

44

N
E
W

T
O

N
’S

M
E
T

H
O

D
F
O

R
S
E
C

U
L
A

R
E
Q

U
A

T
IO

N

N
ew

ton
correction

at
λ

is
−
φ
(λ

)/φ
′(λ

).
D

iff
erentiatin

g

φ
(λ

)
=

1

‖s(λ
)‖

2

−
1∆

=
1

(s
T
(λ

)s(λ
))

12

−
1∆

=
⇒

φ
′(λ

)
=
−
s
T
(λ

)∇
λ s(λ

)

(s
T
(λ

)s(λ
))

32

=
−
s
T
(λ

)∇
λ s(λ

)

‖s(λ
)‖

32

.

D
iff

erentiatin
g

th
e

d
efin

in
g

equ
ation

(B
+
λ
I
)s(λ

)
=
−
g

=
⇒

(B
+
λ
I
)∇

λ s(λ
)
+
s(λ

)
=

0.

N
otice

th
at,

rath
er

th
an

∇
λ s(λ

),
m

erely

s
T
(λ

)∇
λ s(λ

)
=
−
s
T
(λ

)(B
+
λ
I
)(λ

)
−

1s(λ
)

requ
ired

for
φ
′(λ

).
G

iven
th

e
factorization

B
+
λ
I

=
L

(λ
)L

T
(λ

)
=
⇒

s
T
(λ

)(B
+
λ
I
)
−

1s(λ
)

=
s
T
(λ

)L
−
T
(λ

)L
−

1(λ
)s(λ

)

=
(L

−
1(λ

)s(λ
))
T
(L

−
1(λ

)s(λ
))

=
‖w

(λ
)‖

22

w
h
ere

L
(λ

)w
(λ

)
=
s(λ

).

N
E
W

T
O

N
’S

M
E
T

H
O

D
&

T
H

E
S
E
C

U
L
A

R
E
Q

U
A

T
IO

N

L
et
λ
>

−
λ

1
an

d
∆
>

0
b
e

given

U
ntil

“convergen
ce”

d
o:

F
actorize

B
+
λ
I

=
L
L
T

S
olve

L
L
T
s

=
−
g

S
olve

L
w

=
s

R
ep

lace
λ

by

λ
+

 ‖s‖
2
−

∆

∆





‖s‖
22

‖w
‖

22





S
O

L
V

IN
G

T
H

E
L
A

R
G

E
-S

C
A

L
E

P
R

O
B

L
E
M

�
w

h
en
n

is
large,

factorization
m

ay
b
e

im
p
ossib

le

�
m

ay
in

stead
try

to
u
se

an
iterative

m
eth

od
to

ap
p
roxim

ate

�
steep

est
d
escent

lead
s

to
th

e
C

au
chy

p
oint

�
obviou

s
gen

eralization
:

con
ju

gate
grad

ients
...b

u
t

.
w

h
at

ab
ou

t
th

e
tru

st
region

?

.
w

h
at

ab
ou

t
n
egative

cu
rvatu

re?

C
O

N
J
U

G
A

T
E

G
R

A
D

IE
N

T
S

T
O

“
M

IN
IM

IZ
E
”

q
(s)

G
iven

s
0

=
0,

set
g

0
=
g
,
d

0
=
−
g

an
d
i

=
0

U
ntil

g
i
“sm

all”
or

b
reakd

ow
n
,
iterate

α
i
=
‖g

i‖
22 /d

i
T
B
d
i

s
i+

1
=
s
i+

α
id
i

g
i+

1
=
g
i+

α
iB
d
i

(≡
g

+
B
s
i+

1)

β
i
=
‖g

i+
1‖

22 /‖g
i‖

22

d
i+

1
=
−
g
i+

1
+
β
id
i

an
d

in
crease

i
by

1

C
R

U
C

IA
L

P
R

O
P

E
R
T

Y
O

F
C

O
N

J
U

G
A

T
E

G
R

A
D

IE
N

T
S

T
h
e
o
re

m
3
.1

0
.
S
u
p
p
ose

th
at

th
e

con
ju

gate
grad

ient
m

eth
od

is

ap
p
lied

to
m

in
im

ize
q(s)

startin
g

from
s

0
=

0,an
d

th
at
d
i
T
B
d
i
>

0

for
0
≤
i
≤
k
.

T
h
en

th
e

iterates
s
j

satisfy
th

e
in

equ
alities

‖s
j‖

2
<

‖s
j
+

1‖
2

for
0
≤
j
≤
k
−

1.

T
R

U
N

C
A

T
E
D

C
O

N
J
U

G
A

T
E

G
R

A
D

IE
N

T
S

A
p
p
ly

th
e

con
ju

gate
grad

ient
m

eth
od

,
b
u
t

term
in

ate
at

iteration
i

if

1.
d
i
T
B
d
i
≤

0
=
⇒

p
rob

lem
u
nb

ou
n
d
ed

alon
g
d
i

2.
‖s

i+
α
id
i‖

2
>

∆
=
⇒

solu
tion

on
tru

st-region
b
ou

n
d
ary

In
b
oth

cases,
stop

w
ith

s
∗

=
s
i
+
α

Bd
i,

w
h
ere

α
B

ch
osen

as
p
ositive

root
of

‖s
i+

α
Bd
i‖

2
=

∆

C
ru

cially

q(s
∗ )

≤
q(s

C)
an

d
‖s

∗ ‖
2
≤

∆

=
⇒

T
R

algorith
m

converges
to

a
first-ord

er
critical

p
oint



H
O

W
G

O
O

D
IS

T
R

U
N

C
A

T
E
D

C
.G

.?

In
th

e
convex

case
...very

good

T
h
e
o
re

m
3
.1

1
.
S
u
p
p
ose

th
at

th
e

tru
n
cated

con
ju

gate
grad

ient

m
eth

od
is

ap
p
lied

to
m

in
im

ize
q(s)

an
d

th
at
B

is
p
ositive

d
efin

ite.

T
h
en

th
e

com
p
u
ted

an
d

actu
al

solu
tion

s
to

th
e

p
rob

lem
,
s
∗

an
d
s

M∗ ,

satisfy
th

e
b
ou

n
d

q(s
∗ )

≤
12 q(s

M∗ )

In
th

e
n
on

-convex
case

...m
ayb

e
p
oor

�
e.g.,

if
g

=
0

an
d
B

is
in

d
efin

ite
=
⇒

q(s
∗ )

=
0

�
can

u
se

L
an

czos
m

eth
od

to
continu

e
arou

n
d

tru
st-region

b
ou

n
d
ary

if
n
ecessary


