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Arnoldi methods can be more effective than subspace iteration methods for computing the

dominant elgenvalues of a large, sparse, real, unsymmetric matrix A code, EB12, for the sparse,

unsymmetrlc elgenvalue problem based on a subspace iteration algorithm, optionally combined

with Chebychev acceleration, has recently been described by Duff and Scott and is included m

the Harwell Subroutine Library. In this article we consider variants of the method of Arnoldl and

discuss the design and development of a code to implement these methods. Tbe new code, which

is called EB13, offers the user the choice of a basic Arnoldi algorlthm, an Arnoldl algorithm with

Chebychev acceleration. and a Chebychev preconditioned Arnoldi algorlthm. Each method is

available in blocked and unblocked form The code may be used to compute either the rightmost

eigenvalues, the eigenvalues of largest absolute value, or the eigenvalues of largest imaginary

part. The performance of each option m the EB13 package M compared with that of subspace

Iteration on a range of test problems, and on the basis of the results, advice is offered to the user

on the appropriate choice of method.

Categories and Subject Descriptors G. 10 [Numerical Analysis]. General—ruunerzcczl a[go-

rlthms; G.1,3 [Numerical Analysis]: Numerical Linear Algebra—ezgenua lues

General Terms Algorithms

Additional Key Words and Phrases. ArnoldI’s method, Chebychev acceleration, large sparse

matrices, real unsymmetric matrices

1. INTRODUCTION

We are interested in computing a few eigenvalues and the corresponding

eigenvectors of a large, sparse, real, unsymmetric matrix. Of particular

interest are the eigenvalues with the largest (or smallest) real parts, the

eigenvalues of largest absolute value, and the eigenvalues with the largest

imaginary parts. This problem is of considerable practical importance since it

has a significant number of applications in scientific and engineering comput-

ing, including mathematical models in economics, Markov chain modeling of

queuing networks, and bifurcation problems (for references, see Saad [1984],
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the survey of Kerner [1989], and the collection of test matrices for the

large-scale, nonsymmetric eigenvalue problem of Bai (private communication,

1993). In the past few years, there has been a considerable increase in

interest in solving large, unsymmetric eigenv,alue problems. Foremost in the

discussions have been methods based on the original method of Arnoldi

[1959]. Papers have appeared by, among others, Saad [ 1989], Ho [ 1990], Ho et

al. [1990], Garratt et al. [1991], Garratt [ 1991], Sadkane [1991a; 1991 b], and

Sorensen [1992]. In conjunction with the published papers, several codes

have been developed that implement variations of Arnoldi’s method. These

include codes by Sadkane [1991a; 1991b] and Braconnier [ 1993]. These codes

may be regarded as experimental codes, since their use requires details of

Arnoldi’s method to be understood before appropriate values can be given to

the input parameters. At present there is no code that implements an

Arnoldi-based method for the unsymmetric eigenvalue problem available in

the NAG Library [NAG 1993] or the Harwell Subroutine Library [Anon

1993], although a new package, ARPACK [Lehoucq et al. 1994], which uses

the implicit restarted Arnoldi method of Sorensen [1992], has recently been

included under the directory scalapack in netlib [Dongarra and Grosse

1987].

The current Release 11 of the Harwell Subroutine Library includes the

code EB12 by Duff and Scott [1993], which uses a subspace iteration algo-

rithm, optionally combined with Chebychev acceleration, to find either the

eigenvalues of largest absolute value or the rightmost (or leftmost) eigenval-

ues of a sparse unsymmetric matrix. Since numerical experiments described

by Saad [1980; 1984] and Garratt [1991] indicate that Arnoldi methods can

be more effective than subspace iteration methods in computing the outer-

most part of the eigenspectrum, we are interested in designing a new code for

the Harwell Subroutine Library that offers Arnoldi-based methods. This is

the primary goal of this article.

The article is organized as follows. In Secticm 2 we briefly review Arnoldi’s

method and describe some of its variants within a common framework. In

Section 3 we discuss the design and development of our new code, which

implements these Arnoldi-based methods. This code is called EB13. In Sec-

tion 4 the performance of EB13 on a vector supercomputer and on a high-

performance workstation is tested and compared with that of the sub-

space iteration code EB12. Concluding comments are made in Section 5.

2. ARNOL131’S METHOD AND ITS VARIANTS

2.1 The Basic Arnoldi Method

Several variants of Arnoldi’s method have been proposed in the literature. In

this section we summarize some of these. For completeness, we first outline

the basic Arnoldi algorithm. Here and elsewhere A denotes a real, sparse,

unsymmetric n x n matrix with eigenvalues Al, A2, ..., ~.. Arnoldi’s method

for finding a few eigenvalues of A proceeds as follows: given an initial vector

xl with unit norm, at each step m (m > 1) construct an orthonormal basis
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Xnz = [X1, X2,..., x~ ] for the Krylov subspace K ~ spanned by

[XI, AXI,..., A m -1 x ~] by computing w = Ax~ _ ~ and orthonormalizing w

with respect to Xl, Xz, . . .. Xl–l to obtain x ~. The matrix H = XT~ is upper

Hessenberg, and its eigenvalues provide approximations to m eigenvalues of

A. It is not possible to state, in general, which eigenvalue approximations will

converge first, but the method favors convergence to eigenvalues that lie in

the outermost part of the spectrum of A, with rapid convergence of approxi-

mations to well-separated eigenvalues. If clustered eigenvalues are sought, a

large number of steps is generally required. Saad [1980] showed that, as the

number of steps m increases, the growth in the computational time and the

storage required by Arnoldi’s method become prohibitive. Saad proposed

overcoming this difficulty by using the method iteratively so that m is fixed

(in general, m << n), and the process is restarted every m steps.

It is convenient for introducing variants of Arnoldi’s method to split the

method into a number of separate steps. Suppose that the eigenvalues of A

are ordered with IAII > IA21 > . . . > IA.I and that Al is required. The main

steps in the basic Arnoldi algorithm for finding Al may be summarized as

follows:

Algorithm Al: Basic Arnoldi

(1) Initialization: Choose the number of steps m and an initial vector xl with

unit norm.

(2) Arnoldi steps:

Forj=l,2,..., mdo

(i) w] = Axj

(ii) h,j = x~wj, i = 1,2,..., j.

(iii) s~ = WJ – I;=lx,h,j

(iv) hl,l,~ = IIsJIIz, XJ+l = sl/hj+], J.

end do

Set X=[xl, xz,... ,x~].

(3) Eigenualue computation: Reduce the upper Hessenberg matrix H = {h,,}

to real Schur form T = ZT HZ, where T is a block triangular matrix, and

each diagonal block T,, is either of order 1 or is a 2 X 2 matrix having

complex conjugate eigenvalues, with the eigenvalues ordered in descend-

ing order of their absolute values along the diagonal blocks. Set X = XZ.

(4) Convergence test and restart: If the first column xl of X satisfies the

convergence criteria, then accept Al and stop; else go to 2.

In practice, to overcome the loss of orthogonality of the vectors Xj, the

Gram–Schmidt method in step (2) is combined with iterative refinement (see

Daniel et al. [1976]). We have found that one step of iterative refinement is

sufficient for the computation of each Xj (see also Sorensen [ 1992]). Through-

out the remainder of this article it is assumed that the Gram–Schmidt

method with iterative refinement is employed.

Once the eigenvalue Al has been found, the corresponding (approximate)

eigenvector yl of A can be determined. The eigenvector w ~ of the matrix T
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corresponding to Al is first found using a back-substitution process [Peters

and Wilkinson 1970], and then the eigenvector of A is taken to be yl = Xwl

(see, for example, Duff and Scott [19931 for further details).
For simplicity, we have described the basic Arnoldi algorithm for the case

when only a single eigenvalue is required, but it can also be used if the r

dominant eigenvalues are sought. In this case, the new starting vector may

be taken to be a linear combination of the first r columns x ~, Xz, . . . ,x, of X;

that is, at step (4) take the restart vector to be of the form

where ~ is a normalizing factor. The al need to be chosen to balance the

accuracy of the desired basis vectors. Choosing a, to be the norm of the

residual Ayt – ~, y, favors the basis vectors that converge slowly. Thus, slow

convergence is offset by a starting vector that is richer in the corresponding

basis vector. This choice for the a, is used by Braconnier [ 1993]. Further

details and discussion may be found in Saad [1980; 1984].

An alternative approach for computing several eigenvalues is to employ a

“locking” technique. The idea behind locking, which is sometimes termed

implicit defZation (see Saad [1989]), is to exploit the fact that the initial

columns of X tend to converge before the later ones and to use this to reduce

the order of the problem. Suppose that we want to compute r eigenvalues and

that the first k – 1 basis vectors xl, x ~, . . . . Xk _ ~ corresponding to

A1, A2,..., Ah_1 have already converged (k – 1 < r). Choose Xh to be orthogo-

nal to each of the vectors xl, Xz, ..., Xk. ~. Next perform m – k steps of the

Arnoldi process, with x~ as the starting vector and enforcing the orthogonal-
itYofx~, J”=k, k+ l,... , m, against all x ~, including Xl, xz, . . . ,x~_l. This

generates an orthogonal basis for the subspace spanned by [xl, Xz, ..., xh,

Axk,.. ., Am - kXk ]. Apart from the orthogonalization of the Xj’s (j > k), no

further computations are performed with the converged basis vectors

xl, x~, ..., Xk ~, and these basis vectors are therefore said to be “locked.”

Since these vectors are locked, the leading (k -- 1) X (k – 1) submatrix of the

Schur matrix T will not change on subsequent steps, and it is necessary only

to reduce a Hessenberg matrix of order m -- k to real Schur form and to

compute its eigenvalues. By avoiding unnecessary recomputations, locking

can result in considerable savings in computational time (illustrated by Duff

and Scott [1993]). In this study we employ locking rather than using Eq. (1)

whenever more than one eigenvalue (or complex conjugate pair of eigenval-

ues) is needed.

2.2 Block Arnoldi

Block Arnoldi methods have been discussed by Sadkane [1991a]. These

methods aim to compute approximations to i~ block of eigenvalues at once.
They can be advantageous when the dominant eigenvalue of A is a multiple

eigenvalue or if the wanted eigenvalues are clustered. The other major

advantage of block methods is that they are able to exploit level-3 BLAS (see

ACM Transactions on Mathematmal Software, Vol 21, No. 4, December 1995



436 . Jennifer A. Scott

Section 3.7), and this can make them competitive with unblocked methods

even if only one eigenvalue is sought (see Tables III and IV in Section 4).

Choosing the block size to be nb (n ~ > 1),the block Arnoldi method for

finding the r eigenvalues of A of largest moduli proceeds as follows:

Algorithm AB 1: Block Arnoldi

(1) Initialization: Choose the number of steps m and an initial m X n b

matrix Xl with orthonormal columns.

(2) Block Arnoldi steps:

Forj=l,2, . . ..n~do

(i) W, = AXj

(ii) H,j =X~WJ, i = 1,2,..., j.

(iii) SJ = W] – E;.lX, HLj

(iv) QJRJ = Sj (QR factorization of S1), Hj+ ,,j = RJ, X,+ ~ = Q,.
end do

Set X=[Xl, Xz,..., X~].

(3) Eigen~alue computation: Reduce the block upper Hessenberg matrix H =
{Hl~} to real Schur form T = ZTHZ, where each diagonal block T,, is

either of order 1 or is a 2 x 2 matrix having complex conjugate eigenval-

ues, with the eigenvalues ordered in descending order of their absolute

values along the diagonal blocks. Set X = XZ.

(4) Convergence test and restart: If the first r columns of X satisfy the

convergence criteria, then accept Al, Az, . . . . A, and stop; else let Xl be

the first nb columns of X and go to 2.

Again, in practice, iterative refinement is used in step (2) to compensate for

any loss in orthogonality.

An obvious choice for the block size is n ~ = r, the number of required

eigenvalues. However, numerical experience has shown that it can be advan-

tageous to choose a block size n ~ > r. This can be the case if the sought-after

eigenvalues are not well separated from the remaining eigenvalues. Some

results that illustrate this are included in Section 4 (Tables VII and VIII).

For problems in which the required eigenvalues can be split into groups of

clustered eigenvalues with the groups well separated, the block size should be

at least as large as the largest cluster of eigenvalues sought. In this case, n ~

will be less than r, and as in the unblocked method ( n ~ = 1),some work can

be saved by locking a whole block of vectors as soon as all of the vectors in the
block have converged. If the first nb columns of X have converged, I,hen, at

the next iteration, m – 1 block Arnoldi steps are performed with Xz (the

matrix whose columns are the second block of nb columns of X) as the

starting matrix.

2.3 Arnoldi with Chebychev Acceleration

In practice, the basic Arnoldi method (both blocked and unblocked) can

perform badly, and the number m of Arnoldi steps and the number of

iterations required for convergence can be prohibitively large. To overcome
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this difficulty and to improve the overall performance of Arnoldi’s method,

Saad [1984] proposed using the basic Arnoldi method in conjunction with a

polynomial filter. In this method, the restart vector is taken to be

p(A)x ~/11P(A)x1 11,where p is a polynomial chosen to amplify the components

of x ~ in the direction of the basis vectors corresponding to the required

eigenvalues Al, A2, ..., A,, while damping those in the directions of the re-

maining basis vectors. Thus, on each iteration, p is chosen to be small on the

set S of unwanted eigenvalues {A,+ ~, &+ ~, ..., Am} and to satisfy the normal-

ization condition

p(Ar) = 1. (2)

A simple procedure is to look for such a polync~mial on a continuous domain E

containing S but excluding Al, Az, . . . , A,. The problem of determining p

becomes the minimax problem

min maxlp(A)l, (3)
PsPl A,GE

where PL is the set of all polynomials of degree not exceeding 1 satisfying Eq.

(2). This problem can be solved if E is restricted to an ellipse with its center
on the real line and containing S. Let E = E(d, c, a) denote an ellipse center

d, foci d ~ c, and major semiaxis a, and which is symmetric with respect to

the real axis. The polynomial solving the minimax problem (3) is then

Z’l[(A – d)\c]
p~(N = (4)

T’l[(A, – d)\c] 7

where T’l( A) is the Chebychev polynomial of degree 1 of the first kind. Here, A,

is termed the reference point. Further details may be found, for example, in

Manteuffel [1977] and Saad [1984].

Associated with each Al ~ S is a convergence factor

(~j – d) + ((A, - d)z – CZ)I’2
C,(d, c) =

(A, - d) + ((A, - d)2 – #)”2 ‘
(5)

The choice of d, c, a that gives an ellipse E(d, c, a) enclosing all Aj ● S that

minimizes maxA ~ ~ Cj(d, c) is the optimal ellipse and is used to define the

iteration polynomial (4). An algorithm for computing the optimal ellipse is

described by Ho [1990].

Omitting now the details of how to construct the optimal ellipse and how to

choose the degree of the Chebychev polynomial, the Arnoldi algorithm with

Chebychev acceleration for finding the r rightmost eigenvalues of A may be

described as follows:

Algorithm A2: Arnoldi with Chebychev Acceleration

(1) Initialization: See Algorithm Al.

(2) Arnoldi steps: See Algorithm Al.

(3) Eigenualue computation: Reduce the upper Hessenberg matrix H = {h,,}
to real Schur form T = ZTHZ, where T is a block triangular matrix and

where each diagonal block TL, is either of order 1 or is a 2 x 2 matrix
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having complex conjugate eigenvalues, with the eigenvalues ordered in

descending order of their real parts along the diagonal blocks. Set X ~ XZ.

(4) Corwergence test and restart: If the first r columns of X satisfy the

convergence criteria, then accept Al, AZ, ..., A, and stop; else choose the

degree 1 of the iteration polynomial pl( A). Construct the ellipse E(d, c, a)

containing the unwanted eigenvalues. Define Pz( M, and compute ~ =

PIQWX1, where X1 is the first column of X. Set X1 = ~/11~112, and @ to z.

As in Algorithm Al, locking can be incorporated into Algorithm A2 when

r> 1. In this case, lf xl, xz, . . ..x~_l have converged (k. – 1< r), then, at

step (4), x = pz(A)xk is computed, and the restart vector is taken to be the
normalized vector Xk ~fi/113 IIz. On the next iteration, m – k Arnoldi steps

are performed, enforcing the orthogonality of XJ, j = k, k + 1,...,m, against

all XL, including x1, x2, . . ..xk_1. An (m – k ) x (m – k) Hessenberg matrix

must be reduced to real Schur form.

By replacing A by – A, Algorithm A2 may be used to compute the leftmost

eigenvalues of A. Arnoldi’s method converges most quickly to the eigenvalues

in the outermost part of the eigenspectrum, and in step (3), by ordering the

diagonal entries of T in descending order of their imaginary parts, we can use

Algorithm A2 to compute the eigenvalues of largest imaginary parts. In some

practical examples, it is these eigenvalues that are of practical importance.

An example of this is the TOLOSA matrix, which arises from the aerodynam-

ics related to the stability analysis of a model of a plane in flight (e.g., the

collection of test matrices for the large-scale nonsymmetric eigenvalue prob-

lem of Bai—private communication, 1993).

Note that the matrix polynomial pl( A) need not be formed explicitly, since

to compute pl( A)x it is necessary only to form 1 matrix-vector products with

the original matrix A and to take linear combinations. If p~( A) is defined by
Eq. (4), the three-term recurrence relation for Chebychev polynomials maybe

used. Since the ellipse E( d, c, a) is symmetric about the real axis, d and c are

either purely real or imaginary so that complex arithmetic can be avoided.

2.4 Block Arnoldi with Chebychev Acceleration

Algorithm A2 can be generalized to a block algorithm. Choosing the block size

to be n ~, the block Arnoldi method with Chebychev acceleration for finding

the r rightmost eigenvalues of A proceeds as follows:

Algorithm AB 2: Block Arnoldi with Chebychev Acceleration

(1) In Ztialization: See Algorithm AB1.

(2) Block Arnoldi steps: See Algorithm AB1.

(3) Eigenvalue computation: Reduce the block upper Hessenberg matrix H =

{H,j} to real Schur form T = ZTHZ, where each diagonal block T,l is

either of order 1 or is a 2 x 2 matrix having complex conjugate eigenval-

ues, with the eigenvalues ordered in descending order of their real parts

along the diagonal blocks. Set X G XZ.

(4) Convergence test and restart: If the first r columns of X satisfy the

convergence criteria, then accept Al, Az, . . . . A, and stop; else choose the
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degree 1 of the iteration polynomial Pi(A). Construct the ellipse E(d, C, a)

containing the unwanted eigenvalues. Define pl( A), and compute

X- pl(A)Xl, where Xl is the first nb columns of X. Orthonormalize the

columns of ~, and let Xl be the resulting set of orthonormal columns. Go

to 2.

Some work can be saved by locking vectors within a block as soon as

they have converged. Suppose the first k – 1 vectors have converged,

where k — 1 < n~. Then, at step (4), compute X- {xl, xz, . . ..xl. l,

Pz(A)x~, . . . . PZ(A)X.,l, orthonormalize the columns of X (the first k – 1

columns are already orthonormal), and let the restart matrix Xl be the

resulting set of orthonormal columns. m block Arnoldi steps are performed

with this restart matrix, and at step (3), a block upper Hessenberg matrix of

order mn ~ must again be reduced to real Schur form. The first k – 1 columns

of the resulting matrix X must be rechecked for convergence since they will

have been recomputed.

Further computational effort may be saved if nb < r by locking a whole

block of vectors once all of the vectors in the block h~ve converged. If all of the

columns in Xl have converged, then at step (4), X ~ pl(A)Xz is computed,

where Xz is the m X n~ matrix whose columns are the second block of nb

columns of X. The columns of X are orthonormalized with respect to the

columns of Xl, and the restart matrix Xz is taken to be the resulting set of

orthonormal columns. On the next iteration, it is necessary to perform only

m – 1 block Arnoldi steps and to reduce a block upper Hessenberg matrix of

order (m — 1) n ~ to real Schur form. Since the columns of X ~ are not recom-

puted, they do not need rechecking for convergence.

2.5 Polynomial Preconditioned Arnoldi

The idea behind polynomial preconditioned Arnoldi methods is to replace A

by a matrix of the form C = p(A), where p(A) is a polynomial, and to perform

an Arnoldi method using C in place of A (see Saad [1989]). The polynomial

p(A) is chosen so that a sought-after eigenvalue Al is transformed by p into

an eigenvalue of C that is very large compared with the remaining eigenval-

ues. Arnoldi’s method using the matrix C can be expected to converge rapidly

to this eigenvalue. The eigenvalues of C are related to those of A by

A,(C) = p( A,(A)), and the approximate eigenvalues of A can be obtained from

the computed eigenvalues of C by solving a polynomial equation. However, if

P(A) is a polynomial of degree 1, this process is complicated by the fact that,
for each eigenvalue A,(C) of C, the polynomial equation has 1 roots that are

candidates for approximating one eigenvalue A,(A) of A. This difficulty may

be avoided by using a Galerkin process whereby, at the end of the Arnoldi

steps, the m X m matrix B = XTAX is explicitly computed. The eigenvalues
of B then approximate m eigenvalues of A, and the eigenvectors of the real
Schur form for B may be used to obtain the corresponding approximate

eigenvectors of A. This is analogous to the procedure used in the subspace

iteration algorithm (see Stewart [1978] and Duff and Scott [1993]).
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The scaled and shifted Chebychev polynomial given by Eq. (4) is a suitable

choice for the preconditioning polynomial. Again, the matrix C = pi(A) is not

formed explicitly, but the three-term recurrence relation for Chebychev poly-

nomials is used to form matrix-vector products with the matrix C.

The Chebychev preconditioned Arnoldi method for finding the r rightmost

eigenvalues of A may be summarized as follows:

Algorithm A3: Chebychev Preconditioned Arnoldi

(1) Initialization: Choose the number of steps m and an initial vector Xl with
unit norm. Set 1 = 1, pl(~) = A.

(2) Arnoldi steps: See Algorithm Al with A replaced by pi(A) in (i).

(3) Eigenvalue computation: Compute B = XTAX. Reduce B to real Schur

form T = ZT BZ, where each diagonal block T,, is either of order 1 or is a

2 X 2 matrix having complex conjugate eigenvalues, with the eigenvalues

ordered in descending order of their real parts along the diagonal blocks.

Set XC=XZ.

(4) Convergence test and restart: If the first r columns of X satisfy the

convergence criteria, then accept Al, Az, . . . . A, and stop; else choose the

degree 1 of the iteration polynomial pl( A). Construct the ellipse E(d, c, a)

containing the unwanted eigenvalues. Define pl( A). Let xl be the first

column of X, and go to 2.

At each iteration the polynomial, preconditioned algorithm is significantly

more expensive than Algorithm A2 since it requires ( m — 1) matrix-vector

products of the form pl(A)x, compared with only one such product for

Algorithm A2. In addition, Algorithm A3 requires the explicit computation of

the matrix B = XTAX, and B has first to be reduced to upper Hessenberg

form before it can be reduced to real Schur form. It is probably because of the

extra cost per iteration that Algorithm A3 has not been implemented in any

of the experimental codes cited in Section 1. However, we have found that, for

some problems, in particular, problems for which more than one eigenvalue is

required, the extra work per iteration may not lead to an increase in the
overall cost, since Algorithm A3 frequently requires only a small number of

iterations to achieve convergence. This is illustrated in Section 4 (see Tables

V and VI).

As in Algorithms Al and A2, some savings in the computational costs can

be realized by employing locking when the number of required eigenvalues is
greater than 1,

2.6 Block Preconditioned Arnoldl

In the same way that Algorithm A2 can be generalized to the block Algorithm

AB2, the preconditioned Arnoldi Algorithm A3 can be generalized to a block

method. This algorithm will be called Algorithm AB3 and is as follows:

Algorithm AB 3: Block Chebychev Preconditioned Arnoldi

(1) Initialization: Choose the number of steps m and an initial m x n ~
matrix Xl with orthonormal columns. Set 1 = 1, pl( A) = 1.
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(2) Block Arnoldi steps: See Algorithm AB1 with A replaced by pi(A) in (i).

(3) Eigenvalue computation: See Algorithm A.3.

(4) Convergence test and restart: If the first r columns of X satisfy the
convergence criteria, then accept Al, Az, ., ., A, and stop; else choose the

degree 1 of the iteration polynomial pl( A). Construct the ellipse E(d, c, a)

containing the unwanted eigenvalues. Define pl( A). Let Xl be the matrix

whose columns are the first n~ columns of X, and go to 2.

Again, as with Algorithm AB2, locking can be used to reduce computational

costs if some of the columns of X converge before all of the required r

columns have converged.

3. THE NEW CODE EB13

In this section we discuss the design of a new code, EB13, which implements

all of the variants of Arnoldi’s method considered in Section 2. We look at the

user interface, the use of control parameters, the user-supplied parameters,

the stopping criteria, the ellipse construction, and updating the degree of the

Chebychev polynomial. We also consider the exploitation of BLAS by EB13.

3.1 The User Interface

Subroutines in the EB13 package are namecl according to the naming con-

vention of the Harwell Subroutine Library. The single-precision version

subroutines all have names that commence with EB13 plus one more letter.

The corresponding double-precision versions have the same names with an

additional letter D. For clarity, in the remainder of this article we refer only

to the single-precision subroutines. There are three subroutines in the EB13

package that are called directly by the user. These are as follows:

(1) EB131: Initialization of control parameters, This subroutine is normally
called once prior to calls to EB13A and EIB13B.

(2) EB13A: Computation of the rightmost eigenvalues, the eigenvalues of
largest absolute value, or the eigenvalues of largest imaginary parts.

(3) EB13B: Computation of the eigenvectors and scaled eigenvector residuals
corresponding to the computed eigenvalues. Use of this subroutine is

optional,

One of the main features of EB13 is the use of reverse communication so

that the user is not required to supply the matrix A explicitly, but whenever

the code requires matrix-vector products, control is returned to the user. This

allows full advantage to be taken of the sparsity and structure of A and of

vectorization and parallelism. It also gives the user greater freedom in

choosing how to store the matrix A and allows for cases where the matrix is

not explicitly available but only the action of A on vectors is known. Further-
more, it enables the more-sophisticated user to employ explicit Wielandt
deflation techniques (e.g., see Saad [1989]). In addition, reverse communica-

tion allows flexibility in using the code to implement shift-and-invert strate-

gies (again, see Saad [1989]). Shift-and-invert replaces the matrix A by the
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shifted and inverted matrix C = (A – CTI) -1, so that the original problem

(A – M)x = O is transformed into (A – CT1)x = A-1x. The shift CT is chosen

so that the matrix C has a spectrum with much better separation properties

than the original matrix A and should therefore require fewer iterations for

convergence, The price that must be paid for this is that, since for large

problems it is impractical to compute C, when control is returned to the user,

the matrix-vector product w = Cu should be computed by solving the linear

system of equations

C-lw=u (6)

for w. This can be done by forming the LU factorization of C‘1 = (A – u I)

and then solving Eq. (6) reduces to performing a forward- and back-substitu-

tion. There are library codes available for doing this, including the recent

Harwell Subroutine Library code MA48 (see Duff and Reid [ 1993]), which

requires that C is available in standard sparse matrix format. Whenever a

new shift n is chosen, a new LU factorization of C – 1 must be formed.

A more-general strategy than shift-and-invert that may also be imple-

mented using EB13 is preconditioning. Here a matrix O(A) is used in place of

A. Use of the preconditioned O( N = pl( A), the Chebychev polynomial given by

Eq. (4), is offered by EB13 as an option, and no action is required by the user

other than specifying this option using a control parameter (see Section 3.2).

However, other preconditioners may be used if, on each return to the user

before convergence is achieved, w = +(A)u is computed. A preconditioned

that has received attention recently is the generalized Cayley transformation

used by Garratt [1991].

Use of reverse communication also allows EB13 to be employed for the

solution of generalized eigenvalue problems of the form

Ax = /iBx, (7)

where A and B are real, sparse, unsymmetric matrices. If B is nonsingular,

Eq. (7) can be treated as a standard unsymmetric eigenvalue problem by

working with the matrix B- lA. Again, when control is returned to the user, a
linear system of equations must be solved. For this problem, the LU factoriza-

tion of B need only be formed once at the start of the computation. If B is

singular, the problem of solving Eq. (7) becomes harder. A shift y may be

introduced so that (A – y B) is nonsingular, and then

(A – yBx) = (/i – y)Bx (8)

may be treated as a standard eigenvalue problem by working with the matrix

(A - yB)-lB. (9)

Parlett and Saad [1985] considered ways of dealing with the case where A

and B are real but the shift y is complex. One possibility is to replace matrix

(9) by the real matrix

Re[(A - yB)”’B] , (10)
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which has the same eigenvectors as the original problem and eigenvalues v~,

which are related to the eigenvalues & of Eq. (7) by

[

11 1
~i=— —+——

2 AZ+7, 1A,–’yz” (11)

If (10) is used in place of (9), EB13, which uses only real arithmetic, maybe

employed. An LU factorization of (A – y B) must be formed (using, for

example, the Harwell Subroutine Library co,de ME48 if y is complex), and

each time control is returned to the matrix-vector product w = Re[(A –

yB)- 1B]u, forward- and back-substitutions must be done in the usual way

before the real part of the resulting vector taken to yield w.

3.2 Control and Information Parameters

Another important design feature of EB13 is that no common blocks are

used. We feel that this is an aid to portability and that it is consistent with

the policy employed by other major recent additions to the Harwell Subrou-

tine Library, including MA42, MA47, and MA48 (see Anon [1993]). In EB13

the following arrays take the place of common blocks:

(1)An integer array ICNTL and a real arra:y CNTL that control the action

of EB13A. The control variables include the maximum number of

matrix-vector products allowed, the maximum number of Arnoldi itera-

tions, the level of printing, the stream numbers for error and warning

messages, and the convergence tolerance (see Section 3.4). Using the

control parameter ICNTL(10), the user can specify whether an initial

estimate for the starting vector (or matrix for a block method) is to be

supplied. This can be useful if, for example, A is a parameter-dependent

matrix A = A(a) and if the rightmost eigenvalues are required as the

parameter a varies. A converged basis vector for a given value of a can

be used as the starting vector for a + fia. This problem arises in the

detection of Hopf bifurcation points (see, for instance, Garratt [1991]). If

no estimate is available (the default), the starting vector (or matrix) for

the Arnoldi process is generated using the Harwell Subroutine Library

random number generator FA04. A control variable is also used to

determine which of the variants of Arnolcli’s method discussed in Section

2 is implemented. EB13 allows the user to choose which variant is

employed, since there is no loss in efficiency in offering each of the

variants A1/AB 1, A2/AB2, and A3 /AB3 (much of the code is common to

all the methods) and since practical experience has shown that the

method which gives the best performance for one problem may not

necessarily give the best performance for another (see Section 4). The

control variables are given default values by the initialization routine

EB131, which should normally be called once by the user at the start of
the computation. Should the user want the control variables to have

values other than the defaults, the appropriate variables should be reset

after the call to EB131.
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(2) Two arrays INFO and RINFO, which on each return to the user provide
integer and real information regarding the execution of the code. ‘I’his

information includes the current ellipse parameters, the degree of the

current Chebychev polynomial, and the number of eigenvalues that have

converged.

(3) Two arrays IKEEP and RKEEP, which are used to hold variables that

must be preserved between calls to EB13A.

Further details of ICNTL, CNTL, INFO, RINFO, IKEEP, and RKEEP are

given in the specification sheets (see Scott [1993]).

3.3 Input Parameters

The user is required to set the following parameters prior to the first call to

EB13A:

(1) N: the order of the matrix A.

(2) NUMEIG: the number of required eigenvalues.

(3) NBLOCK: the size Of the block to be used (if NBLOCK = I, an un-
blocked method is used).

(4) NS’I’EPS: the number of Arnoldi steps on each iteration.

(5) LN: the first dimension of the array that on successful exit will hold the
converged basis vectors. LN > N is required.

(6) IND: indicates whether the user wants to compute the eigenvalues of

largest absolute value, the rightmost eigenvalues, or the eigenvalues of

largest imaginary parts.

Of these parameters, the only ones the user may need advice on choosing are

NBLOCK and NSTEPS. Deciding whether or not to use a block method

depends, in part, on the separation of the eigenvalues. If the user requires Al

and &, where Re( Al ) >> Re( & ), convergence will generally be achieved more

quickly and in a smaller number of iterations using an unblocked method.

This is illustrated by tests performed with the matrix IMPCOLA in Section 4

(Tables V and VI). Conversely, if the required eigenvalues are multiple

eigenvalues or are clustered, there can be significant advantages in using a

block method. Tests using the matrix GRE 1107 illustrate this in Section 4.

Experience has shown us that the last vectors in a block can be slow to

converge but that convergence of the requested NUMEIG eigenvalues can

often be achieved more rapidly by choosing the block size NBLOCK to be
greater than NUMEIG. Again, this is demonstrated in Section 4 (see Tables

VII and VIII). However, EB13 does allow the user to choose a block method

with NBLOCK smaller than NLJMEIG. This option can be useful if the

wanted eigenvalues are clustered in groups that are themselves well sepa-

rated. Of course, the user may not have prior knowledge of the distribution of

the eigenvalues. One of our primary aims when designing EB13 was that the

code, while being flexible, should be robust in the event of the user making a

poor choice for the input parameters. We have designed the stopping criteria

(which are discussed in Section 3.4) so that the computation will terminate if
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convergence to the requested accuracy is not being achieved with acceptable

speed. In this event, the user is advised to assign a different value to

NBLOCK (and, optionally, to NSTEPS) and to start the computation again.

The (inaccurate) approximations to the eigenvalues already computed should

allow the user to choose values that will lead to successful convergence on a

subsequent run.

The parameter NSTEPS is the other important parameter that must be

set by the user. The value of NBLOCK* NS,TEPS influences the effective-

ness of EB13, since the storage required is proportional to

(NBLOCK* NSTEPS)2; and, at each iteration, the cost of the Arnoldi steps is

proportional to (NBLOCK* NSTEPS)2* N, anld computing the eigenvalues of

the Hessenberg matrix H is proportional to (NBLOCK* NSTEPS)3. This is

discussed by Sadkane [1991a]. It is clear that, if NSTEPS is chosen to be

large, the computational costs per iteration and the storage requirements

become prohibitively large; but if NSTEPS is too small, the Krylov subspace

will not contain enough information, and convergence may not be achieved

even with a large number of iterations. In practice, if NSTEPS is chosen too

small, the stopping criteria used by EB13 will terminate the computation

with a warning to the user that the requested accuracy was not achieved.

Should this happen, we do allow the user to restart the computation with a

revised value for NSTEPS. This restart exploits the approximations to the

basis vectors already computed. Full details of restarting the computation are

given in the specification sheets for EB13 (see Scott [1993]). Our numerical

experience indicates that, in general, NSTE,PS should be chosen to be at

least 6, and for some problems (particularly problems for which there is a

poor separation of the required eigenvalues or problems where the unwanted

eigenvalues are not well represented by a Chebychev ellipse) a larger value is

needed. Block methods generally converge using a smaller value of NSTEPS

than unblocked methods (see Section 4).

3.4 The Stopping Criteria

At the end of each iteration, it is necessary to test the computed basis vectors

for convergence (step (4) of the algorithm descriptions in Section 2). In many

papers on iterative methods for the computation of eigenvalues, the criteria

used for accepting a computed eigenpair (A, y) are based on demanding that

the norm of the residual Ay – Ay should be less than a prescribed tolerance,

that is,

HAY – Ayllz < e (12)

(see, for example, Saad [ 1980]). Recently, Chatelin and Frayss6 [1993] recom-
mended that stopping criteria should be based on the backward error. The

idea of backward error is to measure the shortest distance between the

original problem with computed solution y and a perturbed problem with
exact solution y. The normwise backward error associated with the approxi-
mate eigenpair (A, y) is defined to be

~ = min{~ >0: IIA-4N12 s 1511A112, (A + AA)Y = ~Y}.
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It can be shown [Deif 1989] that, if Ilyllz = 1,

IIAY – ~yll~
q=

IIA112 “
(13)

Chatelin and Frayss6 [ 1993] proposed q < s as the stopping criteria. Note

that, since IIAIIZ s llAll~, where IIAIIF == (ZLZJcz~J)l’2 denotes the Frobenius

norm of A, a lower bound on the backward error can be obtained by replacing

IIAI12 in Eq. (13) by IIAIIF.
The smallest backward error is of the order of the machine precision u.

But, if there are uncertainties in the values of the entries a,j of the matrix A

(e.g., A may be obtained from experimental readings), there is no advantage
in reducing q below the uncertainty in the a,j, Using the backward error, an

estimate of the error in the computed solution may be obtained from the

first-order approximation

Forward Error g Condition Number X Backward Error.

One of the features of Arnoldi’s method (Algorithm Al) is that, if z is the

eigenvector of the m x m Hessenberg matrix H = {h ,J} associated with A,

then in exact arithmetic

IIAY – MZ = ~m+l,mle~zl, (14)

where e~, = (0,0, ..., I)T (see Saad [1980]). The residual r~ = llAy – AY112 is

termed the direct residual, and rA = hm, ~,~ le~ z I is termed the Arnoldi

residual (see Braconnier [1993]). We call

l-d

‘d = IIAIIF

the direct backward error and

rA

‘A = IIAIIF

(15a)

(15b)

the Arnoldi backward error. The Arnoldi residual has been preferred in

numerical computations to the direct residual since it is faster and easier to

compute. However, there can be problems in using rA (or qA ) if the matrix is

highly nonnormal. Recall that a matrix A is said to be normal if ATA = MT.

Chatelin and Frayss4 [1993] and Godet-Thobie [ 1992] defined the relative

departure of A from normality to be the Henrici number

He = IIATA – MT II.

IIA211F “
(16)

The Henrici number is homogeneous in A (i.e., invariant under the scalar

transformation A ~ aA). Assuming A to be diagonalizable, Smith [1967]

derived the following bound for the condition number of the eigenbasis Y of A:

cond2(Y) = IIY11211Y- 1112> (1 + 0.5 He)l”4.

ACM Transactions on Mathematical Software, Vol 21, No 4, December 1995



Arnoldi Code for Computing Selected Eigenvalues . 447

Thus, a large departure from normality leads to an ill-conditioned eigenbasis,

which can be extremely difficult to compute, Numerical experiments have

shown that, although the direct and Arnoldi backward errors (q~ and qA,

resp.) are mathematically equivalent in exact arithmetic, the difference be-

tween the computed Td and ~* in finite precision becomes more and more

significant as the departure from normality increases: qA can become very

small (down to machine zero), while q~ remains constant. Consequently, for

such matrices, using ~* can lead to incorrect conclusions concerning the

precision of the computed eigenpairs. Our aim was to develop a robust code

that would be suitable for a large class of problems, so we have decided

against using the Arnoldi residual in the stopping criteria.

Basing the stopping criteria on the direct backward error q~ requires the

eigenvectors corresponding to the computed ei genvalues to be determined on

each iteration. In EB13 we work with the Schur vectors since this is more

stable (see Stewart [1978]). Computing the eigenvectors of the Hessenberg

matrix H and then the corresponding eigenvectors of A at each iteration

requires additional computational effort that may be avoided by basing our

stopping criteria on demanding that the relation

AX=XT

is almost satisfied. The normwise backwarcl error associated with (T, X),

where T ==XT= is the projection of A on the invariant subspace with

orthonormal basis X, is defined by

q = min{~ >0: IIAAIIz < 611AIIz, (A + AA)X = XT}.

It can be shown that

(17)

Again, a lower bound may be obtained by replacing IIAII 2 with IIAIIF to give

11= – XTI12
.qT =

IIAIIF ‘“
(18)

Computing the bound on the backward error q~ or q~ requires IIAIIF.

Assuming that the action of A on vectors is known, 11AIIF can be computed

using at most n matrix-vector products of the form Ax. Although this

calculation need only be done once before the start of the eigenvalue compu-

tation, if n is large the cost maybe unacceptably high and, indeed, maybe as

great as the cost of computing the sought-after eigenvalues. If the user has an

estimate of the norm of A available, this could be used. An estimate of 11AIII
or IIAII. can be found using at most five matrix-vector products of the form

Ax and five of the form ATX by employing the Harwell Subroutine Library
code MC41 [Anon 1993]. If ~lx can be computed, where MI is the matrix

with entries Ia ,j 1,then, choosing x = (1, 1, . . . . l)T, IIAII. can be computed with

just one matrix-vector product.
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The difficulty of requiring the norm of A can be avoided by accepting the

ith eigenvalue if the scaled residual R, given by

~ = II(AX - XT), I12
1

II(AX), 112
(19)

is less than a prescribed tolerance. R, was used in the stopping criteria

employed by the code EB12 (see Duff and Scott [1993] for details). Since

II(AX),IIZ s IIAIIz (recall 11X,112= 1),the backward error q given by Eq. (17)
satisfies q s R,.

Another reason for possibly not wishing to use the backward error ~~ is

that it can lead to misleading conclusions, Well-conditioned matrices with a

small departure from normality can have large norms. For example, the

matrix

(1

la

o lok

has the Henrici number

2a2(a2 + (lok – 1)2)
He =

1+ lozk +(1+ lo~)2a2”

If a is fixed, as ?Z increases He tends to (2a)l’2, but llAll~ is unbounded. In

such cases, q~ can be very small, while the computed eigenvalues are totally

inaccurate. In some practical situations, eigenvalues are used to study stabil-

ity, and the interest is in whether the rightmost eigenvalue has a nonpositive

real part. Examples of this are our test problems GRT200 and GRT400 in

Section 4. Since high precision in the computed eigenvalues is not required,

the user may decide to set the convergence tolerance to be, for instance, 10-4.

But llAll~ is of order 105 for GRT400 (see Table II), and we found that, if

qT s E is used as the stopping criteria, a computed A with no precision is
accepted and the wrong conclusion drawn as to the stability of the system,

For this problem, A is a banded matrix, and II(AX)I IIz is of order 1 so that, if

Eq. (19) is used, this difficulty is not encountered. Clearly, if the backward

error is to be used as a stopping criteria, the user should take into account

the size of 11AII when selecting the convergence tolerance.

In EB13 we use as the default criteria for the acceptance of the ith

eigenvalue

However, because

error, we offer the

communication, it

II(AX – XT), I12
resl =

IIAII
< &. (20)

of the potential problems associated with the backward

user the option of using R ~ < s. With the use of reverse

is straightforward to offer this without incurirw anv-.
additional overheads. If the “user wishes to take advantage of this option, the

control parameter ICNTL(7) must be set to 2 (the default is O). If Eq. (20) is

used, the user is asked to provide IIAII (or an estimate of IIAII) on the first call
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to EB13A. If an estimate is not available, the user must set ICNTL(7) to 1,

and EB13 will then compute 11AIIF using n m[atrix-vector products.

The convergence tolerance used in EB13 is s = CNTL(l), where CNTL(l)

is a control parameter. The default value for CNTL(l ) is U*103, where u is

the relative machine precision. This value is assigned to CNTL(l) by the call

to the initialization subroutine EB131. The code EB13 only accepts the basis

vectors in the order i = 1,2, . . . . r, so that resj (or Resj ) is only computed and

tested for convergence once res, (or R,), i = 1.,2,..., j – 1, have all satisfied

the convergence criteria.

We have already noted that the backward error q is bounded above by Ri

and that q cannot be less than u. Therefore, if Ri is used in the stopping

criteria, and the user sets CNTL(l ) to be very small, the convergence criteria

may not be met. Consequently, in EB13 additional stopping criteria are

needed to terminate the computation if this should happen. Additional stop-

ping criteria are also needed if the user has chosen the number of Arnoldi

steps to be too small for the problem being solved since, in this case, the

Arnoldi iterations can continue indefinitely without the residuals decreasing

significantly. In our numerical experiments, we observed that, as the number

of iterations increases, if convergence has not been achieved, the residuals

start to oscillate. As a result of our findings, we have decided to terminate the

computation on the k th iteration if

res, (k) < res, (k – 1),

resz(k – 1) > res, (k – 2),

res, (k – 2) < res, (k – 3),

and

resl(k – 3) > res, (h – 4),

where res, (k ) is resL (or Rl ) on the k th iteration.

In the event of a problem failing to converge, we ensure a finite termination

of the computation by imposing limits on the maximum number of matrix-

vector products and the maximum number of Arnoldi iterations allowed. The

limit on the number of matrix-vector products is determined by the control

parameter ICNTL(5), which has a default value of 20,000. The maximum

number of matrix-vector products allowed is 1CNTL(5)* NUMEIG (NCJMEIG

is the number of wanted eigenvalues). If the number of matrix-vector prod-

ucts required exceeds this, the user is offered the option of increasing

ICNTL(5) and continuing the computation from the point at which it was

halted. The limit on the number of Arnoldi iterations is given by

ICNTL(l I)*NUMEIG, and ICNTL(ll) has a default value of 500. Again, if

convergence is not reached in the limit, the user can increase ICNTL(l 1) and

restart the computation at the next iteration. For details see Scott [1993].

In EB13, once all of the requested eigenvalues have converged, we offer the

user the option of computing the eigenvectors y,, i = 1,2, ..., r, and the
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scaled eigenvector residuals

\l(Ay, - A, Y,) Ilz
Resl =

IIAII ‘
I<i <r,

or, if Eq. (19) was used,

(21a)

(21b)

To obtain these residuals, the user must call EB13B. On the first call,

EB13B computes the approximate eigenvectors of A by first computing the

approximate eigenvectors w, of the real Schur form T and then setting

Y, = XW,. Control is returned to the user for the matrix-matrix product AY to
be formed, where Y has columns yl, Yz, . . . . y,. The user must then recall

EB13B for the eigenvector residuals to be computed.

3.5 Ellipse Construction

When using Algorithm A2 or A3 (or their block generalizations), at each

iteration it is necessary to construct an ellipse E( d, c, a) enclosing the

unwanted part of the eigenspectrum. Manteuffel’s technique [ Manteuffel

1975; 1977] for constructing the optimal ellipse in the case of the solution of

linear equations was extended by Saad [ 1984] to the unsymmetric eigenvalue

problem. Since Manteuffel’s algorithm requires the reference eigenvalue A, to

be real (see Eq. (4)), when the reference eigenvalue is complex, Saad replaced

A, by the point y on the real line having the same convergence ratio as A,

with respect to the ellipse found on the previous iteration. In general, y + A,,

and so the ellipse found by Saad is only an approximation to the optimal

ellipse.

Ho [1990] introduced a new algorithm that avoids the shortcomings of

Saad’s method and that computes the optimal ellipse with respect to A,. For

full details of this algorithm, the reader is referred to Ho [ 1990] and Ho et al.

[1990]. Recently, Braconnier [19931 proposed an algorithm that is much
simpler than that of either Saad or Ho but that does not necessarily deter-

mine the optimal ellipse. If the unwanted eigenvalues A,+ ~, . . . . Am are

ordered in decreasing order of their real parts, Braconnier’s algorithm pro-

ceeds as follows:

Re(&+l) + Re(A~)
(1)Set d =

2
, a =Re(A, +l) –d, and v= 0.0.

laIm(AL)l
(2) Set b = max

Z Ja2 - (Re(AL) -d)’ and c’ ‘a’ -62”

(3) If E(d, c, a) is feasible, then stop; else
lRe(A,+l) – vRe(A, )l

Setv=v+l, a=a+
(v+ 1.0) “

go to 2.
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At each iteration, Ho [1990] and Braconnier [1993] used only the current

estimates of the unwanted eigenvalues to construct the ellipse. Our numeri-

cal experience has shown that, at iteration k, it is necessary to construct the

positive complex hull containing the current estimates of the unwanted

eigenvalues and, if the rightmost eigenvalues are sought, points on the

convex hull from iteration k – 1 lying to the left of the current estimate of

the rightmost wanted eigenvalue (i.e., A,). If the eigenvalues of largest

imaginary parts are wanted, the points on the convex hull with imaginary

parts that are less than the imaginary part of the current estimate of A, are

used in constructing the convex hull. The ellipse is determined from the

points on the convex hull. This is discussed f~u-ther by Duff and Scott [1993].

When implementing the algorithms of Saad, Ho, and Braconnier within the

code EB13, we have modified them to use the convex hull.

In his experimental code, Braconnier [ 1993] offered the user the option of

employing either the ellipse construction algorithm he had developed or that

of Ho [1990]. However, Braconnier did not provide numerical results to

illustrate the effects of not determining the optimal ellipse. We have per-

formed some experiments on the test examlples described in Section 4. In

these tests, Algorithms A2 and A3 were combined with the different ellipse

construction algorithms. The ellipse algorithms involve only scalar opera-

tions. Moreover, since the convex hull is used, the number of points on which

the ellipse is constructed is small, and in eaclh test case, the time for finding

the ellipse was negligible compared with that for the matrix-vector products

and for the reduction to Schur form and then checking for convergence. There

appeared to be little to choose between the performance of the ellipse algo-

rithms, and none of them displayed a consistent advantage over the others.

Since Ho’s algorithm does compute the optimal ellipse, in EB13 we have

decided to use Ho’s algorithm as the default ellipse construction algorithm

but offer the user the option of using either the algorithm of Branconnier or

the algorithm of Saad. This choice is controlled by the parameter ICNTL(8)

(see Scott [1993] for further details).

3.6 The Degree of the Chebychev Polynomial

It is well known that a severe limitation of combining Arnoldi’s method with

the use of Chebychev polynomials is the sensitivity of performance with the

degree 1 of the polynomial. If 1 is chosen to be too small, convergence will be

unnecessarily slow, and there may be no convergence. However, if 1 is too

large, more matrix-vector products than are really necessary will be per-

formed, and again, convergence may not be achieved. We would like a code

that is efficient on a range of problems but that is also robust. As a result of

our numerical experiments, in EB13 the following criteria for determining

the degree of the Chebychev polynomial are used. Here, we let l(k) denote

the degree of the polynomial on the k th iteration:

(1) On the first few iterations, we anticipate that we may not have a good

ellipse (i.e., an ellipse that contains the unwanted spectrum of A, rather

than the computed unwanted eigenvalues). In this case it is sensible to
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update the ellipse quite quickly. In particular, we require l(k + 1) <11

where

1, = l(h) x (1 + loglo(h + 1)), (22

with 1(1) = 40, This bound ensures that l(k + 1) varies from l(k) in a

controlled manner and that the degree of the iteration polynomial in-

creases as the ellipses improve. The initial value 1(1) = 40 was chosen as

a result of numerical experiments. So that l(k) does not grow without

limit, we impose a maximum restriction on the degree 1(k) < ICNTL(3)

for all k, where ICNTL(3) is a control parameter (see Section 3.2). The

default value for ICNTL(3) set by the initialization subroutine E13131

is 80.

(2) We impose the restriction on the degree of the Chebychev polynomial

used by the code EB12, namely, l(k + 1)< 12,where

12 = 0.5 x (1 + loglo(u-l)/loglo( ratio)). (23)

Here ratio is the ratio of the convergence rates of the slowest and fastest

converging eigenvalues (see Duff and Scott [1993]).

(3) When the residuals are close to satisfying the convergence tolerance, we

attempt to limit the number of unnecessary matrix-vector products by

limiting the degree of the polynomial. If res, s CNTL(l)*102 (see Eq,

(6)), we set l(k + 1)s Z3,where

1, = t x (1 +lloglO( res,\CNTL(l)) l), (24)

with t = 40. This condition is taken from Duff and Scott [1993]. We found

that it was necessary only to impose this condition for algorithms A3 and

AB3. In general, for Algorithms A2 and AB2 the number of unnecessary

matrix-vector products that results from choosing too large a degree for

the Chebychev polynomial is small, and we found that imposing the

restriction of Eq. (24) on these algorithms could result in more iterations

being required and an increase in the overall cost of achieving conver-

gence.

If the user does not wish the code to use the above criteria for determining

the degree of the polynomial, the degree may be chosen at each iteration

using the control parameter ICNTL(4). If ICNTL(4) has the default value O,

the above criteria (1)–(3) are used to select the polynomial degree, but if

ICNTL(4) is greater than O, then the degree of the Chebychev polynomial is

taken to be ICNTL(4). We have included this option because it allows the

user to experiment with choosing different degrees for the iteration polynomi-

als and because it provides additional flexibility if it proves difficult to obtain

convergence with the requested accuracy for a particular problem.

3.7 The Use of High-Level BLAS

Within the code EB13, only dense linear algebra operations are performed.

For efficiency we exploit 13LAS levels 2 and 3 when performing these opera-

tions [Dongarra et al. 1988; 1990]. There are two main places in EB13A
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where we use BLAS. The first is in the Gram-Schmidt orthogonalization

process, and the second is during the test for convergence. For the unblocked

algorithms (Al, A2, and A3), the Gram-Schmidt process requires matrix-

vector products of the form

h + X;W (25)

and

We W–Xjh, (26)

where X= [xl, xZ, ..., x~] •R’X~,w~R’Xl,andh~R’xl(j= 1,2, . . .. m).

In EB13, the level-2 BLAS routine _GEMV is used to perform each of these

matrix-vector products. To orthonormalize the vector XJ + ~ with respect to

each of the vectors Xl, xz, . . . . Xj using the Gram-Schmidt process with one

step of iterative refinement requires four calls to –GEMV. For the block

algorithms (AB1, AB2, and AB3), if n ~ is the block size, in Eqs. (25) and (26)

we have X= [Xl, Xz, . . ..Xj] eRnxJn’, w ●Rnxnb, and h eR’xn6. In this

case the level-3 routine –GEMM is used in place of –GEMV.

When testing the ith basis vector for ccmvergence, it is necessary to

compute II(AX – XT), II~. In EB13A, the level-!~ BLAS kernel –GEMV is used

to compute (AX – XT),, and then the level-1 kernel –NRM2 is used to

compute rest (or R,). Only once x, (resp., R,) has been accepted, res, + ~ (resp.,

R,. ~) is computed.

4. NUMERICAL EXPERIMENTS

In this section we report the results of using EB13 to compute selected

eigenvalues of some matrices arising from practical problems. The perfor-

mance of EB13 is compared with that of the subspace iteration code EB12.

EB12 offers two algorithms: simple subspace iteration for computing the

eigenvalues of largest absolute value (Algorithm S 1) and subspace iteration

combined with Chebychev acceleration for computing the rightmost (or left-

most) eigenvalues (Algorithm S2). For ease of reference, all of the algorithms

implemented in this study are summarized in Table I.

Most of the problems we have used for performance testing were taken

from the lHarwell-Boeing sparse matrix collection [Duff et al. 1992]. This

collection is now widely accepted and used in testing and evaluating sparse

matrix algorithms. The matrices we selected from the collection are uns ym-

metric assembled matrices with the values of the nonzeros supplied, although

some of them (namely, PORES2 and PORES3) have a symmetric pattern. The

problems and some of their characteristics are listed in Table II. For more

details of the origins of these problems, the user is referred to Duff et al.

[ 1992]. The only test problems used that are not currently included in the

Harwell-Boeing set are GRT200, GRT400, and TOLOSA. GRT200 and

GRT400 were supplied by Garratt (private communication 1990 and Garratt

[1991]). These matrices arise from the detection of Hopf bifurcation points,
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Table 1, Summary of the Algorithms Used m this Study

Algorithm Description

S1 Simple subspace iteration

S2 Subspace iteration with Chebychev acceleration
Al Basic Arnoldi
AB 1 Block Amoldi
A2 Amoldi with Chebychev acceleration
AB2 Block Amoldi with Chebychev acceleration
A3 Chebychev preconditioned Amoldi
AB3 Block Chebychev preconditioned Amoldi

and the main concern for these problems is not the exact values of the

eigenvalues but whether the rightmost eigenvalue lies in the left- or right-

hand plane. As already noted, for the TOLOSA matrix, the eigenvalues of

interest are those of largest imaginary parts. The TOLOSA matrix is of the

order n = 90 + 5k with 1746 + 9k nonzeros, where k is an integer. Bai

(from the collection of test matrices for the large-scale nonsymmetric eigen-

value problem, private communication, 1993) illustrated the eigenvalue dis-

tribution of the TOLOSA matrix for n = 90, 140, 240, 340, and 2000. We have

chosen n = 1000 and 2000 for our tests.

We ran each of the Arnoldi-based algorithms described in Section 2 on a

subset of the test matrices (the entries marked with + in Table II). Then,

based on our findings for this subset, we chose default values for our control

parameters. We then performed further tests using the remaining test matri-

ces and the Algorithms A3, AB2, and AB3 only. The subset we used for the

comprehensive testing comprised HOR131, GRE 1107, PORES3, GRT200, and

GRT400. The matrices HOR131 and GRE 1107 were chosen since they provide

examples of matrices for which the rightmost eigenvalues are not favorably

separated but are clustered. For the matrix PORES3, Al s – 0.35, A. s

– 0.15* 10G, and IA, – All/l A~l are small for small i (here we are assuming the

eigenvalues are ordered in descending order of their real parts). The matrices

GRT200 and GRT400 have similar properties; that is, the leftmost eigenval-

ues are large and negative, while the rightmost eigenvalues (which are those

of practical importance) are close to the imaginary axis. The matrix IMP-

COLA is rather different, since for this matrix Al s 0.58’102, Az s 0.12’101,

and A. = – 0.13* 101. Hence, Al is well separated and should be easy to

compute using any of the algorithms we have discussed, but we anticipate

that computing more than one eigenvalue will be harder.

The numerical experiments were performed on an IBM RISC System/6000

Model 550 using double-precision arithmetic and on a single processor of a

Cray Y-MP using single-precision arithmetic. The convergence tolerance

CNTL(l) was taken to be the default U*103, where u is the relative machine

precision (.u = 2.2204* 10-16 for the RS/6000 and u = 7.1054*10-15 for the

Y-MP). On each machine, the implementations of the BLAS provided by the

manufacturer were employed.

In order to check the accuracy of the computed eigenvalues, all of the

eigenvalues of each of the test matrices were computed using the QR algo-
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rithm. To do this, the Harwell Subroutine Library code EB07 was employed.

It is interesting to note that on the Cray Y-MP it took 37.6 CPU seconds to

compute all of the eigenvalues of the TOLOSA matrix of order 1000 and 606.7

seconds for the TOLOSA matrix of order 2000. If only the eigenvalue of

largest imaginary part is required, then the CPU times required using

Algorithm A3 in EB13 were 3.2 and 12.3 seconds, respectively (see Table IX).

In the tables, FE~,X denotes the maximum relative forward error, that is,

where Al and h; are the exact and computed ith eigenvalue of A, respec-

tively.

Throughout this section, r denotes the number of eigenpairs sought, and

n ~ denotes the block size. For EB13 (Algorithms Al, AB 1, A2, AB2, A3, and

AB3), m is the number of Arnoldi steps used on each iteration (so that the

order of the Hessenberg matrix is mn ~), and for EB12 (Algorithms S 1 and

S2), m is the subspace dimension. In each test, the implicit deflation tech-

niques outlined in Section 2 are used wherever appropriate. All CPU timings

are in seconds. For EB13, Res~,X denotes the maximum of the scaled

eigenvector residuals given by Eq. (2 la), and for EB12, Res~,X is the maxi-

mum of the residuals given by Eq. (2 lb), We have this difference since the

current version of EB12 does not offer the option of using (2 la), although on

the basis of our current findings it may be necessary to include this option in

future releases of EB12.

In Tables III and IV, we present a comparison of the subspace iteration and

Arnoldi methods for computing the rightmost eigenvalue of each of the test

matrices marked with + in Table II. Table III gives results for the Cray Y-MP

and Table IV for the IBM RS/6000. For the matrices GRT200, GRT400, and

PORES3, the rightmost eigenvalues are not those of largest absolute value,

so the simple subspace iteration Algorithm S1 and the basic Arnoldi Algo-

rithms Al and ABl are not appropriate. In these initial tests, we are only

interested in computing a single eigenvalue (or one complex conjugate pair of

eigenvalues), but we did perform some runs using the block algorithms (with

n ~ > r). From the tables we observe that, as expected, each of the algorithms

converged to the rightmost eigenvalue of the matrix IMPCOLA in a single

iteration. For the other examples, the block methods generally required more

matrix-vector products than the unblocked methods but a smaller number of
iterations. On the Y-MP, this resulted in the block methods AB2 and AB3

requiring less total CPU time than the unblocked methods A2 and A3; but on

the RS/6000, the difference was less clear-cut, and Algorithm A2 generally

performed well. However, for the matrix PORES3, A2 did not achieve the

requested accuracy before the stopping criteria for slow convergence stopped

the computation. Algorithm S2 failed to achieve the requested accuracy for

this problem within the default number of matrix-vector products. We did try

other values of m, but for each of the values tried, Algorithm S2 did not

achieve the required accuracy within the default limit.
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In Tables V and VI, we compare the performances of the subspace iteration

and Arnoldi methods for computing the eight rightmost eigenvalues of the

test matrices HOR131, GRE 1107, IMPCOL,4, and PORES3. For the un-

blocked algorithms, for HOR131, GRE 1107, and IMPCOLA we give results

for m = 24 and m = 40; for PORES3 we give results for m = 40 and m = 64

since m = 24 gave much poorer results. For the block algorithms, we took the

block size to be n ~ = r + 2 (for IMPCOLA, n~ = r + 3, since A, and A,+l are

a complex conjugate pair of eigenvalues) and with up to eight Arnoldi steps

on each iteration. These choices were made for m since experience showed

that, for the block methods, the best computational times are achieved by

taking a much smaller number of Arnoldi steps on each iteration than for the

unblocked methods. Recall that the storage requirements are proportional to

mn~ and that the Hessenberg matrix is of order mn ~; so with the values of m

and n ~, we used the storage requirements, and work involved in computing

the eigenvalues of the Hessenberg matrix was generally similar for the block

and unblocked methods.

For the relatively straightforward test examples HOR131 and GRE 1107,

the subspace iteration Algorithm S1 performs well (when the computational

times for convergence are considered) compared with the Arnoldi algorithms.

As expected, for these problems with clustered eigenvalues, the basic Arnoldi

methods (Al and AB 1) require a large number of iterations and a large

number of Arnoldi steps per iteration, and in general, these methods are seen

not to be competitive with either the Arnoldi methods with Chebychev

acceleration or the preconditioned Arnoldi methods. For the matrices IMP-

COLA and PORES3, the subspace iteration algorithm performed poorly,

failing to give the requested accuracy. For the matrix IMPCOLA (which does

not have clustered eigenvalues’), the block methods AB2 and AB3 performed

less well than their unblocked counterparts A,2 and A3. For PORES3, Algo-

rithm A2 failed to achieve the required accuracy. For most of the problems

tried, Algorithm A2 performed less well than .Algorithm A3 when more than

one eigenvalue was required. We found that, for A2, the eigenvalues con-

verged one at a time so that the number of iterations required increased with

the number of eigenvalues sought. However, for A3, several eigenvalues

converged at a single step so that the number of iterations required was often

no more than for the convergence of a single eigenvalue.

We performed some experiments using different block sizes for Algorithms

AB2 and AB3. We summarize our findings in Tables VII and VIII. In each of

the reported tests, the number of Arnoldi steps per iteration was taken to be

eight. For problems IMPCOLA and GRE 1107, with n~ = r, Algorithm AB2

did not give the requested accuracy, but Algorithm AB3 appeared to be less

sensitive to the choice of n ~. On the basis of our experience, we would

recommend using a block size that is at least as large as the largest cluster of

wanted eigenvalues.

We experimented further with Algorithms A3, AB2, and AB3 using the test
problems given in Table II that were not used in Tables II–IV. The results

are in Tables IX and X. For the TOLOSA matrices, the eigenvalue of largest

imaginary part was computed, and for the other matrices the rightmost
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eigenvalues were computed. Results for the TOLOSA matrices on the

RS/6000 are not included, since it was found to be prohibitively expensive to

run several experiments with these matrices on the RS/6000 because of the

time taken for the matrix-vector products. For example, using Algorithm A3

on the RS/6000 to compute one eigenvalue of the TOLOSA matrix of order

1000 required only four iterations, but a CPU time of 521 seconds, of which

518 seconds was for the matrix-vector products. The results in Tables IX and

X broadly confirm our previous findings. In general, we see that Algorithm

AB2 requires a greater number of iterations for convergence than Algorithms

A3 and AB3. However, since each iteration for AB3 involves ( m – l)ln ~

matrix-vector products, while for AB2 each iteration involves only ln~ prod-

ucts (1 is the degree of the Chebychev polynomial), the total number of

products for AB2 (and the time taken to compute them) can be significantly

less than for AB3. Moreover, for a range of values of m and nb, AB3 failed to

give convergence with the requested accuracy for the TOLOSA matrices. The

conflict between a small number of iterations and a small number of products

makes it impossible (without some prior knowledge of the problem) to predict

which of Algorithms A3, AB2, and AB3 is most likely to converge with the

required accuracy in the shortest time. For this reason we allow the user of

EB13 to choose which method is employed. The default offered by EB13 is

AB2, which reduces to A2 if the user sets the block size to 1.

5. CONCLUSION

Although there is considerable interest in solving unsymmetric eigenvalue

problems, there has been a lack of library software implementing Arnoldi

methods. The purpose of this study was to efficiently implement variations of

Arnoldi’s method for computing the dominant eigenvalues of large unsym-

metric matrices, to compare their performance on a range of test problems

and, on the basis of the test results, to develop an Arnoldi-based library code.

The code we have designed and developed is EB13. This code will be included

in the Harwell Subroutine Library. EB13 has been tried and tested on a set

of matrices arising from practical problems. The performance of EB13 has

also been compared with that of the Harwell Subroutine Library code EB12.

For many of the test problems, EB13 performed significantly better than

EB12.

A key feature of EB13 is that the user has the option of using a basic

Arnoldi method, an Arnoldi method with Chebychev acceleration, or a Cheby-

chev preconditioned Arnoldi method. A block version of each of these meth-

ods, with the block size chosen by the user, is also offered. It is not always

possible to advise a user which method will give the best performance for a

particular problem on a given machine, hence this need for flexibility. When

choosing which method to employ, the user should consider the following

questions:

(1) Are several eigenvalues required?

(2) Are the sought-after eigenvalues known to be clustered?
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(3) Can blocks of matrix-vector products be performed efficiently on the
machine to be used?

(4) Does the machine to be used offer efficient implementations of the level-3

BLAS kernel .GEMM?

If the answer to each of these questions is yes, a block Algorithm AB2 or AB3

should be tried. However, if only one eigenvalue is wanted, Algorithm A2 may

give a better performance. Furthermore, for computing one or more eigen-

values, the number of matrix-vector products required by A3 will often be

considerably less than for AB3. Even if the user makes a poor choice of

method for the problem of interest, EB13 has been designed to terminate the

computation, leaving the user with information that should be helpful in

resetting the input parameters to achieve convergence on a subsequent run.

To limit as much as possible the number of input parameters that must be

set by the user, at each iteration EB13 automatically selects the degree of the

Chebychev polynomial. The criteria used by EB13 to determine the polyno-

mial degree are designed to ensure that the cocle is robust. For some problems

this may mean that other choices of the degree will give faster convergence.

However, through the use of control parameters, the user is able to overrule

the choice of degree made by EB13 at any stage of the computation. This

increases the flexibility of the code and is a feature that the more-experienced

user may wish to exploit to enhance the rate o,f convergence.

6. AVAILABILITY OF THE CODE EB13

EB13 is written in standard Fortran 77. The code will be included in Release

12 of the lflarwell Subroutine Library, and anyone interested in using the

code should contact the HSL Manager for details of price and conditions of

use: J. Harding, Harwell Subroutine Library, AEA Technology, Building 8.19,

Harwell, Oxfordshire, OX1l ORA, England; telephone: (44) 235 434573; fax:

(44) 235 434340; or email: john.harding@aeat. co.uk.
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