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In a finite dimensional space all norms are equivalent i.e.

c(N)[lvll < Jjvfla < CN)[|v]]y

|dentify the norms for which we have

cl|v]ly < JJvfl2 < vl
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(-,) : H x H — R scalar producand

lull = +/(u,u)  Yu € H norm

{1 }i—1,.. N a basis forH

YVu e 'H u:z,iluiwi wu, €R 1=1,...,N
Representation of scalar product if'R

N N

Then
N N

(u,v) ZZUZUJ (i,75) = v Hu

1=1 7=1

WhereHij — sz' — (%,%) andu,v c RN,
Moreover,u’ Hu > 0 iff u # 0 and, thus SPD
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feH :H— R (functiona);
flau+ Bv) = af(u) + Bf(v) Yu,v € H

H' is the space of the linear functionals Bh

Fllre = sup 21
u#0 HuHH

If  finite dimensional and = S_~ | u;4;, then
flu) =30 uif(¢) = fTu

Dual vector

Letu € H, u # 0, then3df, € H' such that

fu(u) = lullx
(Hahn-Banach).

Householder, Berlin, 2008 — p.5/23
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Let H be a Hilbert finite dimensional space aHdthe realN x N
matrix identifying the scalar product.

fulw) =fTu = (u'Hu)'/?
The dual vector of: has the following representation:
Hu

f—
lul[m

and
1 full3y = u'Hu=f"H'f

Householder, Berlin, 2008 — p.6/23
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‘H andV finite dimensional Hilbert spaces.

|Aully
0 ||ullx

A7,y = = max = |VY2AH 2|,

The result follows from the generalized eigenvalue prohi@iRN

ATVAu = \Hu

k(M) = M| g - |M " g 5.
The interesting case isy (M) independent ofV

Householder, Berlin, 2008 — p.7/23




ccccccccccccccccccccccccccccccccccc

- Rutherford Appleton Laboratory I nter pOI a‘tl on Spaces

H = (RY,(u,v)y =ul Hv)
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A = WIAW A2 =—wIAY 2w

S=M1H = wlwITwTA*WwW
W IAWW AW
— A’

MA =WWW AW TWIW = ATM = (v, Av) oy = (Au,v) oy
(AY2u, AV u) pp = (u, Au)
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[H,M}ﬁ - {u c RY. ((u, u) v+ (u, sl—ﬁu)M)m}

M| ={ueRY (wuut (u,Au)M>1/2}

1/2
o3 = llelly, = o (M + MS*=7)o

Hy — M(I + Sl—ﬁ) — w7 (1 + A2<1—?9>)W
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X, Y two Hilbert spaces witlX C Y, X dense and continuously
embedded Y. (-,-) «,(-,:)y and| - ||x, || - ||y the respective norms.

(Riesz representation theory) : X — Y positive and self-adjoint
with respect tq-, )y such thatu, v) y = (u, Jv)y
=JV2 . X Y,

X = D(€) )12

lulle == (llully + I€ull3
_ 1/2
lullo == (ull§ + 1€ ull) "~

Theinterpolation space of index 0 [ X, Y]y := D(E'Y), 0< 0 < 1,
with the inner-productu, v), = (u,v)y + (u, E%),, is a Hilbert
space (Lions Magenes 1968).

X, Y]p=Xand|X,Y]; =Y. If0<0; <0y <1then
X C [X,Y]@l C [X,Y]92 CY.
Ve (0,1)me L(X;X)NLY;Y) = 7me L(X,Y]p;[X,V]g).
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(2 C R™ open bounded with smooth bounddhand leta denote a
multi-index of orderm wherem Is a positive integer

H™(Q) = {u: D c I*(Q), |a|<m}  (H(Q)=L*(Q))

HS(Q) = [Hm(Q)aHO(Q)]l—s/m
H;(£2) completion ofC°(€2) in H™(£2), wheres > 0. For0 < s9 < sy,

H (Q), H2(Q)]y = H 0511052 if (1 —0)sy +0so£k—+1/2
0 0 0
[HS (), HE*(Q)], = Hod V2 (Q) ¢ HYTY? i (1 - 0)sy + 059 =k +1/2

H™(Q) = (H3(Q) s> 0
If (1 —6)s1 + 0sy =1/2

H Q). @)y = (Hop ()
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Hyy? () = [HY(Q), L2 ()] 2.

Let X), C Hy(Q),Y, C L*(Q). Let{¢;}, .-, € X, be a spanning set for
Y; and letL; € R™"*™ denote the Grammian matrices corresponding to the
(s ) i (o -inner product H'(Q) = L*(Q)):

(Li)ij = (Dis 85) g ()
H=1L,, M=Lyand
Hy o = Lo (I + (L61L1)1/2>

Moreover, we have

o\ 12
Hyjop ~ Hyjo = Lo (Lo L1)
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/

(Fo*(@)) = [H- (@), BUD)] 2 = (H(), HY)]12)"

Let X}, Y}, be defined as above. LB} C X; = span {¥i}1<i<p, Wherey;
are basis functions dual t, i.€.,(¢i, ®j) i1 (Q)x Hi (Q) = 0ij-

If Y, >z= Zzzwz ZWz¢z, b= K
i=1

1=1

Zj — <¢Z7¢j> Q) xH}(Q) — ZKZZ ¢l ¢j H}(Q ZKZZ Ll

so thatz = Low andeHHg, —= HWHLO—17 HZHHS< — HWHLOLflLO and the
matrix representation off;., i’ are respectively.o andLoL; " L.

Hijy = Lo(Ly L) = H_y 5.

Householder, Berlin, 2008 — p.15/23




Science & Technology Facilities Council

W@ Rutherford Appleton Laboratory EVaI ua‘tl On Of HQZ

Generalised Lanczos
Hx Vi = Hy Vi Ty + Brr1 Hyvirier, VI HyVi = I
(13 tridiagonal).
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Generalised Lanczos

HxViy = HyViTy, + Brr1Hyviiiel, VIHyVy = Iy
(13 tridiagonal).

Vo = Z

Hyz ~ Hy'V, T} Ye;||z|| g, and

Hppz = Hy Vi (I, + T %)e1 |2 1, -

V) = H;lz

Hy'z ~ Vka@_leleHH;1 and

Hy 2z~ V(I +T,7%) ez .
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Generalised Lanczos
Hx Vi = Hy Vi Ty + Brr1 Hyvirier, VI HyVi = I
(13 tridiagonal).

Vo = Z
Hyz ~ HyV; T Yei||z| , and

Hppz ~ HyVi(Iy + T e | 2| a1, -

V) = H;lz

Hy'z ~ VkTg_leleHH;1 and

Hypz ~ Vil + T, ") ezl oo

Alternative: N. Hale, and N. J. Higham and L. N. Trefeth@®; numer ana
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Consider the biharmonic problem in a polygonal convex opanain
Q C R? with boundant" = UZ | T;.

{ A2y = f in 0,

u=0u/Oon =0 onT.
( —Au = f in
< v+ Au = In Q,
u=0u/on =0 onT.
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(Pironneau-Glowinski)

(I) { —Avyg = f In (), { —Aug = v In (),

v9o =20 onl’, ug =20 onl’,
(ii) S\ = 0ug/dv  onT,
(III) —Avy =0 In 9 —Aup = In (),
v = A onr, up =20 onr,
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S is a boundary operator which is defined Bt /2(I") and which induces
a bilinear form

s(-,-) : HY2() x H-Y(T)

s(-, -) is symmetric, positive-definite and—1/2(T")—elliptic, i.e.,

ClH)\H%{—l/z(r) < s(AA) < C2H>\H%{—1/2(r)-
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() (o)~ (8)

The Schur complement associated witin the matrix is
S=—-Mpp—2Z'L"'Z

Let X;, ¢ H'(T") denote the space spanned by the restriction of the basis

functions ofVIh to the boundary'. If \;, € X;, has a vector of coefficients
A, then

S()\h, )\h) — ATS/\
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A discreteH —1/2-norm onX;, can be defined as a sum of norms
corresponding to eaatpen segment of the polygonal bounddry

" 1/2
ARl Fr-172(my = (ZH)\hH%{m(n)) :

1=1

In particular, H~Y/2(T;) = (Hy*(T;))'.

2 2
Il ey = Iy (08 = 1A, )

for A\, € X, where

1{i}
Hy 190y = @ Hyon

ek —1 —
(H1/2 = @H_l/z» HY ) = Loa(LgtL10)7?)
1=1
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An example: biharmonic operator

p_ L Z

Ps
n m 1 Hivjzmy | Himayey | Hiuz
84,610 | 640 26 10 12 12
337,154 | 1,280 | 30 9 11 11
1,346,050| 2,560 || 36 9 11 11

FGMRES iterations for model problem .
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Domain decomposition: preliminary results show total peledence
from mesh size

Strange domains: 1D simplex (wirebasket) and QUANTUM GRAPH
3D PDEs

Utilization in Image Denoising

H® s>1

Generalization to Banach spaces (K-method Peetre)

For which class of matrices the Schur complement is spéctral
equivalent to an algebraic interpolation space matrix

Householder, Berlin, 2008 — p.23/23
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