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@ e Linear systems

Au=D>b

A € RN positive definite
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N e Linear systems: variational framework

aboratory

Find u € ‘H such that forall v € ‘H

a(u,v) = L(v) (L(-) € H' dual space of H)
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2 e LiNEAr systems: variational framework

Find u € ‘H such that forall v € 'H
a(u,v) = L(v) (L(-) € H' dual space of H)

Existence and unigueness:

VAN

a(v,w) < Ci[vilnlwllx

a(v,w)

[V

sup Ca|wll#

veH\{0} ”VHH
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2 e LiNEAr systems: variational framework

Find u € ‘H such that forall v € 'H
a(u,v) = L(v) (L(-) € H' dual space of H)

Existence and unigueness:

VAN

a(v,w) < Ci[vilnlwllx

a(v,w)

sup > Collwllx

veH\{0} ”VHH

H=(RY,||lx)and H' = (R, || - |z-2) H SPD
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Backward error

We have the following equivalence:

3b(-,-) € BL(H),3dL € H' such that:] | pallr < a|lully + 8
a(,v)+ b(a,v) = (L+IL)(v), o where pg € H' is defined by
Vv € HV, and (P, V)py 1 = a(u, v) — L(v)
10( M < a,||[0L]lz < 0 ) \VWweH

(Rigal and Gaches, A., Noulard, and Russo)
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The symmetric case: conjugate gradient
_J/ Rthr‘l dAppIt n Laboratory methOd

A symmetric positive definite
H = (R, [ ]la)and 1" = (RY, || - [[4-1)

At each step £ the conjugate gradient method minimizes the energy
norm of the error ju® = u — u® on a Krylov space u'® +

' Jull? .
o in - lloully

H(SUHA — Hpu(k)HH — Hr(k)HA—l
r&) —pb — Au®
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2 G, The symmetric case: stopping criteria

Classical Criterion

IF ||Au® — b, < +/2||b|l, THEN STOP,
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o The symmetric case: stopping criteria

Rutherford

w Classical Criterion

IF ||Au® — b, < +/2||b|l, THEN STOP,
= New Criterion
IF || Au'® —b|[4-: < n||b||4s-x THEN STOP,

with < 1 an a-priori threshold fixed by the user
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€ CSERS.. The symmetric case: stopping criteria

Classical Criterion

IF ||Au® — b, < +/2||b|l, THEN STOP,

New Criterion
IF || Au® —bl/4-: < n||b||4s-x THEN STOP,

with n < 1 an a-priori threshold fixed by the user The choice
of n will depend on the properties of the problem that we want
to solve, and, in the practical cases, » can be frequently much

larger than <, the roundoff unit of the computer finite precision
arithmetic.
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HAu(k) _bHA—l ?
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2GS The symmetric case: stopping criteria cont

[Au®) — bl 4

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002)
numerically stable
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Gauss quadrature rules (Golub and Meurant, 1997)
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o CSERE. The symmetric case: stopping criteria cont.

[Au®) — bl 4

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002)
numerically stable

Gauss quadrature rules (Golub and Meurant, 1997)

m Gauss equivalent to Hestenes-Stiefel rule (Strakos and
Tichy). The Gauss quadrature does not require any a-priori
knowledge of the smallest and the biggest eigenvalues and

computes a lower bound of ||Au® — b|| 4-1.
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e i e The symmetric case: stopping criteria cont.

[Au®) — bl 4

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002)
numerically stable
Gauss quadrature rules (Golub and Meurant, 1997)

m Gauss equivalent to Hestenes-Stiefel rule (Strakos and
Tichy). The Gauss quadrature does not require any a-priori
knowledge of the smallest and the biggest eigenvalues and

computes a lower bound of ||Au® — b|| 4-1.

m Gauss-Lobatto and Gauss-Radau. They compute lower and
upper bounds using the extremes eigenvalues of A.
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sy The symmetric case: Hestenes-Stiefel rule

The conjugate gradient iterates compute:

(k—1)T,.(k—1)
(k) (k—1) (k—1) _ ! i
u = u + Q1P y  Og—1 = pk=DT Ap(k—1)
r) = ) gy AptT)
(k)T . (k)
(k) _ k) (k—1) _ ! !
D = + Or—1p NS r(k=1)Tp(k=1)"

where ©(9 = 0 and »(© = p(® = p,
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es  The symmetric case: Hestenes-Stiefel rule

Rutherford

The conjugate gradient iterates compute:

(k—1)T,.(k—1)
(k) (k—1) (k—1) _ ! i
u = u + Q1P y  Og—1 = pk=DT Ap(k—1)
r) = ) gy AptT)
(k)T . (k)
(k) _ k) (k—1) _ ! !
D = + Or—1p NS r(k=1)Tp(k=1)"

where ©(9 = 0 and »(© = p(® = p,
pIT ApH) = 0, © # 7 and
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es  The symmetric case: Hestenes-Stiefel rule

Rutherford

The conjugate gradient iterates compute:

(k—1)T,.(k—1)
(k) (k—1) (k—1) _ ! i
u = u + Q1P y  Og—1 = pk=DT Ap(k—1)
r) = ) gy AptT)
(k)T . (k)
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es  The symmetric case: Hestenes-Stiefel rule

Rutherford

The conjugate gradient iterates compute:

(k—1)T,.(k—1)
(k) (k—1) (k—1) _ ! i
u = u + Q1P y  Og—1 = pk=DT Ap(k—1)
r) = ) gy AptT)
(k)T . (k)
(k) _ k) (k—1) _ ! !
D = + Or—1p NS r(k=1)Tp(k=1)"

where ©(9 = 0 and »(© = p(® = p,
pIT AP =0, i+ jand ,

Jou® | = |[Au® —b|% =€) = Z% NTG)

j=k+1
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2 Gosammemaene, The symmetric case: Hestenes-Stiefel rule

Under the assumption that '/ " << ¢, where the integer d

denotes a suitable delay, the Hestenes and Stiefel estimate &, will be
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. R LS. The symmetric case: Hestenes-Stiefel rule

Under the assumption that eff*d) << eff), where the integer d

denotes a suitable delay, the Hestenes and Stiefel estimate <, will be

The choice of a value for d depends on preconditioner and ill-

conditioning.
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From
rTy = 0, Vv € K .

We prove
b"A7'b = u” Au > uP 7O £ BT

(the right-hand side will converge monotonically to ||ul|%).

Therefore, we use the following stopping criterion

IF & <n?(™Tr® £ pTu®)  THEN STOP.
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The dual norm of the preconditioned residual Is equal to the dual

norm of the original residual.
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Continuous problem

a(u,v) = / A(x)Vu - Vodx, Yu,v € Hi(Q)
0

Vu,v € Hy(2), 3y € Ry and 3M € R, such that

Mullig < alu,u)
a(u,v) < Mlullallv]lLa

L(v) = [, fvdx, L(v) € H'(Q).

Find Hy () such that - i
{ ind u € Hy(§2) su has a unique solution.

a(u,v) = L(v), Yv e Hj(Q),
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2 G Finite-element approximation

Weak formulation
Find u,(x) € H,, such that for all v,(x) € H,,

ah(ufw Uh) — Lh(vh)a

Finite element methods choose H, to be a space of functions v;, defined on a subdivision €2;, of

Q2 into simplices T" of diameter h7; h denotes a piecewise constant function defined on €2;, via

h|T = hT. Hh C H.
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. PR . Finite-element approximation

Weak formulation

Find u,(x) € H, such that for all v, (x) € ‘H,

ah(uh, Uh) — Lh(vh)a

Finite element methods choose H, to be a space of functions v;, defined on a subdivision €2;, of

Q2 into simplices T" of diameter h7; h denotes a piecewise constant function defined on €2;, via

h|T = hT. Hh C H.
Existence and unigueness:
an(vp, w,) <
ap\ vy, W

v, €HR\{0} ||Uh”7'(h

&
&

Error estimate: ||u — uy||7, < C(h).
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e Finite element framework

Solve
Auh = b
given
wl Av
sup sup
weR”\ {0} veR™\{0} HVHHHWHH
. w!l Av
inf sup

weR™\{0} yerni (0} || V]| || W] &

Note: [|vnl#, = [[valla.
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= Rutheriord Appleton Laborstory Finite element framework

Finally, assuming that h < 1 and ¢ > 0, we have

Ju(x) = s < C* () [Jull + 2w = wnlln < C(h)

where
u 1S the exact solution of variational problem,

wp =S, ug’f)@-(x) IS the exact solution of the approximate
problem,

ug“) (x) =5, u gbz( ) is the approximate solution at step &

( are the basis functions)
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L Gz TeSt problems

\\

Problem 1 Problem 2
( 1 XEQ\{QlLJQQUQg} ( 1 XEQ\{QlLJQQUQg}
1076 xe O 10 xe M
R(x) = < R(x) =«
1074 x € Q9 104 x e Q9
\ 1072 x€ Q3 \ 102 x € Q3

L(v) = [o10vdx, Vv € H}(Q)

09r

0.8

0.7 1 Q

0.6 (¢,

05F @

0.3r
Q
021 3

0.1r

or (¢,

I I I I I I I I I I I
0 01 02 03 04 05 06 07 08 09 1
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o CSERE. Preconditioners: estimates for «(M 1 A).

M Problem 1 | Problem 2
I 3.6 10°% 1.8 101Y
Jacobi 2.4 10 1.5 10°
Inc. Cholesky/(0) 7.2 10° 4.3 103

n* = 3.44305 x 107° and N = 29619

The condition numbers of the preconditioned matrices M —tA for
the second problem are are still very high, and only the incomplete
Cholesky preconditioner with drop tolerance 10~2 is an effective choice.
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2 Gty Example: Problem 1

L-Shape 2D - Jacobi Preconditioner (d = 5)

100 ‘ ‘ ‘ Ul /1l
o v IIA_ Tull,
H-S estimate || du ||A/ ||u||A
T u= u®
lu=u® A,
7 lAu-blL /bl
10" b ;

Residual Norms

-3 ! ! ! ! ! ! ! !

0 5 10 15 20 25 30 35 40 45
Iteration

Behaviour of the norms of the residual for the Jacobi preconditioner.
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2 e Example: Problem 1

L-Shape 2D - Cholesky(0) Preconditioner (d = 5)

10 F T T T
H y lou IIA./ ull,
H-S estimate || du ||A/ ||u||A
T u= y®
o u= u®
T lAu=blL /bl
10° b ]

Residual Norms
[
o
T

10 :
0 5 10 15 20 25 30

Iteration

Behaviour of the norms of the residual for the incomplete Cholesky
preconditioner.
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C CSLRS..  Example: Problem 2

L-Shape 2D - Cholesky(1e-2) Preconditioner (d = 10)
T T T

10° ¢

101 3

10° pow
%2} _
£10"
(=]
=z
T
>
S
%] -2
e 10

w TOuT, 7T,
103 H-S estimate || Su ||, / [lull
i T ge o®
[Fu= w1 ull,
IA u=bll, 7lbll,
107
10—5 ! | ! ! !
0 20 40 60 80 100 120

Iteration

Behaviour of the norms of the residual for the incomplete Cholesky
preconditioner with drop tolerance 102 and d = 10.
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& CCLRC Example: Problem 2

L-Shape 2D - Jacobi Preconditioner

10* w ‘ ‘ AT =D bt
E —_— 2 2
) ,
7 hu=u®Arull, |
10° | h - ezl E
g \\“h\ H . d=70 E
[ 1l A i
N | ] b | — d=1%0
w e N M| E
] I A Ml R\

Error estimates

10"

10° 3 ‘\ E

i N ]
10 ‘\ e

10_ | | | | |
0 200 400 600 800 1000 1200
Iteration

Comparison of several estimates of the energy error for
d = 10,70,90, 130 in Problem 2.
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LT The positive definite problem

a(u,v) # a(v,u)
A asymmetric but positive
H = (A" + A) SPD

How to calculate ||r* || ;717
Solve preconditioned system

H_1/2AH_1/2ﬁ _ H—1/2f

> [|[E5)]], = Jr®]| 4
» 3-term recurrence.

Approximate it from Krylov subspace information.
See A., Login, and Wathen RAL-TR-2003-009

Current reports available by anonymous ftp to ftp.numerical.rl.ac.uk in directory pub/reports.
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o One crime

Replace

lu = upllp, < C(R)
with

lu — ug |3, < C(h)
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Replace
lu = upllp, < C(R)

with
lu — ui|ln, <C(h)

Sufficient condition
[ — uplln, + [Jun — i, ~ O(C(R))

|
lun = uilla, ~ O(C(h))
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e Stopping criteria

Rutherford

A general stopping criterion:

lun — u? |7, = lu—u®| g < C(h)
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Z Gl Stopping criteria
A general stopping criterion:

lun =y N2, = I = u®|| < C(h)
Residual equation
r® = A(u — u®)
Y

Ju—u®lg = ATV = 1P |4-rpas < CO(R)
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e Stopping criteria

Rutherford

Lemma Let (inf-sup) hold. Then

e rpras < Gy Ir® o,
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e Stopping criteria

Lemma Let (inf-sup) hold. Then
Je® ) y-rgrat < CyHe® g
New stopping criterion

[r ™ < CC(R) ™.
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Theorem Let u satisfy

If — Aafjg—

lalz

Then there exists A A such that

and
|AA| g g < C(h)Csy
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ey Convection-diffusion example

\\

—=— €error : energy
10  H —~— error:L2-norm .
% error interp : energy
-10|| — error interp : Loo—norm
flux error : Loo—norm

_,|| == residual : 2-norm

10 I | |
0 50 100 150 200

||V(u—u’fL)||L2(Q) Hu—uﬁHLg(Q) maXQ|uI—u’fL| maXQ‘V(uI—uﬁ)’

||VU2||L2(Q) HU;“;HLQ(Q) maxg |u’;;| maXQ‘Vu’fL‘
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Convection-diffusion example

Rutherford Appleton Laboratory

%Z CLRC

0.03
0024
0.01

Solution and interpolation error
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Elliptic problems in R?

—V - (a(x)Vu) +b(x) - Vu+c(x)u = f in €
0 on I.

u

where
(a)i, (b);, c€ L™(Q), ¢,5=1,2,

ko (x) [€]° < Era(x)€ < ki (x) [€]°,

1
c(x) — §V-b(x) >0 Vxe
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a(w,v) = (a- Vw,Vv) + (b - Vw,v) + (cw,v),

IS continuous and coercive with
C1 = k1] L) + Bl @) + C(Q)]|c|| L= (0,

Cy = min ko (%),

xe?

wrt || - lw = g =1 |
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\\

Error estimate:

lu—uply < CR* Hulls,, 1<s<2.
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. - Examples

Rth ord

Error estimate:
lu—uply < CR* Hulls,, 1<s<2.

Issues
What is h?
How to approximate ||u||s?
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2 GSLES..,  Numerical experiments

Discretization:
linear elements on uniform & adaptive meshes
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2 e, NUmMerical experiments

Discretization:
linear elements on uniform & adaptive meshes

Estimation of parameters

- lulls ~ [ Au”]ly,
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Stopping criteria and estimates
Residual dual norm: ||r* || ;-1
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2 GSELSe.. Numerical experiments

Stopping criteria and estimates
Residual dual norm: ||r* || ;-1
Energy estimate ||[u® — u*~ ||z < Cyh?||Au®||,,
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Advection-diffusion problem

—cAu+b-Vu = f in €
u = g on I

b= (2y(1 —27%), —22(1 — y*)),

1 — ey_l
U(SIZ,y) — X 2 9
1l —e ¢

lonll3, = elonls + ) orlb- Voull§ 1
TeTh
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2 Gl Advection-diffusion problem

\

true error
residual dual norm

|
|
|
|
2-norm :
interp error i
final error i
final interp error :
energy estimate ,
error estimate .

10—10 |

BERR R

-12 ! ! ! !
0 20 40 60 80 100 120 140

Uniform mesh; e = 1

10
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10—10

10—12

Advection-diffusion problem

’f

BERR S

true error
residual dual norm
2—-norm

interp error

final error

final interp error
energy estimate
error estimate

50 100

150 200 250 300

Uniform mesh; ¢ = 10!
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&/ CCLRC Advection-diffusion problem

[
10° .
107 F .
10+ .
10° + ‘ .
—»— true error
. residual dual norm
10 —— 2-norm .
—*x— interp error
_o|| — final error
10 *  — final interp error : i
energy estimate
et error estimgte | | | |
0 50 100 150 200 250 300 350

Uniform mesh; ¢ = 1072
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The natural norm for FEM problems is the residual dual norm;
Estimation is possible;

For non-symmetric problems, preconditioning with the norm is
useful;

Reliable estimates for finite element error are required;
Application to indefinite/saddle-point problems;
Application to non linear problems.
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