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Variational framework

Find u ∈ H such that for all v ∈ H
B(u,v) = L(v) (L(·) ∈ H′ dual space of H)

Existence and uniqueness: ∀v,w ∈ H
B(w,v) ≤ C1‖w‖H‖v‖H

sup
w∈H\{0}

B(w,v)

‖w‖H
≥ C2‖v‖H

sup
v∈H\{0}

B(w,v)

‖v‖H
≥ C2‖w‖H
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Finite dimensional variational framework

∃u ∈ Hh v
T Ku = v

T
f , ∀v ∈ Hh

Norms Hh = (IRN , || · ||H) and H′
h = (IRN , || · ||H−1) H SPD

C1 and C2 independent of discretization

max
w∈Rn\{0}

max
v∈Rn\{0}

w
T Kv

‖w‖H‖v‖H
≤ C1

min
w∈Rn\{0}

max
v∈Rn\{0}

w
T Kv

‖w‖H‖v‖H
≥ C2

which is equivalent to uniform conditioning of K with respect to the norm
induced by H:

‖K‖H,H−1 ≤ C1, ‖K−1‖H−1,H ≤ C−1
2 ,

or, κH(K) ≤ C1/C2.
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Block structure

Using mixed finite-element discretization K has a block-structure

K =

(

A BT

B −C

)

.

Correspondingly,

H =

(

H1 0

0 H2

)

‖v‖2
H = ‖v1‖2

H1
+ ‖v2‖2

H2
.

‖f‖2
H−1

1

= ‖f1‖2
H−1

1

+ ‖f2‖2
H−1

2

.
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Backward error

We have the following equivalence:

∃b ∈ BL(H),∃δL ∈ H′ such that:

B(ũ,v) + b(ũ,v) = (L + δL)(v),

∀v ∈ H, and

‖b(·, ·)‖BL(H) ≤ α, ‖δL‖H′ ≤ β



















⇔



















‖ρũ‖H′ ≤ α‖ũ‖H + β

where ρũ ∈ H′ is defined by

〈ρũ,v〉H′,H = B(ũ,v) − L(v),

∀v ∈ H

Rigal and Gaches (1967), A., Noulard, and Russo (2001)
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Backward error

Theorem 0.0 Let u be the solution of the weak formulation and let
u, uh = Πhu satisfy

Ku = f ;
‖u − uh‖H
‖uh‖H

≤ C(h).

Then ũh = Πhũ satisfies

‖u − ũh‖H
‖ũh‖H

≤ C̃(h) = O(C(h))

if

‖f − Kũ‖H−1

‖ũ‖H
≤ ηC(h)C2,

for some η ∈ (0, 1).
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Stopping criteria and Krylov methods

We should use ‖r‖H−1 to monitor the error in an iterative process.

MINRES preconditioned with H

symmetrically-preconditioned GMRES with H (this algorithm is
equivalent to right-preconditioned GMRES in the H-inner product).
The GMRES residual is the required quantity, while C2 can be
estimated on a coarse mesh quite successfully

.

Three terms GMRES with H-norm
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Test problems

Stokes

−ν∆u + ∇p = f in Ω

div u = 0 in Ω

u(x) = u∗(x) on ∂Ω

Navier-Stokes

−ν∆u + (u · ∇)u + ∇p = f in Ω

div u = 0 in Ω

u(x) = u∗(x) on ∂Ω

with Ω = (0 1) × (0 1) and exact solution (u∗, p) = (u∗

1, u
∗

2, p) given by

u
∗

1(x, y) = −
R2

2π
q0(R2, y) (1 − cos 2πq(R1, x)) sin 2πq(R2, y)

u
∗

2(x, y) =
R1

2π
q0(R1, x) (1 − cos 2πq(R2, y)) sin 2πq(R1, x)

p
∗(x, y) = R1R2q0(R1, x)q0(R2, y) sin 2πq(R1, x) sin 2πq(R2, y).

where q(R, t) = eRt
−1

eR
−1

, q0(R, t) = eRt

eR
−1

and R1, R2 are two real constants.

The pressure satisfies
R

Ω
p∗dx = 0
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Test problems

0.5 1
0

0.5

1

Exact solution for R1 = 0.1, R2 = 4.2.

0.5 1
0

0.5

1

Exact solution for R1 = 1.2, R2 = 0.1.
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Numerical results

FE: the exact relative (forward) errors |u − uk
h|1/|uk

h|1;

FIE: the exact relative (forward) interpolation errors |uI − uk
h|1/|uk

h|1;

HINV: the exact H−1-norm criterion (??) ηC−1
2 ‖rk‖H−1/‖uk‖H ;

the standard 2-norm stopping criterion ‖rk‖/‖r0‖.
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Preconditioned MINRES
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symmetrically preconditioned GMRES for
ν = 0.1
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Symmetrically preconditioned GMRES for
ν = 0.01
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Nonlinear problem

A typical algorithm for solving K(x)x = f (xT = (u, p)) is:
n = 0, choose xn, rn = f − K(xn)xn tol out := ηC(h)C2

while ‖rn‖H−1/‖xn‖H ≥ tol out
x

0 = xn, r0 = rn, tol in := c‖r0‖q
H−1

x
k = GMRES(Kn, f ,x0, tol in,H)

n = n + 1, xn = x
k, rn = f − K(xn)xn

end while

where GMRES(Kn,b,x0, tol in,H) computes an x
k such that

‖f − Knx
k‖H−1

‖f − Knx
0‖H−1

≤ tol in.

A GMRES routine which uses the H−1-norm in its stopping criterion is the
symmetrically-preconditioned GMRES we employed previously.

Make
GMRES work hard only when it matters (i.e., when the residual is suffi-
ciently small).
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Nonlinear problem

Different choices of c, q will lead to different nonlinear convergence
curves.

We chose to work with c = c(h), for three values of q.

We set tol_out= 10−6 and highlighted the number of iterations needed
for this ‘classic’ criterion compared with that suggested in the
algorithm above where tol_out= ηC(h)C2.

We worked with η = C2 = 1 and C(h) = h2 for ν = 0.1 and
C(h) = h3/2 for ν = 0.01; (this leads to a robust stopping criterion
which we highlight in the vertical lines across the convergence curves).
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Nonlinear tests
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Convergence criteria for the full nonlinear problem using symmetrically-

preconditioned GMRES-Picard for ν = 0.1, 0.01
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Nonlinear tests

q = 0.25 q = 0.5 q = 0.75

c(h) = dual classic dual classic dual classic

h1/2 26 83 30 125 31 175

h 31 112 33 155 37 199

h2 45 170 49 215 52 257

Total number of preconditioned GMRES iterations for the full nonlinear solution with

ν = 0.1

q = 0.25 q = 0.5 q = 0.75

c(h) = dual classic dual classic dual classic

h1/2 229 914 309 1440 405 1928

h 317 1261 405 1754 495 2205

h2 544 1949 635 2385 722 2747

Total number of preconditioned GMRES iterations for the full nonlinear solution with

ν = 0.01
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Conclusions
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Finite dimensional Hilbert spaces and IRN

Norms

Let H be a Hilbert finite dimensional space and H the real N×N SPD
matrix identifying the scalar product: u ∈ H, ||u||2H = u

T Hu.

H′ is the space of the linear functionals on H: ‖f‖H′ = supu6=0
f(u)
‖u‖H

Dual vector
Let u ∈ H, u 6= 0, then ∃fu ∈ H′ such that fu(u) = ‖u‖H
(Hahn-Banach).

fu(u) = f
T
u =

√
uTHu and ‖fu‖2

H′ =
√

uT Hu =
√

fTH−1f

back

Householder Symposium XVI, 2005 – p.20/20


	Outline
	Variational framework
	Finite dimensional variational framework
	Block structure
	Backward error
	Backward error
	Stopping criteria and Krylov methods
	Test problems
	Test problems
	Numerical results
	Preconditioned MINRES
	symmetrically preconditioned GMRES for $
u =0.1$
	Symmetrically preconditioned GMRES for $
u =0.01$
	Nonlinear problem
	Nonlinear problem
	Nonlinear tests
	Nonlinear tests
	Conclusions
	Finite dimensional Hilbert spaces and $RR ^{N }$

