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@ e Finite dimensional Hilbert spaces and RY

W (-,-):H xH — R scalar product and
ull = v/ (u,u) Yu € H norm.
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Finite dimensional Hilbert spaces and RY

(-,+) : H x H — R scalar product and

|u|ln = v/ (u,u) Yu € H norm.

3{vi }i=1,.. N abasis for H
YVu e H uzz,iluiwi u; € Ri=1,...,N
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(-,+) : H x H — R scalar product and

|l =/ (u, u) Yu € H norm.

3{t; }i=1,... N a basis for H

YVu e H uzz,iluiwi u, € Rt=1,... N

Representation of scalar product in RY.

N N

Then
N N

(u, ”U) = Z Z uivj (wz, ¢j) — VTHu

i=1 j=1

where H;; = H;; = (¢;,¢;) andu, v € RN,
Moreover, u! Hu > 0 iff u # 0 and, thus H SPD.

sy Finite dimensional Hilbert spaces and RN
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i Finite dimensional Banach spaces and RY
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Other norms are possible on RN:
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Finite dimensional Banach spaces and RY

Other norms are possible on RN:
Wi, = (221(%)17)1/2 withl < p < o0

o lull; = (X0 wil)

B ||u||c = max; |u;
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Other norms are possible on RN:
Wi, = (221(%)17)1/2 withl < p < o0

o lull; = (X0 wil)

B ||u||c = max; |u;

Hyper-norms on RN of order k.

k
|lg: RN-R

I vAeR  [Auflp = [A[flullz
II Yu,veRN lu+ vz < [ullz + ||v||; component-wise
117 HUHE:OkiuzoN
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Dual space H’

f e H : H— R (functional);
flau+ Bv) = af(u) +B8f(v) VYu,veH

H' is the space of the linear functionals on H

£l = sup 21

u#0 HuHH
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f e H : H— R (functional);
flau+ Bv) = af(u) +B8f(v) VYu,veH

H' is the space of the linear functionals on H
f(u)

[fl# = sup
u#0 HUHH

If H finite dimensional and u = Zil u;;, then

flw) =SSN wif() = fTu
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f e H : H— R (functional);
flau+ Bv) = af(u) +B8f(v) VYu,veH

H' is the space of the linear functionals on H

£l = sup 21

u#0 HUHH

If H finite dimensional and u = Zil u;1;, then
flu) =325, uif (i) = fTu

Dual vector
Letuw € H, u # 0, then 3f,, € H’ such that

fulu) = [lullx
(Hahn-Banach).
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Let H be a Hilbert finite dimensional space and H the real N x N
matrix identifying the scalar product.
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Let H be a Hilbert finite dimensional space and H the real N x N
matrix identifying the scalar product.

fulw) =fTu = (u'Hu)'/?

The dual vector of u has the following representation:
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Let H be a Hilbert finite dimensional space and H the real N x N
matrix identifying the scalar product.

fuu) =flu = (uTHu)l/2
The dual vector of u has the following representation:

Hu

f —
lul[m

and
1 full3y = u'Hu=f"H'f
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& CCLRS . Dual space basis

The general definitions of a dual basis for H 1s

1=

¢j(¢z‘)={ 0 i 4
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The general definitions of a dual basis for H 1s

1=

¢j(¢z‘)={ 0 i 4

The ¢; are linearly independent:

N N
Zﬁigbi(“) =0VueH = Zﬁz’gbi(%‘) =0= (3;=0.
=1 i=1
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5 e ma Dual space basis

The general definitions of a dual basis for H 1s

1=

¢j(¢z‘)={ 0 i 4

The ¢; are linearly independent:
N N
Y Bigi(w) =0vu e H=> Bigi(s) =0= B =0.
i=1 i=1

f@i) = viand f(u) = f(25 uinds) = iy v

N N
di(u) = 9> i) =ui = f =) g
i1 i—1
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Interpolation spaces

H = RY,(u,v)y =ul Hv)
M = RY (u,v)y =ul Mv)

(uaV)H — (ua SV)M — (Su7 V)/\/l

S=M1H

S self-adjoint in the good scalar product!

{SX:,ux & HX:,LLMX}:>,LL:52>O

TWst. M=w-1ITw=t H=w"TA*Ww~! A diagonal
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A = WAW! A2 —

oy Interpolation spaces

WA1/2W_1

S=M'1'H = wwiwTA*w-!

— A2

MA=wTwwaAaw!w-—"Tw-!
(AY2u, AV u) pp = (u, Au)

]

1/2

WAW  TWAW 1

=AM = (u, Av)

_ {u c RN; ((u, u) g+ (u7Au)M)1/2}

= (Au, V)M
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Linear systems

A € RN non singular
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A5 Linear operator

WA :H — VHand V finite dimensional Hilbert spaces.
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@// CGLRE . Linear operator

WA :H — VHand V finite dimensional Hilbert spaces.
[]

AU_V —
Al = sup 128NV x172 A gg-172,

u#0 ||u||7‘(
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‘H and V finite dimensional Hilbert spaces.

Au _
Al = sup 128NV x172 A gg-172,

u#0 || uHH
The result follows from the generalized eigenvalue problem in RN

ATVAu = \Hu
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Linear systems: variational framework

Find u € ‘H such that forall v € 'H
a(u,v) = L(v) (L(-) € H' dual space of H)

Leicester, November 9th, 2006 — p.12/51
L



/4
2, CCLRC

Linear systems: variational framework

Find u € H such that for all v € 'H
a(u,v) = L(v) (L(-) € H' dual space of H)
Existence and uniqueness: Vv, w € 'H

a(w,v) < Cilwllnlvix

a\w,
sup 2V s vl
wer\{0} [[W]|#

a(w,
sup (W V) = CzHWHH

vernjoy IIvIlx
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We have the following equivalence in a general Hilbert (true also for a
Banach):

b € BL(H),35L € H' suchthat: ) | ||pall < ofjally + 8

a(a,v)+b(a,v) = (L+5L)(v), where pg € H' is defined by
P =S N
Vv € 'H, and (P, V) 10 = a(1, v) — L(v),

16, )Bery <o, ||0Lflw <8 ) |VWeEH

A., Noulard, and Russo (2001)
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Linear systems

A € RNN positive definite
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2, ccLr The symmetric case: conjugate gradient
J_/ Huthadford. Appleton Lboratary methOd

A symmetric positive definite
H=RY||]la)and H' = (RY,[| - [|a-)

At each step k the conjugate gradient method minimizes the energy norm
of the error du'®*) = u — u® on a Krylov space u® + Kj:

- (k) |12
a1, 10 A

o= |lr®] A

|ou

r*) = p — Au®
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The symmetric case: stopping criteria

Classic Criterion:

IF ||[Au® —b]|; < v/||b|ls THEN STOP,
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@4 i s The symmetric case: stopping criteria

W Classic Criterion:
IF ||[Au® —b]|; < v/||b|ls THEN STOP,
B New Criterion:
IF ||[Au®) —b||a-: < n|/b|/4-: THEN STOP,

with n < 1 an a-priori threshold fixed by the user.
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_ i The symmetric case: stopping criteria

R

Classic Criterion:
IF ||[Au® —b]|; < v/||b|ls THEN STOP,
New Criterion:
IF ||[Au®) —b||a-: < n|/b|/4-: THEN STOP,

with 7 < 1 an a-priori threshold fixed by the user.

The choice of n will depend on the properties of the problem that we
want to solve, and, 1n the practical cases, 17 can be frequently much
larger than e , the roundoff unit of the computer finite precision
arithmetic.
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The symmetric case: stopping criteria c.

(Au® _blas !
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The symmetric case: stopping criteria c.

(Au® _blas !

bl 2
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The symmetric case: stopping criteria c.

[Au®) — bl s
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LT3 1,5 The symmetric case: stopping criteria c.

[Au®) — bl s

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable
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[Au®) — bl s

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable

Gauss quadrature rules (Golub and Meurant, 1997)
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The symmetric case: stopping criteria .
[Au®) — bl s

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable

Gauss quadrature rules (Golub and Meurant, 1997)

B Gauss equivalent to Hestenes-Stiefel rule (Strakos and Tichy). The
Gauss quadrature does not require any a-priori knowledge of the
smallest and the biggest eigenvalues and computes a lower bound

of [Aul®*) — bl[s 1.
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2 v, The Symmetric case: stopping criteria «

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable

Gauss quadrature rules (Golub and Meurant, 1997)

B Gauss equivalent to Hestenes-Stiefel rule (Strakos and Tichy). The
Gauss quadrature does not require any a-priori knowledge of the
smallest and the biggest eigenvalues and computes a lower bound
OfHAU(k) — bHA—l.

B Gauss-Lobatto and Gauss-Radau. They compute lower and upper
bounds using the extremes eigenvalues of A.
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JCCLRC . The symmetric case: Hestenes-Stiefel rule

\K\\\\*\\\

During the conjugate gradient iterates, we compute the scalar o and the
conjugate vectors pt*) (pWT Ap() =0, j # i) and the residuals r(*).
Thus,

and
N

[ou®|2 = [[Au® —b|% . = €4 Z TR ()
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JCCLRC . The symmetric case: Hestenes-Stiefel rule

\\K\\‘(\\

Under the assumption that efA]jer) << eff), where the integer d denotes a

suitable delay, the Hestenes and Stiefel estimate £, will be

k+d

=) x5

j=k+1
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The symmetric case: Hestenes-Stiefel rule

Under the assumption that engrd) << eff), where the integer d denotes a
suitable delay, the Hestenes and Stiefel estimate £, will be

k+d

=) x5

j=k+1

The choice of a value for d depends on preconditioner and ill-conditioning.
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If |ju — u®|3 < |[ulld

1s a stable lower bound (see Strakos and Tichy BIT(2006))
Therefore, we use the following stopping criterion

IF &, < n°p, THEN STOP .
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The dual norm of the preconditioned residual is equal to the dual norm of
the original residual.

A. Numer. Math. 2004, Meurant Numer Alg. 2004
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@ e CONtinuous problem

a(u,v) = / RA(x)Vu - Vodx, Yu,v € Hy(Q)
Q

Vu,v € H}(Q), 3y € Ry and IM € R, such that

Vullfo < alu,u)
a(u,v) < Mllul[rollv

1,22

L(v) = [, fvdx, L(v) € H~(Q).

Find v € Hj (Q h that
(P { me 0(§2) such tha has a unique solution.

a(u,v) = L(v), Yv e H}(Q),
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b i Finite-element approximation

Weak formulation

Find u;, € H}, such that
an(un,vn) = Ly(vy), Yun, € Hp,
Finite element methods choose H, to be a space of functions v;, defined on a

subdivision {2, of €2 into simplices 1" of diameter A7 ; h denotes a piecewise constant

function defined on 2, via h|r = hr.

Leicester, November 9th, 2006 — p.25/51
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| iy Finite-element approximation

Weak formulation

Find u;, € H}, such that
an(un,vn) = Ly(vy), Yun, € Hp,
Finite element methods choose H, to be a space of functions v;, defined on a

subdivision {2, of €2 into simplices 1" of diameter A7 ; h denotes a piecewise constant
function defined on 2, via h|r = hr.

Existence and uniqueness: ), C H = HZ(Q).
Error Estimate: ||u — up||n < C(h)
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Solve
Allh = b
given
wiAv
sup sup < (] (sup-sup)
weR\ {0} vern\{o} IVIa|W|H
tA
inf sup WAV > () (inf-sup)

weR™\{0} vern\ {0} [ VIE[W|H

Note: [[va |2, = [Vl
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% e Finite-element framework

Finally, assuming h < 1 and ¢t > 0, and choosing = O(h), we have

lu = uy g, < C* (W) ullg, + 2llu = unlly, < Clh).

where
u(x) is the exact solution of the variational problem,

up(x) is the exact solution of the approximate problem,

ugﬂ) (x) = Z,fv Ly )@( ) is the approximate solution at step k.
( are the basis functions)

A. Numer. Math. 2004
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Problem
(1 xeQ\ {2 U U},
6
A(x) = ¢ 107 x €, L(v) = [, 10vdx, Vv € H}(Q)
10* x € o,
| 107 x € Q3.
0:7: Q] QZ
. |0 r
0.3: Qg

I I I I I I I I I I I
0 01 02 03 04 05 06 07 08 09 1
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Preconditioners: estimates for x(M A)

M r(M™1A)
I 1.8 1010
Jacobi 1.5 10”
Inc. Cholesky(0) 43 10°

n? ~ 107° and N = 29619.

The condition numbers of the preconditioned matrices M~ ! A for the
second problem are are still very high, and only the incomplete Cholesky
preconditioner with drop tolerance 10~? is an effective choice.
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Residual Norms

Example: Problem 2

L-Shape 2D - Cholesky(1e-2) Preconditioner (d = 10)

s roull 71Ul
__ H-Sestimate || du || IIIUII
(K
= u®p A,
~ llAu-bll, /||b||

20 40 60 80 100
Iteration

120

Behaviour of the norms of the residual for the incomplete Cholesky
preconditioner with drop tolerance 102 and d = 10.
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L-Shape 2D - Jacobi Preconditioner

10°

T T T — — — -
T AT, b,
* o= u®i i, |]
10° £ \ — -d=10 i
. i H ——d=70 E

o . M d=90
102 z ‘\\ “\‘ ‘ \‘ ‘J‘\ I no ‘\“q  d=130 I

Error estimates

10_ 1 1 1 1 1
0 200 400 600 800 1000 1200
Iteration

Comparison of several estimates of the energy error for d = 10, 70, 90, 130
in Problem 2.
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The positive definite problem

a(u,v) # a(v, u)
A asymmetric but positive definite
H=21(A"+ A)SPD

See A., Login, and Wathen Numer. Math. 2005
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Linear systems: variational framework

Find u € H such that for all v € H
a(u,v) = L(v) (L(-) € H' dual space of H)
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erford Appleton Laboratory

Find u € ‘A such that for all v € H

a(u,v) = L(v)

(L(-) € H' dual space of H)

Existence and uniqueness: Vo, to € H

sup
eH\{0}

sup
ve™\{0}

a(to, )
a(to, )
ol
a(to, )
o]l

<

>

1V

Ch[ro|l 5 |lollz

Co UH,):[

Col[ro||,
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Rutherford Appleton Laboratory

Find u € H such that for all v € H
a(u,v) = L(v) (L(-) € H' dual space of H)

Existence and uniqueness: Vo, to € H

a(w,v) < Cffwlly o]l

o, b

sup a(t, v) > Callv||y
wern (o 1015
o, b

ap 220 5 o,

oern(or 1015

Finite-element approximation with H;, C H
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Theorem 0.0 Let u be the solution of the weak formulation and let
u, up, = II;u satisfy

u_ ~
du—b, MUl oy
[unll 4

Then uj;, = II,u satisfies

|l

If
b — Auljg—

1ol =

< nc(h)c27

for some n € (0,1).
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) iy StOPpPING criteria

®;

New stopping criterion

[ < CoC(R) [u™ .



ZCELEC..  Howto calculate [[r¥[g-:?

Solve preconditioned system
H—1/2AH—1/2ﬁ _ H—1/2f

> 5%, = [Ir* || -
» 3-term recurrence.

Approximate it from Krylov subspace information.

Concus & Golub, Widlund: 3-term recurrences for nonsymmetric
problems

» work in H-inner product

» do not minimize the residual norm.

The use of H as preconditioner makes the convergence of the Krylov
methods independent of h.

A., Loghin, and Wathen Numer. Math. 2005, Georgoulis Loghin 2006 for discontinuous
Galerkin
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Elliptic problems in R? (2 unit square)
—V - (a(x)Vu) + b(x) - Vu+c(x)u = f in Q

u

|
-

on ['.

where
(a)ij, (b)i, c€ L™(Q), 14,7=1,2,

ka(x) [€° < €Ta(x)€ < ki(x) [€]°,
c(x) — %V b(x) >0 Vxe.
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2 Glaummnaons Examples
A(w,v) = (a- Vw,Vv) + (b - Vw,v) + (cw,v),

1s continuous and coercive with
C1 = [[k1l[ =) + [Pl L) + C(Q)lc|| L ()
C'2 = min ko (x),

xe()

wrt || - |l = | |52 = | 1.
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Discretization:
linear elements on uniform & adaptive meshes
Error estimate:

u—uply <CR° Hull;, 1<s<2.
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e NUMerical experiments

Discretization:
linear elements on uniform & adaptive meshes

Error estimate:
u—uplt <CR* Hulls, 1<s<2

Estimation of parameters

k
»ulls ~ A,

Leicester, November 9th, 2006 — p.39/51
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@ CCLRG Numerical experiments

Stopping criteria and estimates

Residual dual norm: ||r* |-
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2 Gy NUmerical experiments
Stopping criteria and estimates
Residual dual norm: ||r*|g -

Energy estimate |[u® — u*~ 1| < Coh?||AU”||,
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2 Golaummnmns Advection-diffusion problem

—eAu+b-Vu = f in Q

U = g on I'.

b= (2y(1 — z%), —2z(1 — y%)),

1 —e'c
uw(z,y) =2 ",
1l —e =

vl =elvali + Y orlb- Vupllg ¢
TeTh
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e Advection-diffusion problem

1

1

true error I
residual dual norm '
2—-norm :
interp error i
1

1

1

1

1

final error
final interp error
energy estimate

1 error estimate

10 I I | | | |
0 20 40 60 80 100 120 140

10—10 |

BERES

Uniform mesh; e =1
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Rutherford Appleton Laboratory

10—10

-12

10

Advection-diffusion problem

i

BERR R

true error
residual dual norm
2-norm

interp error

final error

final interp error
energy estimate

error estimate

50 100 150 200

Uniform mesh; ¢ = 101

250

300
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Z o Advection-diffusion problem

\\
=
3
2
=Y

true error

residual dual norm
2—norm

interp error

final error

final interp error
energy estimate
error estimate

i

10—10 |

BERR R

-12

0 50 100 150 200 250 300 350

10

Uniform mesh; ¢ = 1072
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Symmetric Indefinite Case

Find u € H such that for all v € H
a(u,v) = L(v) (L(-) € H' dual space of H)
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Find u € H such that forall v € H
a(u,v) = L(v) (L(-) € H' dual space of H)
Existence and uniqueness: Vo, to € H

a(r,v) < Ciflro]lyllolly

to, 0
sup a(tw, o) > Callv||y
werqor 11l

to, v
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Rutherford

e Symmetric Indefinite Case

Bilinear form formulation (Brooks and Hughes (1982))
Stokes

a(w,r;v,p) = v(Vw, Vo) — (r,dive) — (¢, divw)
and L(v,q) = (f,v)
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Rutherford

e Symmetric Indefinite Case

W Bilinear form formulation (Brooks and Hughes (1982))
Picard iteration, Oseen problem

a(w,r;v,p) = v(Vw,Vou) + (b- Vw + 0w, v) — (r,dive) — (g, divw)
and L(v,q) = (f,v)
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Using mixed finite-element discretization
Ju € 'Hy, viQu=v!f, Vv € Hy,
Hp = (RY, || ||ln) and H')y = (RY, || - [|g-1) H SPD

C'1 and C5 independent of discretization

wiQlv
max max < (i
weR™\{0} veR"\{0} ||W|| g||V] H
. wiAv
min max > (s

weR™\{0} veR™\{0} | W] & || V| &

Leicester, November 9th, 2006 — p.48/51
L



Ve —~ 1 D
M'/f”/’ w 1"“} ”\L N o

L mberinct R tavoratony Symmetric Indefinite Case

Using mixed finite-element discretization
Ju € 'Hy, viQu=v!f, Vv € Hy,
Hp = (RY, || ||ln) and H')y = (RY, || - [|g-1) H SPD

C'1 and C5 independent of discretization

wiQlv
max max < (i
weR™\{0} veR"\{0} ||W|| g||V] H
. wiAv
min max > (s

weR™\{0} veR™\{0} | W] & || V| &

which is equivalent to uniform conditioning of 2 with respect to the norm

induced by H:
M < Co, A g m < O3

Of, /iH(Ql) < 01/02.
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e Symmetric Indefinite Case

R

Using mixed finite-element discretization
Ju € 'Hy, viQu=v!f, Vv € Hy,
Hp = (RY, || ||ln) and H')y = (RY, || - [|g-1) H SPD

C'1 and C5 independent of discretization

wiQlv
max max < (i
weR™\{0} veR"\{0} ||W|| g||V] H
. wiAv
min max > (s

weR™\{0} veR™\{0} | W] & || V| &

which is equivalent to uniform conditioning of 2 with respect to the norm

induced by H:

12U .- < Ch, |- < C5 Y,

or, kg (A) < C1/Co. Aw = cHv, A'v = cHw and 0 € (Cs, C)
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Rutherford

e Symmetric Indefinite Case

Using mixed finite-element discretization 2l has a block-structure
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e Symmetric Indefinite Case

Using mixed finite-element discretization 2l has a block-structure

T
A = A B .
B -C
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e Symmetric Indefinite Case

Using mixed finite-element discretization 2l has a block-structure

T

A = A B :
B -C
7 Hy O
0 Ho

IvIIE = [Ivallz, + vz,

Correspondingly,
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e Symmetric Indefinite Case

Using mixed finite-element discretization 2l has a block-structure

T

A = A B :
B -C
7 Hy O
0 Ho

IvIIE = [Ivallz, + vz,

Correspondingly,

2
I£117-+ = 1l + 2l
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e Stopping criteria and Krylov methods

The hypotheses of Theorem 0.0 are satisfied and its conclusion applies to
the indefinite case.

We should use ||r|| ;-1 to monitor the error in an iterative process.

Arioli Loghin RAL-TR-10-2006
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The hypotheses of Theorem 0.0 are satisfied and its conclusion applies to
the indefinite case.

We should use ||r|| ;-1 to monitor the error in an iterative process.

MINRES preconditioned with

Arioli Loghin RAL-TR-10-2006
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B raene e Stopping criteria and Krylov methods

The hypotheses of Theorem 0.0 are satisfied and its conclusion applies to
the indefinite case.

We should use ||r|| ;-1 to monitor the error in an iterative process.

MINRES preconditioned with

symmetrically-preconditioned GMRES with H (this algorithm is
equivalent to right-preconditioned GMRES in the H -inner product).
The GMRES residual is the required quantity, while C's can be
estimated on a coarse mesh quite successfully .

Arioli Loghin RAL-TR-10-2006
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S Rt o Corson Stopping criteria and Krylov methods

The hypotheses of Theorem 0.0 are satisfied and its conclusion applies to
the indefinite case.

We should use ||r|| ;-1 to monitor the error in an iterative process.

MINRES preconditioned with

symmetrically-preconditioned GMRES with H (this algorithm is
equivalent to right-preconditioned GMRES in the H -inner product).
The GMRES residual is the required quantity, while C's can be
estimated on a coarse mesh quite successfully .

Three terms GMRES with H-norm
Arioli Loghin RAL-TR-10-2006
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N mtertont opeon Laborstory Conclusions and future work
The natural norm for FEM problems is the residual dual norm;
Estimation is possible;
For non-symmetric problems, preconditioning with the norm 1s useful;

Reliable estimates for finite element error are still required: a posteriori
estimates?.
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