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Findu 2 H suchthatforallv 2 H
B(u;v) = L(v)  (L() 2 H° dualspaceof H)
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Findu 2 H suchthatforallv2 H
B (u;v) = L(V) (L() 2 H° dualspaceof H)
Existerceanduniguenes: 8v;w 2 H
B (w;V) C1kwky kvky

B (w;V)
su Cokvk
wanprg KWk S
B .
Sup (W’ V) CszkH

v2Hnf Og KVKy
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S vt s iy Finite dimensionalvariational framework
9u 2 Hy, viKu= v'f; 8v 2 Hy (f 2 HY)
Hy = (RY;jj jin) andH% = (RY;jj jju 1) H SPD
C; andC, indepenentof discretization

w'Kv
max max Cq
w2 "nfOgv2 "nfOg kaH kaH
. wTKv
min max C,

w2 "nfOgv2 "nfOg kaH kaH
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C Siiin i Finite dimensionalvariational framework
9u 2 Hy, viKu= v'f; 8v 2 Hy (f 2 HY)

Hrn = (RY;jj jjn)andH% = (RY;jj jjn 1) H SPD

C; andC, indepenentof discretization

w'Kv
max max Cq
w2 "nfOgv2 "nfOg kaH kaH
. wTKv
min max C,

w2 "nfOgv2 "nfOg kaH kaH

which s equwvalentto uniform conditioningof K with respecto the
norminducedby H:

kK kH;H 1 C]_, kK 1k|_| 1-H C2 1;
o, H(K) Ci=C.
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3 A Block structure

uth

Using mixed nite-elementdiscretezationK hasablock-gructure
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Using mixed nite-elementdiscretezationK hasablock-gructure
!

A BT
B C
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Using mixed nite-elementdiscretezationK hasablock-gructure
!

A BT
B C
Correspondigly, |
~ Hi O
0 H

kvks = kvik, + kvakf :
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Using mixed nite-elementdiscretezationK hasablock-gructure
!

A BT
B C
Correspondigly, |
~ Hi O
0 H

kvks = kvik, + kvakf :

kfklz_l 1 — kflkall + kf2k|2_|21:
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Theorem 0.0 Letu bethesoluion of theweakformulation andlet
u,u, = pu satidy

ku Uth
= f; h):
Ku=f; KUK C(h)
Thenw, = ,t satis es
ku dnky
h) = h
. Ch = o)
If
kKf Kuaky 1 _
Kak. C(h)C;;

forsome 2 (0;1).

A. , Loghin, andWathen(2005
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- Stopping criteria and Krylo v methods

Rutherford

mWe shodd usekrky : to monitortheerrorin aniteratve process.
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L e Stopping criteria and Krylo v methods

«

We shoud usekrky 1 to monitortheerrorin aniterative process.

C, canbeestimatedn a coarsamesh,or sometimea priori.
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2 Gl Stoppingcriteria and Krylo v methods

We shoud usekrky 1 to monitortheerrorin aniterative process.

C, canbeestimatedn a coarsamesh,or sometimea priori.
MINRES preconditonedwith H
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2 G StoOpping criteria and Krylo v methods
We shoud usekrky 1 to monitortheerrorin aniterative process.

C, canbeestimatedn a coarsamesh,or sometimea priori.
MINRES preconditonedwith H

symmetrically-precondionedGMRESwith H (this algorithm is

equwvalentto right-preconditiored GMRESINn the H -inner
product).
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AL . Stopping criteria and Krylo v methods

We shoud usekrky 1 to monitortheerrorin aniterative process.

C, canbeestimatedn a coarsamesh,or sometimea priori.
MINRES preconditonedwith H

symmetrically-precondionedGMRESwith H (this algorithm is
equwvalentto right-preconditiored GMRESINn the H -inner
product).

Three-termGMRESwith H-norm(nonlinearcaseonly)
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Stokes Navier-Stoles
ut+rp="~Ff in u+ (u r)u+rp=1~f in
div u=0 in div u=0 in
u(x) = u (x) on@ u(x) = u (x) on @

with- = (01) (01)andexactsolution(u ;p) = (us;us,;p) givenby

u(y) = Zp(Ray)(L c0s2 o(Rux))sin2 o(Rziy)
U(X;y) = ?qo(Rl;x) (1 cos2 g(R2;y)) sin2 g(Rz1;X)
p(X;y) = RiR20(R1;X)p(Rz2;y)sin2 g(Ry1;x)sin2 q(Rz;Y):

whereq(R;t) = e:Rt 11; ®(R;t) = eﬁRt - andR1; R aretwo realconstants

Thepressuresatis es p dx = 0 (Berrone(2001))
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Exact solution for R1 = 0:1; R, = 4:2.
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2 Glasmmmionn,  Testproblems

BN
NN

NUEERERRR
SOV,

0

Exact solutionfor R; = 0:1; R, = 4:2.

? A

Exact solution for R1 = 1:2; R, = 0:1.
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Numerical results

Bilinear form formulation (BrooksandHughes(1982)
Stokes

B(w;r;v;p)= (rw,rv) (r;divv) (gdivw)
andL (v;q) = (f;v)
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Numerical results

= Bilinear form formulation (BrooksandHughes(1982)
Picarditeration, Oseerproblem

B(w;r;v;p)= (r w,r v)¥(br w+ w;v) (r;divv) (q;divw)
andL(v;q) = (f;v)
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Numerical results

Bilinear form formulation (BrooksandHughes(1982)

FE:the exactrelative (forward)errorsju  Ufjy Sjukju;

FIE: theexactrelative (forward)interpolaton errors
ju' USjHURE;

HINV: theexactH *-normcriterion C, *kr¥ky 1=kuKky

the standard2-normof the preconditonedresidualsto
criterion kX k=krPk.

)ing
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PreconditionedMINRES

e=1; N=2113; solver=MINRES
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Symmetrically preconditionedGMRES for
=l 00]L

e=0.01; N=2113; solver=SYM-PGMRES
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Symmetrically preconditionedGMRES for
=l 00]L
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Nonlinear problem

A typical algorithm for solving K (x)x = f (x" = (u';p")) is:
n = 0,choosex,,r, =f K (X)X, tolout := C(h)C,
whilekr,ky 1=kx,ky tol_out

X° = Xp, 1% = ry, tolin := ckrok

xK = GMRES(K ,,;f; x?; tolin; H)

n=n+1 x,=x5%r,=f K(X)Xn
endwhile

whereGMRES(K ,; b; x°; tol.in; H) computesanx® suchthat

Kf KnxkkH 1
Kf KnXOkH 1

tol_in:
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Nonlinear problem

A typical algorithm for solving K (x)x = f (x" = (u';p")) is:
n = 0, choosex,, Iy = K (Xn)Xp tolout :=  C(h)C,
whilekr,ky 1=kx,ky tol_out

X° = Xp, 1% = ry, tolin := ckrok
xK = GMRES(K ,,;f; x?; tolin; H)
n=n+1 x,=x5%r,=f K(X)Xn

endwhile
whereGMRES(K ,; b; x°; tol.in; H) computesanx® suchthat
kf KnxkkH 1 ol in:
ol.n.
kf KnXOkH 1

A GMRES routine which usesthe H -normin its stopping cri-
terion is the symmetrically-peconditiored GMRES we employed
previously. (Dembo,Eisenstatand Steihaug(1982)j jj2)
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Nonlinear problem

A typical algorithm for solving K (x)x = f (xT = (u';p")) is:
n = 0,choosex,,r, =f K (X)X, tolout := C(h)C5
whilekr,ky 1=kx,ky tol_out

X° = Xp, 1% = ry, tolin := ckrok
xK = GMRES(K ,,;f; x?; tolin; H)
n=n+1 x,=x5%r,=f K(X)Xn

endwhile
whereGMRES(K ,; b; x°; tol.in; H) computesanx® suchthat
kf KnxkkH 1 ol in:
ol.n.
kf KnXOkH 1

Make GMRESwork hardonly whenit matterg(i.e., whentheresid-
ualis sufciently small).
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Nonlinear problem

Differentchoicesof c;q will leadto differentnonlinearconvergence
curves.
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Nonlinear problem

Differentchoicesof c;q will leadto differentnonlinearconvergence
curves.

We choseto work with ¢ = c(h), for threevaluesof q.
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Nonlinear problem

Differentchoicesof c;qwill leadto differentnonlinearcorvergence
curves.

We choseto work with ¢ = c(h), for threevaluesof q.

We settol_out= 10 ° andhighlightedthe numberof iterations
neededor this classic'criterioncomparedvith thatsuggetedin
thealgorithm abose wheretol out= C(h)C..
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Nonlinear problem

Differentchoicesof c;qwill leadto differentnonlinearcorvergence
curves.

We choseto work with ¢ = c(h), for threevaluesof q.

We settol_out= 10 ° andhighlightedthe numberof iterations
neededor this classic'criterioncomparedvith thatsuggetedin
thealgorithm abose wheretol out= C(h)C..

Weworkedwith = C, = 1andC(h) = h?for = 0:1and
C(h) = h2for = 0:.0%
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Nonlinear problem

Differentchoicesof c;qwill leadto differentnonlinearcorvergence
curves.

We choseto work with ¢ = c(h), for threevaluesof q.

We settol_out= 10 ° andhighlightedthe numberof iterations
neededor this classic'criterioncomparedvith thatsuggetedin
thealgorithm abose wheretol out= C(h)C..

Weworkedwith = C, = 1andC(h) = h?for = 0:1and
C(h) = h32for = 0:01; (thisleadsto arobuststopping
criterionwhich we highlightin the verticallinesacrosghe
cornvergencecurves).
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Nonlinear tests

= 0:01
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Nonlinear tests

= 0:01
e=0.01; N=2113; solver=SYM-PGMRES
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Convergence criteria for the full nonlinear problem using symmetrically-preconditioned

GMRES-Picard
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= 0:01

Total numberof precanditioned GMRESiterations for the full nonlinear soluion

Nonlinear tests

e=0.01; N=2113; solver=SYM-PGMRES

"
g= 0:25 g= 05 g= 0:75
c(h) = | dual | classic|| dual | classic|| dual | classic
h'=2 | 229 | 914 | 309 | 1440 || 405 | 1928
h 317 | 1261 405 | 17H4 495 | 2205
h? 544 | 1949 635 | 238 722 | 2747
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Conclusions

Saddle-poinproblemsaredif cult problems.
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Conclusions

Saddle-poinproblemsaredif cult problems.
Thescalamproblemsanalyzedn (A., Loghin, andWathen2005),
In particularthe subclas®f elliptic problemswere

posiive-de nite. For thesescalamproblemswe managedo nd
aneventighter stoppng criterion,basedn the Hermitianpartof
theinverse.
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Conclusions

Saddle-poinproblemsaredif cult problems.
Nonlinearproblems
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Conclusions

Saddle-poinproblemsaredif cult problems.

Nonlinearproblems

We canremove theinde nitenessn this caseby working with a
modi ed iteration Thus we getthebene t of athree-term
GMRESroutine, andpossbly atighter stoppng criterionbased
onthe Hermitianpartof theinverseof thematrix. Thisis
somethingwe still have to do.
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Conclusions

Saddle-poinproblemsaredif cult problems.
Nonlinearproblems
We shouldusekrky 1
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Conclusions

Saddle-poinproblemsaredif cult problems.
Nonlinearproblems

We shouldusekrky 1

We needpreconditonersspectrallyequvalentto H .
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