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Variational framework

Find u 2 H suchthatfor all v 2 H

B (u; v) = L(v) (L(�) 2 H 0 dualspaceof H)

Existenceanduniqueness: 8v; w 2 H

B (w; v) � C1kwkH kvkH

sup
w2Hnf 0g

B (w; v)
kwkH

� C2kvkH

sup
v2Hnf 0g

B (w; v)
kvkH

� C2kwkH
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Finite dimensionalvariational framework

9u 2 H h vT K u = vT f ; 8v 2 H h (f 2 H 0
h)

H h = (IRN ; jj � jjH ) andH 0
h = (IRN ; jj � jjH � 1 ) H SPD

C1 andC2 independentof discretization

max
w 2

�n nf 0g
max

v 2

�n nf 0g

wT K v
kwkH kvkH

� C1

min
w 2

�n nf 0g
max

v 2

�n nf 0g

wT K v
kwkH kvkH

� C2

which is equivalentto uniform conditioning of K with respectto
thenorminducedby H :

kK kH ;H � 1 � C1; kK � 1kH � 1 ;H � C� 1
2 ;

or, � H (K ) � C1=C2.

21st BIENNIAL CONFERENCE ON NUMERICAL ANALYSIS, Dundee, 2005 – p.4/16



Finite dimensionalvariational framework

9u 2 H h vT K u = vT f ; 8v 2 H h (f 2 H 0
h)

H h = (IRN ; jj � jjH ) andH 0
h = (IRN ; jj � jjH � 1 ) H SPD

C1 andC2 independentof discretization

max
w 2

�n nf 0g
max

v 2

�n nf 0g

wT K v
kwkH kvkH

� C1

min
w 2

�n nf 0g
max

v 2

�n nf 0g

wT K v
kwkH kvkH

� C2

which is equivalentto uniform conditioningof K with respectto the
norminducedby H :

kK kH ;H � 1 � C1; kK � 1kH � 1 ;H � C� 1
2 ;

or, � H (K ) � C1=C2.
21st BIENNIAL CONFERENCE ON NUMERICAL ANALYSIS, Dundee, 2005 – p.4/16



Block structur e

Using mixed�nite-elementdiscretizationK hasablock-structure

K =

 
A B T

B � C

!

:

Correspondingly,

H =

 
H1 0
0 H2

!

kvk2
H = kv1k2

H 1
+ kv2k2

H 2
:

kf k2
H � 1 = kf1k2

H � 1
1

+ kf 2k2
H � 1

2
:
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Backward error

Theorem 0.0 Letu bethesolution of theweakformulation andlet
u; uh = � hu satisfy

K u = f ;
ku � uhkH

kuhkH
� C(h):

Then~uh = � h ~u satis�es

ku � ~uhkH

k~uhkH
� ~C(h) = O(C(h))

if

kf � K ~ukH � 1

k~ukH
� � C(h)C2;

for some� 2 (0; 1).

A. , Loghin, andWathen(2005)
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Stoppingcriteria and Krylo v methods

Weshould usekrkH � 1 to monitortheerrorin aniterativeprocess.

C2 canbeestimatedon acoarsemesh,or sometimea priori.

MINRESpreconditionedwith H

symmetrically-preconditionedGMRESwith H (this algorithm is
equivalentto right-preconditionedGMRESin theH -inner
product).

Three-termGMRESwith H -norm(nonlinearcaseonly)
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Testproblems

Stokes

� � � u + r p = f in 


div u = 0 in 


u(x) = u� (x) on @


Navier-Stokes

� � � u + (u � r )u + r p = f in 


div u = 0 in 


u(x) = u� (x) on @


with 
 = (0 1) � (0 1) andexactsolution (u� ; p) = (u�
1 ; u�

2 ; p) givenby

u�
1 (x; y) = �

R2

2�
q0(R2; y) (1 � cos2� q(R1; x)) sin 2� q(R2; y)

u�
2 (x; y) =

R1

2�
q0(R1; x) (1 � cos2� q(R2; y)) sin 2� q(R1; x)

p� (x; y) = R1R2q0(R1; x)q0(R2; y) sin 2� q(R1; x) sin 2� q(R2; y):

whereq(R; t) = eRt � 1
eR � 1 ; q0(R; t) = eRt

eR � 1 andR1; R2 aretwo realconstants.

Thepressuresatis�es

�


 p� dx = 0 (Berrone(2001))
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Testproblems
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0
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1

Exact solution for R1 = 0:1; R2 = 4:2.

0.5 1
0

0.5

1

Exact solution for R1 = 1:2; R2 = 0:1.
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Numerical results

Bilinear form formulation (BrooksandHughes(1982))
Stokes

B (w; r ; v; p) = � (r w; r v) � (r; div v) � (q; div w)

andL(v; q) = (f ; v)

FE: theexactrelative (forward)errorsju � uk
hjH =juk

hjH ;

FIE: theexactrelative (forward)interpolation errors
juI � uk

hjH =juk
hjH ;

HINV: theexactH � 1-normcriterion� C� 1
2 kr kkH � 1 =kukkH ;

thestandard2-normof thepreconditionedresidualstopping
criterionk~r kk=k~r 0k.
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PreconditionedMINRES
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Symmetrically preconditionedGMRES for
� = 0:01
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Nonlinear problem

A typicalalgorithm for solving K (x)x = f (xT = (uT ; pT )) is:
n = 0, choosexn, r n = f � K (xn)xn tol out := � C(h)C2

whilekr nkH � 1 =kxnkH � tol out
x0 = xn, r 0 = r n, tol in := ckr 0kq

H � 1

xk = GMRES(K n; f ; x0; tol in; H )
n = n + 1, xn = xk; r n = f � K (xn)xn

endwhile
whereGMRES(K n; b; x0; tol in; H ) computesanxk suchthat

kf � K nxkkH � 1

kf � K nx0kH � 1
� tol in:

MakeGMRESwork hardonly whenit matters(i.e.,whentheresid-
ual is suf�ciently small).
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� tol in:

A GMRES routine which usesthe H � 1-norm in its stopping cri-
terion is the symmetrically-preconditioned GMRES we employed
previously. (Dembo,Eisenstat,andSteihaug(1982) jj � jj 2)
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kf � K nxkkH � 1

kf � K nx0kH � 1
� tol in:

Make GMRESwork hardonly whenit matters(i.e.,whentheresid-
ual is suf�ciently small).
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Nonlinear problem

Differentchoicesof c;q will leadto differentnonlinearconvergence
curves.

We choseto work with c = c(h), for threevaluesof q.

We settol_out= 10� 6 andhighlightedthenumberof iterations
neededfor this `classic'criterioncomparedwith thatsuggestedin
thealgorithm above wheretol_out= � C(h)C2.

We workedwith � = C2 = 1 andC(h) = h2 for � = 0:1 and
C(h) = h3=2 for � = 0:01; (this leadsto a robuststopping
criterionwhich we highlight in theverticallinesacrossthe
convergencecurves).
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Nonlinear tests

� = 0:01
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e=0.01; N=2113; solver=SYM-PGMRES

uvp

FE
FIE
HINV
2-norm

q = 0:25 q = 0:5 q = 0:75
c(h) = dual classic dual classic dual classic

h1=2 229 914 309 1440 405 1928

h 317 1261 405 1754 495 2205
h2 544 1949 635 2385 722 2747

Total numberof preconditionedGMRESiterations for thefull nonlinear solution
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Conclusions

Saddle-pointproblemsaredif�cult problems.

Nonlinearproblems

We shouldusekrkH � 1

We needpreconditionersspectrallyequivalentto H .
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Conclusions

Saddle-pointproblemsaredif�cult problems.
Thescalarproblemsanalyzedin (A., Loghin, andWathen2005),
in particularthesubclassof elliptic problemswere
positive-de�nite. For thesescalarproblemswe managedto �nd
aneventighterstopping criterion,basedon theHermitianpartof
theinverse.

Nonlinearproblems

We shouldusekrkH � 1

We needpreconditionersspectrallyequivalentto H .
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Conclusions

Saddle-pointproblemsaredif�cult problems.

Nonlinearproblems
We canremove theinde�ni tenessin this caseby working with a
modi�ed iteration. Thus, we getthebene�t of a three-term
GMRESroutine,andpossibly a tighterstopping criterionbased
on theHermitianpartof theinverseof thematrix. This is
somethingwe still have to do.

We shouldusekrkH � 1

We needpreconditionersspectrallyequivalentto H .
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