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Gauss-Markov

Theorem (Gauss-Markov)
Let A 2 IRm� n ; m � n; rank(A) = n. For the linear model y = AX + e the
minimum-variance unbiased estimator of the non directly observable X is given by

x � = ( AT A)� 1AT y :

If

e � N
�
0; � 2I m

�

and if we set s2 = 1
m� n jj r jj2

2 (jj r jj2 = jjy � Ax � jj2), we have

x � � N
�

X; � 2(AT A)� 1�
and s2 �

� 2

m � n
� 2(m � n):

The predicted value ŷ = Ax � and the residual r are independently distributed as

ŷ � N
�
AX; � 2A(AT A)� 1AT �

and r � N
�
0; � 2(I � A(AT A)� 1AT )

�
:
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Gauss-Markov

What is a realization or an estimator?
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Gauss-Markov

What is a realization or an estimator?

Sparse Days, CERFACS, 2009 – p.4/27



A statistical test: � 2

We need to compare�y with samples ofe � N
�
0; � 2I m

�
.
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A statistical test: � 2

We need to compare�y with samples ofe � N
�
0; � 2I m

�
.

We assume that�y is dominated bye if for some small enough� ,

Prob(kek2
2 � k �y k2

2) � 1 � �:

where the random variablekek2
2

� 2 follows a centered� 2 distribution withm
degrees of freedom.
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A statistical test: � 2

We need to compare�y with samples ofe � N
�
0; � 2I m

�
.

We assume that�y is dominated bye if for some small enough� ,

Prob(kek2
2 � k �y k2

2) � 1 � �:

where the random variablekek2
2

� 2 follows a centered� 2 distribution withm
degrees of freedom.
We can formulate our test as

p�

�
k�y k2

2

� 2 ; m
�

� P rob
�

kek2
2

� 2 �
k�y k2

2

� 2

�
� �;

where, sincee is a Gaussian distribution with covariance matrix� 2I , the
value ofp� (:; m) is the cumulative distribution function of the� 2 distribu-
tion.
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F-Test

Given the linear modely = AX + e and assuming thaty 2 N
�
�; � 2I n

�

we denote by

 = span(a�;1; : : : ; a�;n )

then-dimensional subspace generated by the columns ofA and assume
� = AX 2 
 .
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F-Test

Given the linear modely = AX + e and assuming thaty 2 N
�
�; � 2I n

�

we denote by

 = span(a�;1; : : : ; a�;n )

then-dimensional subspace generated by the columns ofA and assume
� = AX 2 
 .

We consider the problem of testing thehypothesisH that � 2 ! , where
! is ak dimensional subspace of
 .

P = ( I � A(AT A)� 1AT ) orthogonal projector on


P! the orthogonal projector on!
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F-Test

The F-test consists of settingRSS = y T (I � P)y = k(I � P)yk2,
andRRS ! = k(I � P! )yk2 and by considering the quantity

F =
(RRS ! � RRS )=(n � k)

RRS =(m � n)
:
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F-Test

The F-test consists of settingRSS = y T (I � P)y = k(I � P)yk2,
andRRS ! = k(I � P! )yk2 and by considering the quantity

F =
(RRS ! � RRS )=(n � k)

RRS =(m � n)
:

For the linear model, it can be shown that both the numerator an the
denominator are� 2 distributions divided by their respective degrees of
freedomn � k andm � n.
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F-Test

The F-test consists of settingRSS = y T (I � P)y = k(I � P)yk2,
andRRS ! = k(I � P! )yk2 and by considering the quantity

F =
(RRS ! � RRS )=(n � k)

RRS =(m � n)
:

For the linear model, it can be shown that both the numerator an the
denominator are� 2 distributions divided by their respective degrees of
freedomn � k andm � n.

ThereforeF follows the Fisher-Snedecor distributionf with n � k and
m � n degrees of freedom, and we shall base our test on the
Fisher-Snedecor cumulative distribution function,
pF S (:; n � k; m � k).
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F-Test

The F-test consists of settingRSS = y T (I � P)y = k(I � P)yk2,
andRRS ! = k(I � P! )yk2 and by considering the quantity

F =
(RRS ! � RRS )=(n � k)

RRS =(m � n)
:

For the linear model, it can be shown that both the numerator an the
denominator are� 2 distributions divided by their respective degrees of
freedomn � k andm � n.

ThereforeF follows the Fisher-Snedecor distributionf with n � k and
m � n degrees of freedom, and we shall base our test on the
Fisher-Snedecor cumulative distribution function,pF S (:; n � k; m � k).

We accept the hypothesisH if

pF S

�
(RRS ! � RRS )=(n � k)

RRS =(m � n)
; n � k; m � k

�
� �:
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LSP

We do not knowy but onlyy one of its realizations
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LSP

We do not knowy but onlyy one of its realizations

How can we compute a realistic realization ofx � ?

x � = ( AT A)� 1AT y, i.e. we solve the Least-Square Problem (LSP)

min
x

jjAx � yjj2
2:
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We do not knowy but onlyy one of its realizations

How can we compute a realistic realization ofx � ?

x � = ( AT A)� 1AT y, i.e. we solve the Least-Square Problem (LSP)

min
x

jjAx � yjj2
2:

the corresponding minimum value is achieved by the square ofthe
euclidean norm of

r = y � Ax � = ( I � P)y
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LSP

We do not knowy but onlyy one of its realizations

How can we compute a realistic realization ofx � ?

x � = ( AT A)� 1AT y, i.e. we solve the Least-Square Problem (LSP)

min
x

jjAx � yjj2
2:

the corresponding minimum value is achieved by the square ofthe
euclidean norm of

r = y � Ax � = ( I � P)y

I � P = I � A(AT A)� 1AT is the orthogonal projector ontoKer(AT )

P is the orthogonal projector ontoRange(A).
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NEQ

x � is also the solution of the normal equations,AT Ax = AT y:
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NEQ

x � is also the solution of the normal equations,AT Ax = AT y:

R(x) = AT (y � Ax )
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NEQ

x � is also the solution of the normal equations,AT Ax = AT y:

R(x) = AT (y � Ax )

W = f w 2 IRn : jjwjj2
W = wT AT Awg and it dual

W 0 = f z 2 IRn : jjzjj2
W 0 = zT (AT A)� 1zg;
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NEQ

x � is also the solution of the normal equations,AT Ax = AT y:

R(x) = AT (y � Ax )

W = f w 2 IRn : jjwjj2
W = wT AT Awg and it dual

W 0 = f z 2 IRn : jjzjj2
W 0 = zT (AT A)� 1zg;

Given~x 2 W , we havejj y � A ~xjj2
2 = jjy � Ax � jj2

2 + jjR(~x)jj2
(A T A) � 1 ;
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NEQ

x � is also the solution of the normal equations,AT Ax = AT y:

R(x) = AT (y � Ax )

W = f w 2 IRn : jjwjj2
W = wT AT Awg and it dual

W 0 = f z 2 IRn : jjzjj2
W 0 = zT (AT A)� 1zg;

Given ~x 2 W , we havejj y � A ~xjj2
2 = jjy � Ax � jj2

2 + jjR(~x)jj2
(A T A) � 1 ;

From the orthogonality ofP , we have

jj yjj2
2 � jj Pyjj2

2 = jj
�
I � P

�
yjj2

2 = jjy � Ax � jj2
2:

jjyjj2
2 � jj x � jj2

A T A = jj
�
I � P

�
yjj2

2 = jjy � Ax � jj2
2:
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NEQ perturbation

Finally, given~x as an approximation ofx � , the�y of minimum norm such
that

AT A ~x = AT (y + �y )

is
�y = A(AT A)� 1R(~x)

and
jj �y jj2

2 = jjR(~x)jj2
(A T A) � 1 :
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Stopping criteria for PCGNE

At each stepk the conjugate gradient method minimizes the energy norm
of the error�x (k) = x � � x(k) on a Krylov spacex(0) + Kk

min
x ( k ) 2 x (0) + K k

�x (k)T AT A�x (k) :

Let R(k) = AT
�
y � Ax (k)

�
denote the residual at stepk.

We have
k�x (k)kA T A = kR(k)k(A T A) � 1
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Stopping criteria for PCGNE

At each stepk the conjugate gradient method minimizes the energy norm
of the error�x (k) = x � � x(k) on a Krylov spacex(0) + Kk

min
x ( k ) 2 x (0) + K k

�x (k)T AT A�x (k) :

Let R(k) = AT
�
y � Ax (k)

�
denote the residual at stepk.

We have
k�x (k)kA T A = kR(k)k(A T A) � 1

A stopping criterion as

IF kR(k)k(A T A) � 1 � � ky � Ax � k2 THEN STOP ,

with � < 1 an a-priori threshold �xed by the user, will guarantee that a
x(k) which satis�es it, is the solution of the perturbed linear system:

AT Ax (k) = AT y � R(k) ; kR(k)k(A T A) � 1 � � ky � Ax � k2:
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Stopping criteria for PCGNE

x(k) = x(k� 1) + � k� 1p(k� 1) ; � k� 1 =
R(k� 1)T R(k� 1)

p(k� 1)T AT Ap(k� 1)
;

R(k) = R(k� 1) � � k� 1AT Ap(k� 1) ;

p(k) = R(k) + � k� 1p(k� 1) ; � k� 1 =
R(k)T R(k)

R(k� 1)T R(k� 1)
;

wherex(0) = 0 andR(0) = p(0) = y.
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Hestenes and Stiefel rule

In exact arithmetic, we have

x � =
nX

j =1

� j p(j ) :
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Hestenes and Stiefel rule

In exact arithmetic, we have

x � =
nX

j =1

� j p(j ) :

Taking into account that

p(j )T AT Ap(i ) = 0 ; i 6= j;

we have

k�x (k)k2
A T A = e(k)

A =
nX

j = k+1

� j R(j )T R(j ) ;

and the energy norm ofx � is

kx � k2
A T A =

nX

j =1

� j R(j )T R(j ) ;
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Hestenes and Stiefel rule

Under the assumption thate(k+ d)
A T A << e (k)

A T A , where the integerd denotes a
suitable delay, the Hestenes and Stiefel estimate� k of the energy-norm of
the error will be then computed by the formula

� k =
k+ dX

j = k+1

� j R(j )T R(j ) :
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Hestenes and Stiefel rule

Under the assumption thate(k+ d)
A T A << e (k)

A T A , where the integerd denotes a
suitable delay, the Hestenes and Stiefel estimate� k of the energy-norm of
the error will be then computed by the formula

� k =
k+ dX

j = k+1

� j R(j )T R(j ) :

d = 10 is a successful compromise. The cheaper choiced = 5 can be
reliable if a good preconditioner is available. When the matrix A is very ill
conditioned, we must choose a larger value ford.
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Hestenes and Stiefel rule

Finally, we must estimateky � Ax � k2.
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Hestenes and Stiefel rule

Finally, we must estimateky � Ax � k2.

kx � k2
A T A �

kX

j =1

� j R(j )T R(j ) = � k :

Therefore, we have the following upper bound

ky � Ax � k2
2 � k yk2

2 � � k :
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Hestenes and Stiefel rule

Finally, we must estimateky � Ax � k2.

kx � k2
A T A �

kX

j =1

� j R(j )T R(j ) = � k :

Therefore, we have the following upper bound

ky � Ax � k2
2 � k yk2

2 � � k :

Replacingky � Ax � k2 with its upper bound at the stepk of the conjugate
gradient method, we have

IF � k � � 2(kyk2
2 � � k ) THEN STOP:
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Hestenes and Stiefel rule

Finally, we must estimateky � Ax � k2.

kx � k2
A T A �

kX

j =1

� j R(j )T R(j ) = � k :

Therefore, we have the following upper bound

ky � Ax � k2
2 � k yk2

2 � � k :

Replacingky � Ax � k2 with its upper bound at the stepk of the conjugate
gradient method, we have

IF � k � � 2(kyk2
2 � � k ) THEN STOP:

The estimates are independent of any preconditioner and thewhole
process is numerically stable in �nite precision arithmetic.
A. Numer. Math.(2005), Meurant Numer Alg (1999), Strakos and Tichy ETNA (2002) BIT (2005)
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A probabilistic approach: � 2

To detect the convergence as early as possible and avoid over-solving in
the LSP, we consider a�y with minimum Euclidean norm such that
x(k) exactly solves LSP:

jj �y jj2
2 = jjR(~x)jj2

(A T A) � 1 = kx � � x(k)kA T A :

Therefore, it is reasonable to considerx(k) as a satisfactory solution if
�y does not dominate the Gaussian noisee � N (0; � 2I n )
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A probabilistic approach: � 2

To detect the convergence as early as possible and avoid over-solving in
the LSP, we consider a�y with minimum Euclidean norm such that
x(k) exactly solves LSP:

jj �y jj2
2 = jjR(~x)jj2

(A T A) � 1 = kx � � x(k)kA T A :

Therefore, it is reasonable to considerx(k) as a satisfactory solution if
�y does not dominate the Gaussian noisee � N (0; � 2I n )

IF p�

�
k�y k2

2
� 2 ; m

�
� �; THEN STOP
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A probabilistic approach: � 2

To detect the convergence as early as possible and avoid over-solving in
the LSP, we consider a�y with minimum Euclidean norm such that
x(k) exactly solves LSP:

jj �y jj2
2 = jjR(~x)jj2

(A T A) � 1 = kx � � x(k)kA T A :

Therefore, it is reasonable to considerx(k) as a satisfactory solution if
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�
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A probabilistic approach: � 2

To detect the convergence as early as possible and avoid over-solving in
the LSP, we consider a�y with minimum Euclidean norm such that
x(k) exactly solves LSP:

jj �y jj2
2 = jjR(~x)jj2

(A T A) � 1 = kx � � x(k)kA T A :

Therefore, it is reasonable to considerx(k) as a satisfactory solution if
�y does not dominate the Gaussian noisee � N (0; � 2I n )

IF p�

�
k�y k2

2
� 2 ; m

�
� �; THEN STOP

IF p�

�
� k

� 2 ; m
�

� � THEN STOP

IF p�

�
� k

jj yjj 2
2 � � k

; m
�

� � THEN STOP
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F-Test in practice

The orthogonal projectorP! k on ! k = AKk can be expressed as

P! k = AQk
�
Tkk

� � 1QT
k AT

Qk basis ofKk
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The orthogonal projectorP! k on ! k = AKk can be expressed as

P! k = AQk
�
Tkk

� � 1QT
k AT

Qk basis ofKk

RSS = jj (I � P)yjj2 = jjy � A(AT A)� 1AT yjj2 = jjy � Ax � jj2.
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k AT

Qk basis ofKk

RSS = jj (I � P)yjj2 = jjy � A(AT A)� 1AT yjj2 = jjy � Ax � jj2.

Similarly, RSS! k = jjy � Ax k jj2:
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F-Test in practice

The orthogonal projectorP! k on ! k = AKk can be expressed as

P! k = AQk
�
Tkk

� � 1QT
k AT

Qk basis ofKk

RSS = jj (I � P)yjj2 = jjy � A(AT A)� 1AT yjj2 = jjy � Ax � jj2.

Similarly, RSS! k = jjy � Ax k jj2:

Therefore,

F =
(jjy � Ax k jj2 � jj y � Ax � jj2)=(n � k)

jjy � Ax � jj2=(m � n)
;
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F-Test in practice

The orthogonal projectorP! k on ! k = AKk can be expressed as

P! k = AQk
�
Tkk

� � 1QT
k AT

Qk basis ofKk

RSS = jj (I � P)yjj2 = jjy � A(AT A)� 1AT yjj2 = jjy � Ax � jj2.

Similarly, RSS! k = jjy � Ax k jj2:

Therefore,

F =
(jjy � Ax k jj2 � jj y � Ax � jj2)=(n � k)

jjy � Ax � jj2=(m � n)
;

IF pF S

�
kR ( k ) k2

( A T A ) � 1 =(n� k)

jj y� Ax � jj 2
2 =(m� n) ; n � k; m � k

�
� � THEN STOP .
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F-Test in practice

The orthogonal projectorP! k on ! k = AKk can be expressed as

P! k = AQk
�
Tkk

� � 1QT
k AT

Qk basis ofKk

RSS = jj (I � P)yjj2 = jjy � A(AT A)� 1AT yjj2 = jjy � Ax � jj2.

Similarly, RSS! k = jjy � Ax k jj2:

Therefore,

F =
(jjy � Ax k jj2 � jj y � Ax � jj2)=(n � k)

jjy � Ax � jj2=(m � n)
;

IF pF S

�
kR ( k ) k2

( A T A ) � 1 =(n� k)

jj y� Ax � jj 2
2 =(m� n) ; n � k; m � k

�
� � THEN STOP .

IF pF S

��
m� n
n� k

�
� k

jj yjj 2
2 � � k

; n � k; m � k
�

� � THEN STOP .
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Numerical test problem:data assimilation

Data assimilation problems constitute an important class of regression
problems. Their purpose is to reconstruct the initial conditions att = 0 of
a dynamical system based on knowledge of the system's evolution laws
and on observations of the state at timest i . More precisely, consider a
linear dynamical system described by the equation_x = f (t; x ) whose
solution operator is given byx(t) = M (t)x0. Assume that the system state
is observed (possibly only in parts) at timesf t i gN

i =0 , yielding observation
vectorsf yi gN

i =0 , whose model is given byyi = Hx (t i ) + � , where� is a
noise with covariance matrixRi = � 2I . We are then interested in �nding
x0 which minimizes

1
2

NX

i =0

kHM (t i )x0 � yi k2
R � 1

i
:
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Numerical test problem:data assimilation

@u
@t = � u � u in S2 = [0 ; 1] � [0; 1] u = 0 on@S
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Numerical test problem:data assimilation

@u
@t = � u � u in S2 = [0 ; 1] � [0; 1] u = 0 on@S

The system is integrated with timestepdt, using an implicit Euler
scheme. In the physical domain, a regular �nite difference scheme is
taken for the Laplace operator, with same spacingh in the two spatial
dimensions.
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Numerical test problem:data assimilation

@u
@t = � u � u in S2 = [0 ; 1] � [0; 1] u = 0 on@S

The system is integrated with timestepdt, using an implicit Euler
scheme. In the physical domain, a regular �nite difference scheme is
taken for the Laplace operator, with same spacingh in the two spatial
dimensions.

The data of our problem is computed by imposing a solutionx0(x; y; 0)
computing the exact system trajectory and observingHx at every point
in the spatial domain and at every time step.
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Numerical test problem:data assimilation

@u
@t = � u � u in S2 = [0 ; 1] � [0; 1] u = 0 on@S

The system is integrated with timestepdt, using an implicit Euler
scheme. In the physical domain, a regular �nite difference scheme is
taken for the Laplace operator, with same spacingh in the two spatial
dimensions.

The data of our problem is computed by imposing a solutionx0(x; y; 0)
computing the exact system trajectory and observingHx at every point
in the spatial domain and at every time step.

m = 8100, n = 900 = 302, dt = 1 , h = 1=31, N = 8 and
H = diag((1 1:8; 21:8; : : : ; n1:8).
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Numerical test problem:data assimilation

@u
@t = � u � u in S2 = [0 ; 1] � [0; 1] u = 0 on@S

The system is integrated with timestepdt, using an implicit Euler
scheme. In the physical domain, a regular �nite difference scheme is
taken for the Laplace operator, with same spacingh in the two spatial
dimensions.

The data of our problem is computed by imposing a solutionx0(x; y; 0)
computing the exact system trajectory and observingHx at every point
in the spatial domain and at every time step.

m = 8100, n = 900 = 302, dt = 1 , h = 1=31, N = 8 and
H = diag((1 1:8; 21:8; : : : ; n1:8).

The observation vectory is obtained by imposing
x0(x; y; 0) = 1

4 sin(1
4x)(x � 1) sin(5y)(y � 1), and by adding a

random measurement error with Gaussian distribution with zero mean
and covariance matrixRi = � 2I n , where� = 10 � 3. In our numerical
experiments, we do not precondition CGNE.
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Numerical results
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Stopping criteria
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Stopping criteria

1. � 1 = pF S
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The value ofpF S andp� are respectively computed by the Matlab func-
tions fcdf andgammainc (Matlab Statistics Toolbox), and the functions
gammcdf andchis cdf
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Stopping criteria versus CG iteration count
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Summary and open problems

LSQR (see also X.-W. CHANG, C. C. PAIGE, AND D. TITLEY-PELOQUIN 2008 for the deterministic part)
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Summary and open problems

LSQR (see also X.-W. CHANG, C. C. PAIGE, AND D. TITLEY-PELOQUIN 2008 for the deterministic part)

Generalization to Total Least Squares

Stocastic PDEs

Nonlinear LSP
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Numerical results: sparse case (illc1850 no
prec)
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Stopping criteria versus CG iteration count
(illc1850 no prec)
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Numerical results: sparse case (illc1850)

Preconditioner Incomplete Cholesky(10� 2)
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Stopping criteria versus CG iteration count
(illc1850)

Preconditioner Incomplete Cholesky(10� 2)
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