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Static Pivoting

An ALTERNATIVE is to useStatic Pivoting , by replacingxk by

xk + �

andCONTINUE.

This is evenmoreimportantin thecaseof parallelimplementation
wherestaticdatastructuresareoftenpreferred
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Static Pivoting

Severalcodesuse(or haveanoptionfor) thisdevice:

SuperLU(DemmelandLi)

PARDISO(GärtnerandSchenk)

MA57 (Duff andPralet)
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Static Pivoting

We thushave factorized

A + E = LD L T = M

wherejE j � � I

Thethreecodesthenhave anIterative Re�nement option.
IR will convergeif � (M � 1E) < 1
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Static Pivoting

Choosing�

Increase� =) increasestabilityof decomposition

Decrease� =) betterapproximationof theoriginalmatrix,reducesjjE jj

Trade-off

� " =) big growth in preconditioningmatrixM

� 1 =) hugeerrorjjE jj .

Conventionalwisdomis to choose

� = O(
p

")

In reallife � (M � 1E) > 1
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Right preconditionedGMRES and Flexible
GMRES

procedure[x] = right_Prec_GMRES(A,M,b)

x 0 = M � 1 b, r 0 = b � Ax 0 and� = jj r 0 jj
v 1 = r 0 =� ; k = 0;
while jj r k jj > � ( jj bjj + jj A jj jj x k jj )

k = k + 1 ;

z k = M � 1 v k ; w = Az k ;
for i = 1 ; : : : ; k do

h i;k = v T
i w ;

w = w � h i;k v i ;

endfor;
h k +1 ;k = jj w jj ;

v k +1 = w =h k +1 ;k ;

V k = [v 1 ; : : : ; v k ] ;
H k = f h i;j g 1 � i � j +1;1 � j � k ;

y k = arg min y jj � e1 � H k y jj ;

x k = x 0 + M � 1 V k y k andr k = b � Ax k ;
endwhile ;

endprocedure.

procedure[x] =FGMRES(A,M,b)

x 0 = M � 1 b, r 0 = b � Ax 0 and� = jj r 0 jj
v 1 = r 0 =� ; k = 0;
while jj r k jj > � ( jj bjj + jj A jj jj x k jj )

k = k + 1 ;

z k = M � 1 v k ; w = Az k ;
for i = 1 ; : : : ; k do

h i;k = v T
i w ;

w = w � h i;k v i ;

endfor;
h k +1 ;k = jj w jj ;

v k +1 = w =h k +1 ;k ;

Z k = [z 1 ; : : : ; z k ] ; V k = [v 1 ; : : : ; v k ] ;
H k = f h i;j g 1 � i � j +1;1 � j � k ;

y k = arg min y jj � e1 � H k y jj ;
x k = x 0 + Z k y k andr k = b � Ax k ;

endwhile ;
endprocedure.
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Roundoff error 1

ThecomputedL̂ andD̂ in �oating-point arithmeticsatisfy

8
><

>:

A + � A + � E = M
jj � Ajj � c(n)" jj jL̂ j jD̂ j jL̂ T j jj
jjE jj � 1:

Theperturbation� A musthavea normsmallerthan� , in orderto not
dominatetheglobalerror.

A suf�cient conditionfor this is n " jj jL̂ j jD̂ j jL̂ T j jj � �

jj jL̂ j jD̂ j jL̂ T j jj � n
� =) " � � 2

n2

Moreover, weassumethat maxfjj M � 1jj ; jj �Zk jjg � ~c
� .
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Roundoff error 2

Theroundoff erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof theArnoldi-Krylov process(GiraudandLangou,
Björck andPaige,andPaige,Rozlo�ník, andStrakoš).

2. Erroranalysisof theGivensprocessusedon theupperHessenberg
matrixHk in orderto reduceit to uppertriangularform.

3. Erroranalysisof thecomputationof xk in FGMRESandGMRES.

4. Useof thestaticpivotingpropertiesandof A + E = LD L T in orderto
have the�nal expressions.

The �rst two stagesof the roundoff error analysisare the samefor both
FGMRESandGMRES.the last two stagesarespeci�c to eachoneof the
two algorithms.

Toulouse, Sparse Days 2006 – p.18/30



Roundoff error 2

Theroundoff erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof theArnoldi-Krylov process(GiraudandLangou,
Björck andPaige,andPaige,Rozlo�ník, andStrakoš).

2. Erroranalysisof theGivensprocessusedon theupperHessenberg
matrixHk in orderto reduceit to uppertriangularform.

3. Erroranalysisof thecomputationof xk in FGMRESandGMRES.

4. Useof thestaticpivotingpropertiesandof A + E = LD L T in orderto
have the�nal expressions.

The �rst two stagesof the roundoff error analysisare the samefor both
FGMRESandGMRES.the last two stagesarespeci�c to eachoneof the
two algorithms.

Toulouse, Sparse Days 2006 – p.18/30



Roundoff error 2

Theroundoff erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof theArnoldi-Krylov process(GiraudandLangou,
Björck andPaige,andPaige,Rozlo�ník, andStrakoš).

2. Erroranalysisof theGivensprocessusedon theupperHessenberg
matrixHk in orderto reduceit to uppertriangularform.

3. Erroranalysisof thecomputationof xk in FGMRESandGMRES.

4. Useof thestaticpivotingpropertiesandof A + E = LD L T in orderto
have the�nal expressions.

The �rst two stagesof the roundoff error analysisare the samefor both
FGMRESandGMRES.the last two stagesarespeci�c to eachoneof the
two algorithms.

Toulouse, Sparse Days 2006 – p.18/30



Roundoff error 2

Theroundoff erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof theArnoldi-Krylov process(GiraudandLangou,
Björck andPaige,andPaige,Rozlo�ník, andStrakoš).

2. Erroranalysisof theGivensprocessusedon theupperHessenberg
matrixHk in orderto reduceit to uppertriangularform.

3. Erroranalysisof thecomputationof xk in FGMRESandGMRES.

4. Useof thestaticpivotingpropertiesandof A + E = LD L T in orderto
have the�nal expressions.

The �rst two stagesof the roundoff error analysisare the samefor both
FGMRESandGMRES.the last two stagesarespeci�c to eachoneof the
two algorithms.

Toulouse, Sparse Days 2006 – p.18/30



Roundoff error 2

Theroundoff erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof theArnoldi-Krylov process(GiraudandLangou,
Björck andPaige,andPaige,Rozlo�ník, andStrakoš).

2. Erroranalysisof theGivensprocessusedon theupperHessenberg
matrixHk in orderto reduceit to uppertriangularform.

3. Erroranalysisof thecomputationof xk in FGMRESandGMRES.

4. Useof thestaticpivotingpropertiesandof A + E = LD L T in orderto
have the�nal expressions.

The �rst two stagesof the roundoff error analysisare the samefor both
FGMRESandGMRES.the last two stagesarespeci�c to eachoneof the
two algorithms.

Toulouse, Sparse Days 2006 – p.18/30



Roundoff error 2

Theroundoff erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof theArnoldi-Krylov process(GiraudandLangou,
Björck andPaige,andPaige,Rozlo�ník, andStrakoš).

2. Erroranalysisof theGivensprocessusedon theupperHessenberg
matrixHk in orderto reduceit to uppertriangularform.

3. Erroranalysisof thecomputationof xk in FGMRESandGMRES.

4. Useof thestaticpivotingpropertiesandof A + E = LD L T in orderto
have the�nal expressions.

The �rst two stagesof the roundoff error analysisare the samefor both
FGMRESandGMRES.the last two stagesarespeci�c to eachoneof the
two algorithms.

Toulouse, Sparse Days 2006 – p.18/30



Roundoff error FGMRES

We canprove that9k� s.t8k � k� Flexible GMREScomputesa �xk s.t.

jjb� A �xk jj � c(n; k)" (jjbjj+ jjAjj jj �x0jj+ jjAjj jj �Zk jj jjM ( �xk � �x0)jj )+ O("2)

If c(n; k)" jjAjj jj �Zk jj < 1 8k

jjb� A �xk jj � 2�" (jjbjj + jjAjj (jj �x0jj + jj �xk jj )) + O("2):

� = c(n;k )
1� c(n;k )" jj A jj jj �Zk jj
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Roundoff error right preconditioned
GMRES

As wedid for FGMRES,wecanprove that9k� s.t8k � k� theright
preconditionedGMREScomputesa �xk s.t.

jjb� A �xk jj � c1(n; k)�"
n

jjbjj + jjAjj jjx 0jj + jjAM � 1jj jjM jj jj �xk � x0jj +
h

jjAjj jj �Zk jj + jjAM � 1jj jjM � 1jj jj jL̂ j jD̂ j jL̂ T j jj
i
�

h
jjM ( �xk � x0)jj + n" jjM jj (jj �xk � x0jj + jjx0jj )

i o
+ O("2):

If � = c2(n; k) "
h

jjAjj jj �Zk jj + jjM � 1jj jj jL̂ j jD̂ j jL̂ T j jj
i

< 1 8k

jjb� A �xk jj � � "
h

jjbjj +
�
jjAjj + jjM � 1jj

� �
jj �xk jj + jjx0jj

� i
+ O("2):

� = c2 (n;k )
1� �
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TestProblems

n nnz Description

CONT_201 80595 239596 KKT matrixConvex QP(M2)

CONT_300 180895 562496 KKT matrixConvex QP(M2)

TUMA_1 22967 76199 Mixed-Hybrid�nite-element

Testproblems
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TestProblems:TUMA 1

0 0.5 1 1.5 2

x 10
4
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0.5
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nz = 87760

TUMA 1
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TestProblems:CONT-201
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Numerical experiments:TUMA 1

jjb � A �xk jj
jj bjj + jjAjjjj �xk jj

� FGMRES GMRES jj M jj jj M � 1 jj jj x 0 jj jj j L̂ j j D̂ j j L̂ T j jj jj �Z k jj jj x k � x 0 jj 2

1e-02 9.3e-17 5.7e-15 4.89 623.57 336.4 3.9e+04 186.14 315.6

1e-04 2.8e-17 9.4e-17 4.89 625.34 89.01 1.5e+05 53.69 2.8

1e-06 2.8e-17 2.0e-16 4.89 625.36 87.70 1.5e+07 42.97 2.6e-02

1e-08 2.8e-17 7.7e-17 4.89 625.76 87.69 1.5e+09 42.95 2.6e-04

1e-10 2.8e-17 3.7e-14 4.89 625.03 87.69 1.5e+11 4.44 1.6e-04

1e-12 2.8e-17 9.0e-10 4.89 626.55 87.69 1.5e+13 26.54 1.4e-02

1e-14 5.7e-17 4.7e-06 4.89 621.60 87.68 1.5e+15 232.13 1.3

1e-15 4.3e-12 9.0e-04 22.98 931.62 91.99 2.2e+17 443.34 19.8

TUMA 1 results
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Numerical experiments:CONT_201

jjb � A �xk jj
jj bjj + jjAjjjj �xk jj

� FGMRES GMRES jj M jj jj M � 1 jj jj x 0 jj jj j L̂ j j D̂ j j L̂ T j jj jj �Z k jj jj x k � x 0 jj 2

1e-02 1.1e-03 1.1e-03 8.11 1.9e+04 296.5 5.4e+06 1.7e+04 267.6

1e-04 5.7e-07 5.7e-07 8.08 5.4e+05 394.9 1.9e+08 5.3e+05 372.7

1e-06 7.0e-17 4.6e-13 8.08 4.4e+06 159.2 1.4e+10 4.9e+06 137.0

1e-08 4.5e-17 1.1e-11 8.08 3.6e+07 241.8 2.5e+12 3.5e+07 113.4

1e-10 3.5e-17 7.5e-10 8.08 1.5e+07 163.0 8.7e+14 1.0e+06 1.4

1e-12 3.7e-17 1.8e-08 8.08 1.5e+07 199.6 1.7e+16 5.4e+02 58.5

1e-14 2.6e-15 5.0e-04 197.6 1.2e+07 16504 3.4e+18 1.7e+03 16585

1e-15 1.4e-12 6.8e-02 421.1 4.9e+06 36941 2.5e+19 5.1e+02 37022

CONT_201results
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Numerical experiments:CONT_300

jjb � A �xk jj
jj bjj + jjAjjjj �xk jj

� FGMRES GMRES jj M jj jj M � 1 jj jj x 0 jj jj j L̂ j j D̂ j j L̂ T j jj jj �Z k jj jj x k � x 0 jj 2

1e-02 1.2e-03 1.2e-03 8.1 1.7e+04 345.9 4.2e+07 1.2e+04 286.4

1e-04 1.2e-06 1.2e-06 8.1 3.1e+05 357.0 2.3e+09 2.3e+05 300.2

1e-06 7.9e-15 1.1e-12 8.1 2.5e+06 309.0 2.3e+11 2.1e+06 252.2

1e-08 4.4e-17 4.4e-12 8.1 9.1e+07 266.8 4.0e+13 7.1e+07 284.0

1e-10 3.5e-17 3.4e-08 8.0 7.7e+07 246.0 2.5e+15 6.1e+05 1.8

1e-12 4.1e-17 1.4e-06 16.3 7.6e+07 372.9 3.9e+17 7.3e+02 181.6

1e-14 2.0e-15 9.2e-04 3031.6 7.4e+07 20176 3.5e+19 5.1e+02 20159

1e-15 7.9e-15 2.0e-02 25391 6.1e+07 70577 2.6e+20 5.5e+02 70670

CONT_300results
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Numerical experiments
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� = 10� 6; 10� 8; 10� 10
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Numerical experiments
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Summary

IR with staticpivoting is verysensitive to � andnot robust

GMRESis alsosensitiveandnot robust

FGMRESis robustandlesssensitive (seeroundoff analysis)

Gainsfrom restarting.MakesGMRESmorerobust,savesstoragein
FGMRES( but not reallyneeded)

Understandingof why � �
p

" is best.
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