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sy Linear system

We wishto solve large sparsesystems

AX =D

whereA 2 RN N is symmetricinde nite
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AT L. Linear system

A particularandimportantcasearisean saddle-poinproblemswherethe
coefcient matrixis of theform

Sincewe wantaccuratesolutions,we would preferto usea directmethod
of solutionandour methodof choiceusesa multifrontal approach.
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Multifr ontal method
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O O Fromchildrento parent

ASSEMBLY  Gather/Scatter
operations(indirect address-

INg)

Toulouse, Sparse Days 2006 — p.6/30



Multifr ontal method

Fromchildrento parent

ASSEMBLY Gather/Scatter
operationgindirect
addressing)

ELIMINATION Full Gaussian
elimination, Level 3 BLAS
(TRSM, GEMM)

Toulouse, Sparse Days 2006 — p.6/30




Multifr ontal method

Fromchildrento parent

ASSEMBLY Gather/Scatter
operationgindirect
addressing)

ELIMINATION Full Gaussian
elimination, Level 3 BLAS
(TRSM, GEMM)

Toulouse, Sparse Days 2006 — p.6/30




Multifr ontal method

F F
11 12
T

F 12 F 22

Pivot canonly bechoserfrom F11 block sinceF», is NOT fully summed.
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Multifr ontal method

F F
11 12
T

F 12 F 22

0

Situationwrt restof matrix
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Pivoting (1 1)

Choosex asl 1pivot if jx] > ujy]
wherejyj Is thelargestin column.

Toulouse, Sparse Days 2006 — p.9/30




Pivoting (2 2)

For theinde nite casewe canchoose2 2 pivot wherewe require
¥ #."  # " H#

X1 X2 1Y)

X2 X3 JZ]

Cl_C|-

whereagain|yj andjzj arethelargestin their columns.
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Pivoting

If weassumeahatk 1 pivotsarechoseroutjxygj < ujyj:
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Pivoting

If weassumeahatk 1 pivotsarechoseroutjxygj < ujyj:
we caneithertake theRISK anduseit or
the pivot andthensendto the parentalarger Schurcomplement.

This cancausemorework andstorage

Toulouse, Sparse Days 2006 — p.11/30




Static Pivoting

An ALTERNATIVE IS to usesStatic Pivoting , by replacingxy by
Xk T

andCONTINUE.
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Static Pivoting

An ALTERNATIVE IS to usesStatic Pivoting , by replacingxy by
Xk T

andCONTINUE.

Thisis evenmoreimportantin the caseof parallelimplementation
wherestaticdatastructuresareoftenpreferred
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Static Pivoting

Severalcodesuse(or have anoptionfor) this device:
SuperLU(DemmelandLi)
PARDISO (GartnerandSchenk)
MAS7 (Duff andPralet)
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Static Pivoting

We thushave factorized
A+E=LDL"=M

wherejE | I
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Static Pivoting

We thushave factorized
A+E=LDL"=M

where|E | I

Thethreecodeshenhave aniterative Re nement option.
IR will corvergeif (M 1E)< 1
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Static Pivoting

Choosing
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Static Pivoting

Choosing

Increase =) Increasestability of decomposition
Decrease =) betterapproximatiorof theoriginal matrix,reducegjE|j

Trade-of
" =) big growth in preconditioningmatrix M
1=) hugeerrorjEjj.
Conventionalwisdomis to choose
P
=0( ")

Inreallife (M 'E)> 1
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Right preconditionedGMRES and Flexible

GMRES

procedurdx] =right Prec_ GMRES(A,M,b)

xo= M Ibrg=1b Axgand = jrgj
v, = ro= ;k=0;
whilejj rycji > (i bii + §i AQi i xy i)
k = k + 1;
Zk = M 1vk,w = Az ;
fori = 1;:::;k do
hl,k = ViTW,
w = w hik Vi
endfor;

h+r k = Wi
Vk+1l = W=hpoyr ks

Hi = fhyj 91 4 j+11 j «k°
Yk = arg min yj e1  Hyvyij;
XK = Xg + M 1kak andri = b
endwhile ;
endprocedure.

AXk;

procedurdx] =FGMRES(A,M,b)
Xg = M 1 b,r 0 = b
v, = ro= ;k=0;

whilejj i ji > (b + i AG G x i)
k = k + 1;
zy = M 1vk;w = Az
fori = 1;:::;kdo
hik = ViTW'
w = w hik Vi
endfor;
hgsr k = Wi
Vk+l = W=hpoyg ks
Zk = [Zl;"';Zk];Vk = [V]_;"';Vk],
Hi = fhiyj 91 4 j+11 j «k°

Yk = arg min y jj eg

XKk = Xg+ ZigYyg andr = b

endwhile ;
endprocedure.

Ax gand = jjrgjj

Hykvis
AX ki
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Roundoff error 1

Thecomputed® andD in oating-point arithmeticsatisfy

38
e A+ A+ E=M

J Al o) iijCiDjCT ]
NEN L
Theperturbation A musthave anormsmallerthan , in orderto not
dominatetheglobalerror.
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Roundoff error 1

Thecomputed® andD in oating-point arithmeticsatisfy

38
e A+ A+ E=M

J Al o) iijCiDjCT ]
NEN L
Theperturbation A musthave anormsmallerthan , in orderto not
dominatetheglobalerror.

A sufcient conditionfor thisis | n "jjjCjjDjjCTjijj

jiCioicT =) &
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Roundoff error 1

Thecomputed® andD in oating-point arithmeticsatisfy

38
e A+ A+ E=M

J Al o) iijCiDjCT ]
NEN L
Theperturbation A musthave anormsmallerthan , in orderto not
dominatetheglobalerror.

A sufcient conditionfor thisis | n "jjjCjjDjjCTjijj

BCHDIICTI te)

n2

Moreover, we assumehat
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Roundoff error 2

Theroundof erroranalysisof bothFGMRESandGMREScanbemadein
four stages:
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Roundoff error 2

Theroundof erroranalysisof bothFGMRESandGMREScanbemadein
four stages:

1. Erroranalysisof the Arnoldi-Krylov procesgGiraudandLangou,
Bjorck andPaige,andPaige,Rozlo nik, andStralos).

2. Error analysisof the GivensprocessisedontheupperHessenbey
matrix Hy in orderto reducdt to uppertriangularform.

3. Error analysisof the computatiorof X, in FGMRESandGMRES.

4. Useof thestaticpivoting propertiesandof A+ E = LD L' in orderto
havethe nal expressions.

The rst two stagesof the roundof error analysisare the samefor both
FGMRESandGMRES.the lasttwo stagesarespeci c to eachoneof the
two algorithms.
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Roundoff error FGMRES

We canprovethat9k s.t8k k Flexible GMREScomputesaxy S.t.
jib Axiji  o(n; k)" (fbij+ i Ajj fixoji+ i ATl 1 Zkij iM (X x0)jj)+ O("?)
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Roundoff error FGMRES

We canprovethat9k s.t8k k Flexible GMREScomputesaxy S.t.
jib Axiji  o(n; k)" (fbij+ i Ajj fixoji+ i ATl 1 Zkij iM (X x0)jj)+ O("?)

It c(n;K)" A 1 Zk)) < 1 8k

b Axkji 2" (ibij + A Gixol + Jix«ii) + O("%):
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Roundoff error right preconditioned
GMRES

As we did for FGMRES,we canprovethat9k s.t8k Kk theright

preconditionedsMREScomputesa Xy S.t.
n

o Axidi g k)™ giby + A X0l + JJAM i M) Xk Xolj +
WIAITIZK)) + JJAM HiiM o NigiiciiniicTj o
iM (xk Xo)ij + n" JiMjj (jixk Xl + jiXolj)  + O("°):
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Roundoff error right preconditioned
GMRES

As we did for FGMRES,we canprovethat9k s.t8k Kk theright

preconditionedsMREScomputesa Xy S.t.
n

o Axidi g k)™ giby + A X0l + JJAM i M) Xk Xolj +
WIAITIZK)) + JJAM HiiM o NigiiciiniicTj o
iM (xk Xo)ij + n" JiMjj (jixk Xl + jiXolj)  + O("°):

h
1

If] = co(n; k)" jiAGGIZeji + iM YijiiCiDfCTi < 1 8k
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Roundoff error right preconditioned
GMRES

As we did for FGMRES,we canprovethat9k s.t8k Kk theright

preconditionedsMREScomputesa Xy S.t.
n

o Axidi g k)™ giby + A X0l + JJAM i M) Xk Xolj +
WIAITIZK)) + JJAM HiiM o NigiiciiniicTj o
iM (xk Xo)ij + n" JiMjj (jixk Xl + jiXolj)  + O("°):

h
1

If] = co(n; k)" jiAGGIZeji + iM YijiiCiDfCTi < 1 8k

h i
Jjb  AXxy]j COgib A GAG+GIM Y Gixi # i)+ O("2):
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TestProblems

n nnz Description

CONT_201| 80595| 239596| KKT matrix Corvex QP (M2)
CONT _300|| 180895| 562496 | KKT matrix Corvex QP (M2)
TUMA 1 22967 | 76199| Mixed-Hybrid nite-element

Testproblems
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TestProblems: TUMA 1

% 10° TUMA 1

nz = 87760 % 10°
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TestProblems: CONT-201
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Numerical experiments: TUMA 1

JJb AX]]

BJ + AL Xk

FGMRES GMRES | jj M jj iMoo L i x ol jiciisiicT g i Z i Xk Xoli2
le-02 9.3e-17 5.7e-15 4.89 623.57 336.4 3.9e+04 186.14 315.6
1le-04 2.8e-17 9.4e-17 4.89 625.34 89.01 1.5e+05 53.69 2.8
1e-06 2.8e-17 2.0e-16 4.89 625.36 87.70 1.5e+07 42.97 2.6e-02
1e-08 2.8e-17 7.7e-17 4.89 625.76 87.69 1.5e+09 42.95 2.6e-04
le-10 2.8e-17 3.7e-14 4.89 625.03 87.69 1.5e+11 4.44 1.6e-04
le-12 2.8e-17 9.0e-10 4.89 626.55 87.69 1.5e+13 26.54 1.4e-02
le-14 5.7e-17 4.7e-06 4.89 621.60 87.68 1.5e+15 232.13 1.3
le-15 4.3e-12 9.0e-04 22.98 931.62 91.99 2.2e+17 443.34 19.8

TUMA 1 results
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Numerical experiments: CONT_201

JJb AX]]

BJ + AL Xk

FGMRES GMRES | jj M jj iMoo L i x ol jiciisiicT g i Z i Xk Xoli2
le-02 1.1e-03 1.1e-03 8.11 1.9e+04 296.5 5.4e+06 1.7e+04 267.6
1le-04 5.7e-07 5.7e-07 8.08 5.4e+05 394.9 1.9e+08 5.3e+05 372.7
1e-06 7.0e-17 4.6e-13 8.08 4.4e+06 159.2 1.4e+10 4.9e+06 137.0
1e-08 4.5e-17 1.1e-11 8.08 3.6e+07 241.8 2.5e+12 3.5e+07 113.4
1le-10 3.5e-17 7.5e-10 8.08 1.5e+07 163.0 8.7e+14 1.0e+06 1.4
le-12 3.7e-17 1.8e-08 8.08 1.5e+07 199.6 1.7e+16 5.4e+02 58.5
le-14 2.6e-15 5.0e-04 197.6 1.2e+07 16504 3.4e+18 1.7e+03 16585
le-15 1.4e-12 6.8e-02 421.1 4.9e+06 36941 2.5e+19 5.1e+02 37022

CONT _201results
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Numerical experiments: CONT_300

JJb AX]]

BJ + AL Xk

FGMRES GMRES | jj M jj iMoo L i x ol jiciisiicT g i Z i Xk Xoli2
le-02 1.2e-03 1.2e-03 8.1 1.7e+04 345.9 4.2e+07 1.2e+04 286.4
1le-04 1.2e-06 1.2e-06 8.1 3.1e+05 357.0 2.3e+09 2.3e+05 300.2
1e-06 7.9e-15 1.1e-12 8.1 2.5e+06 309.0 2.3e+11 2.1e+06 252.2
1e-08 4.4e-17 4.4e-12 8.1 9.1e+07 266.8 4.0e+13 7.1e+07 284.0
1le-10 3.5e-17 3.4e-08 8.0 7.7e+07 246.0 2.5e+15 6.1e+05 1.8
le-12 4.1e-17 1.4e-06 16.3 7.6e+07 372.9 3.9e+17 7.3e+02 181.6
le-14 2.0e-15 9.2e-04 3031.6 7.4e+07 20176 3.5e+19 5.1e+02 20159
le-15 7.9e-15 2.0e-02 25391 6.1e+07 70577 2.6e+20 5.5e+02 70670

CONT _300results
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Numerical experiments

— — flex 8
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GMRESvs. FGMRESon CONT-201testexample:

= 10 %:10 8:10 10
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Numerical experiments

10 T T T T
— ItRef
—— GMRES full
107 — - GMRES10 + ItRef | |
— - GMRES restart=5
GMRES restart=3
-4 — — GMRES restart=2
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RestartedSMRESvs. FGMRESon CONT-201testexample: = 10 8
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Numerical experiments

10 I , , :
— ItRef
— GMRES full
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RestartedSMRESon CONT-201testexample: = 10 °
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Summary

IR with staticpivotingis very sensitveto andnotrobust
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Summary

IR with staticpivotingis very sensitveto andnotrobust
GMRESis alsosensitve andnot robust
FGMRESIs robustandlesssensitve (seeroundof analysis)

Gainsfrom restarting.Makes GMRESmorerobust, savesstoragdan
FGMRES( but notreally needed)

Understandingf why IS best.
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