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o Rutherford Appleton Laboratory TRUTH may be m|S|ead|ng

In a nite dimensional space all norms are equivalent i.e.
CNDIVIIL I vilz - C(N)Jjvij1
|dentify the norms for which we have
aAivila Il vil2 - Cljvijs
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-w>r Rutherford Appleton Laboratory Flnlte dlmenSIOnaI H|Ibert Spaces and QI

(;):H pH | R scalar producand

kuky = (u;u) 8u 2 H norm
8u2H u= 1u,i u2R 1=1;::::N
Represq:;\tatlon of scalar pg)duct iR
Letu= L, u jandv= L, v ;.
Then
XN XN
(U;v) = uivi( i; j)= v Hu
i=1 j=1

whereH; = Hj =( ; j)andu;v 2 RN,
Moreoveru'Hu > 0 iff u 6 0 and, thuH SPD
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f 2H9: H! R (functiona);
f(u+ v)=f (W+ f (v) 8u;v 2 H
HYis the space of the linear functionals Hn

f(u)
kf kKyo = su
" usg Kuky

P
If H nits dimensionalandu = ¥, u; i, then
fuy="N,uf()="fTu
Dual vector
Letu2 H: u60,then9f, 2 H%such that

fu(u) = kuky
(Hahn-Banach).
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LetH be a Hilbert nite dimensional space aktitherealN N
matrix identifying the scalar product.

fuuy= fTu = (u'Hu)¥?
The dual vector ofi has the following representation:

Hu

= ke

and
kfukéo= u'Hu = fTH If
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k _ _
kA Ky v = max KAUKY _ v 2244 =2k,
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o-wr Rutherford Appleton Laboratory LI n e ar O pe rato r

H andV nite dimensional Hilbert spaces.

k _ .
KA Ky -v = max KAU kv _ kv F2AH 72k,

us0 kKuky

The result follows from the generalized eigenvalue probileRN

ATVAU = Hu

H(M)= kMkyy kM Yky 1y
The interesting case is4 (M ) independent oN
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S=M H = w w TwT 2w
= w1l wwlw
- 2

M= www !t w Twiw= ™) (u: vy =( u:v)y
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@ Interpolation spaces

H:M = u2RY: (u;u)m +(u; um

jiviiz = jiviig, = v’ M+ MSt * v

Hy=M 1+St# =wT 1+ 209 w
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@ Interpolation spaces (duality)

M %andH®dual spaces d#i andH
h i, h i
HiM = MSH®
# 1 #

S°=MH *=w' w T
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@ Interpolation spaces (duality)

M %andH®dual spaces d#i andH
h i, h i
HiM = MSH®
# 1 #
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Interpolation spaces L dimension case)

X;Y two Hilbert spaces wittkK Y, X dense and continuously
embedded INY. h; 1y ;h; 1y andk kx;k Kky the respective norms.

(Riesz representation theoyj : X I Y positive and self-adjoint
with respect tdh; i1y such thatu;viy = hu;J viy :
E=J¥:X1 Y,

X = D(E) with kukx Kk ukg := kuk2 + KEuk? ™
kuk = kukZ + KEL ukZ 7

Theinterpolation space of index[X;Y] := D(E* ); O 1,
with the inner-produchu; vi = hu;viy + U;E! v v Is a Hilbert
space (Lions Magenes 1968).

[X;Y]Jo= X and[X;Y]1 = Y.If0< 1< 5»< 1then
X DXY]l, [XY], Y
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@ Interpolation Theorem

LetX;Y HilbertspacesX Y with X dense inY, and with inclusion
compact and continuous. LK&t; Y satisfy similar properties. Let
2L (X;X)\L (Y;Y). Thenforall 2 (0;1),

2L(IX Y 15X Y]):
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@ Interpolation Theorem

LetX;Y HilbertspacesX Y with X dense inY, and with inclusion
compact and continuous. LK&t; Y satisfy similar properties. Let
2L (X;X)\L (Y;Y). Thenforall 2 (0;1),

2L(IX Y 15X Y]):

LetX XjandY Yy nite-dimensional spaces
Ih - L(Xh; X)\L (Yh;Y) the continuous injection operator

ih 2L ([Xn;Yal ;DX Y]):
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2L (X;X)\L (Y;Y). Thenforall 2 (0;1),

2L(IX Y 15X Y]):

8Uh 2 [Xh;Yh] ,kihuhk = kuhk Clkuhk;h:

Sparse Days,CERFACS, Toulouse, 2008 — p.13/30
S



@ Interpolation Theorem

LetX;Y HilbertspacesX Y with X dense inY, and with inclusion
compact and continuous. LK&t; Y satisfy similar properties. Let
2L (X;X)\L (Y;Y). Thenforall 2 (0;1),

2L(IX Y 15X Y]):

8Uh 2 [Xh;Yh] ,kihuhk = kuhk Clkuhk;h :
Assume now that there exists an interpolation oper@itprsuch that
Iy - L(X ;Xh)\L (Y;Yh) andlhu = Un for all Un 2 Xp.

Ih 2L (X Y] [Xn: Yal)
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@ Interpolation Theorem

LetX;Y HilbertspacesX Y with X dense inY, and with inclusion
compact and continuous. LK&t; Y satisfy similar properties. Let
2L (X;X)\L (Y;Y). Thenforall 2 (0;1),

2L(IX Y 15X Y]):

8Uh 2 [Xh;Yh] ,kihuhk = kuhk Clkuhk;h:
8u?2 [X;Y],klhuk.,  Cokuk :

Sparse Days,CERFACS, Toulouse, 2008 — p.13/30
S



@ Interpolation Theorem

LetX;Y HilbertspacesX Y with X dense inY, and with inclusion
compact and continuous. LK&t; Y satisfy similar properties. Let
2L (X;X)\L (Y;Y). Thenforall 2 (0;1),

2L(IX Y 15X Y]):

8Uh 2 [Xh;Yh] ,kihuhk = kuhk Clkuhk;h:
8u?2 [X;Y],klhuk.,  Cokuk :

Since[X; Yhl [X;Y ]

ikuhk K Uhk;h Czkuhk :
Ci1
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@ Interpolation spaces L dimension case)

R" open bounded with smooth boundaryand let denote a
multi-index of orderm wherem is a positive integer

H™()= u:D u2L%); jj m (H°()= L2())

HS():=[ H™() ;H°0] 1 s=m
HS() completionofC} () inH™() ,wheres> 0. For0 s;<sjy,

HE'O SHEQOL = Hg 7 °2(0) f(1 )si+ 526 k+1=2

[Ho'() iHo' ()] = Hgglzz() H§+1:2 if (1 )s;+ So=k+1=2
H °()=( H§() °s>0

f(1 )sp+ so,=1=2

H =) H 2] = HE()
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@ Finite-element example

Hoo ()= [ HO) ;L2 1=2:
LetX, H3() ;Yn L2%() .Letf jg; ; , 2 Xn be aspanning set for

Yy and letL, 2 R" " denote the Grammian matrices corresponding to the
h; iy -innerproduc(H®() = L*()) :

(i = his iy
H=1L;; M=Lgand
Hizpp = Lo | +(Lg L)
Moreover, we have

1 1=2
H1:2;h Hi-> = Lo Lo L1
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@ Finite-element example

0 0

1=2

Hoo () =[H D) tH°0OI 1=2= [Ha() sHO] 1=
Let Xp; Y, be de ned as above. Let® X2 = spanf g, , , where ;
are basis functions dualtq, i.e.h i; jiy 1() Hi() = i

0 X X X
If YY3z= z i= wj i, |= Kii i

i =higin g om0 = Kitha iy = Ky (L)
=1 =1
sothaz = Low andkzkys = kwk +; kzkye = kwk , 1+ ~andthe
matrix representation ¢ 9; H2 are respectively o andLoL , *Lo.

HO, = Lo(LyLy) 2= H 1
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)

Evaluation of H z

Generalised Lanczos
Hx Vk = Hy VT + ke Hyvikar €l VITHy Vi = 1
(T tridiagonal).
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Evaluation of H z

Generalised Lanczos

Hx Vk = Hy VT + ke Hyvikar €l VITHy Vi = 1
(T tridiagonal).
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Hz HyWT, ejkzky, and
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Evaluation of H z

Generalised Lanczos
Hx Vk = Hy VT + ke Hyvikar €l VITHy Vi = 1
(T tridiagonal).

Vo= <2

Hz HyWT. ekzky, and
Hpz HyW(k+ T )erkzky, :
Vo= H, 'z

H 'z VT, ‘eikzky :and
Hounz Vi(le+ T ) 1e1kaHY1:

Alternative: N. Hale, and N. J. Higham and L. N. Trefeth@R;. numer ana
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@ Preconditioners for the Steklov-Poincaré
operator

Let be an open subset 8¢ with boundary@ and consider the model
problem

( |
= f n
=0 on@ :
Given a partition of into two subdomains 1[ 2 with common
boundary this problem can be equivalently written as
( . ( |
up = f In 1; up, = f In o,
up =0 on@ 1n ; u,» =0 on@ »>n
with the “interface cond(itions'
Up = Uy
] @y O

@y @u
@n @n

Sparse Days,CERFACS, Toulouse, 2008 — p.18/30




@ Preconditioners for the Steklov-Poincaré
operator

Given 1; 22 Hégz() . 1. 2 denote the harmonic extensions qf »
respectively into ;; o, l.e., fori =1;2, ; satisfy

8

2 i =0 In j;
S i = on

' i =0 on@ ; n

The Steklov-Poincaré operatsr: Hyo () | H 172()

hS 1; 2i|_|1:2() = hr 1, T 2iL2() =. S( 1; 2):

Clk ka 1=2() S(, ) C2k ka 1=2() ,
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Preconditioners for the

operator
(
(i e =i s
u® =0 on@
19 19
M s - Q¥ @i
: @n @n
(iii) U =0 in i
u® = on@;i:
The resulting solution is
Uj = uf1g+ uf2g

Steklov-Poincaré
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@ An other problem

u+bDru =f in
u =0 on@ :
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)

Discrete Formulation

vhi=vhr= w2cC%): wji2P 82T, HY)
be a nite-dimensional space of piecewise polynomial fumté de ned
on some subdivisionl, of Into simplicest of maximum diameter
h. Let furthervM vy  vh satisyvh v vh wherev" =
w2 Vh:wjg =0 . Let Xy H3() denote the space spanned by
the restriction of the basis functionsgf' to the internal boundary.
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Discrete Formulation

M) Ay ®= 1, i
() Ay u J = A;I-B 1UB AII_B; ZUB,

whereS is the Schur complement corresponding to the boundary nodes
S=S1+S; Si=Ass AlgiAyi A

The resulting solution igu;. 1; uy.2; ug) where

f1 £2
Ui = Ui o+ U=
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&) H o5°-preconditioners

LetXh = spanf ;1 | mgbe de ned as above and let
(Lk)ij = hi; jng() fork =0; 1. Let

Hip := Lo(Lg'Lp)*™:
Then forall 2 R™ nf0g

-
Hi=

with 1; > Independent of.

Sparse Days,CERFACS, Toulouse, 2008 — p.24/30
S



Discrete DD

An A
0 Ps
with A, = L + Ny, wherelL,, is the direct sum of Laplacians as-

sembled on each subdomain ad¢g is the direct sum of the convection
operato® r assembled also on each subdomain.

P =
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Numerical results: Poisson equatione

Linear Quadratic
# dom n m Hi=on | Hi=2 I'b1:2 Hi=on | Hi=2 fblzz

45,377 449 10 9 9 11 11 11

4 180,865 897 10 10 10 11 11 11
122,177 1793 11 11 11 11 11 11

45,953 1149 13 12 12 13 13 13

16 183,041 2301 13 13 13 13 13 13
730,625 | 4605 13 13 13 13 13 13

66,049 3549 16 14 14 16 15 15

64 263,169 7133 16 15 15 16 15 15
1,050,625| 14,301 17 16 15 17 15 15

FGMRES iterations for model problem .
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An other problem

Linear Quadratic
# dom n m =1 =0:1 =0:01 =1 =0:1 =0:01

45,377 449 10 12 21 12 13 20

4 180,865 897 11 11 20 12 13 19
722,177 | 1793 11 11 19 12 12 18

45,953 1149 12 17 37 13 17 35

16 183,041 | 2301 13 17 35 13 16 32
730,625 | 4605 12 15 32 12 15 30

66,049 3549 16 22 55 17 21 51

64 263,169 | 7133 17 22 52 16 20 46
1,050,625| 14,301 15 19 47 16 19 43

FGMRES iterations for 2nd model problem
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Exotic domains

QUANTUM graphs (metric graph)
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Exotic domains
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2-D simplex
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)

Exotic domains

QUANTUM graphs (metric graph)
2-D simplex
Same theory with Laplace-Beltrami operator

Sparse Days,CERFACS, Toulouse, 2008 — p.28/30
S



Green functions on wirebasket

Steklov-Poincaré Green function
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Green functions on wirebasket

Steklov-Poincaré Green function Neumann-Neumann Green
function

Sparse Days,CERFACS, Toulouse, 2008 — p.29/30




Green functions on wirebasket

Steklov-Poincaré Green function H 1¥2 Green function
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@ Open problems

Domain decomposition: preliminary results show total ppel@dence
from mesh size
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@ Open problems

Domain decomposition: preliminary results show total ppel@dence
from mesh size

Strange domains: 1D simplex (wirebasket) and QUANTUM GRAPH
3D PDEs

Utilization in Image Denoising

H® s> 1

Generalization to Banach spaces (K-method Peetre)

For which class of matrices the Schur complement is spéctral
equivalent to an algebraic interpolation space matrix
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