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€ CECLRE... Finite dimensionalHilbert spacesand IR

(;):H 0 H ! Rscalamproductand
kuky = (u;u) 8u 2 H norm
Of iQiz1::N aba]§isforH
8u2H u= L u; U2Ri=1::;N
Represertatlonf scalarprog,uctm R™.
Letu = 1uI . andv = I1v i
Then
XX
(u; V) = uvi( i; ;)= Vv Hu
i=1 j=1

whereH; = Hj; = ( j; j)andu;v 2 R".
Moreover, u'Hu > 0O iff u 6 0and,thusH SPD
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e Finite dimensional Banach spacesand IRN

Rutherford

Othernormsarepossble on RN :

Toulouse February, 2004 — p.4/83
L



& CCLRE . Finite dimensional Banach spacesand IRM
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2 G Finite dimensional Banach spacesand IRM

Othernormsarepossble on RN :

I:)N 1=2 \psi
mkuk, = (P — (U)P)withl< p< 1
mkuky = ({5 juij)

mkuk; = max ju;j

Hypernormson RN of orderk.

kK K, : R'! R

| 8 2R Kk uk =] jkuk,
Il 8u;v2 RY  ku+ vk, kuk, + kvk, component-wse
11 kuk, = 0¢) U= Oy
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f 2H%:H! R(functional);
fCu+ v)= f(u+ f(v) 8u;v2 H
HPis the spaceof thelinearfunctionalson H

f(u)
kf kKyo= su
° ueop Kuky
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f 2H%:H! R(functional);
fCu+ v)= f(u+ f(v) 8u;v2 H
HPis the spaceof thelinearfunctionalson H

f(u)
kf kKyo= su
° ueop Kuky

P
It H nitg dimensioml andu = N, Ui i, then
fu=" Y, uf()=fTu
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f 2H%:H! R(functional);
fCu+ v)= f(u+ f(v) 8u;v2 H
HPis the spaceof thelinearfunctionalson H

f(u)
kf kKyo= su
° ueop Kuky

P
It H nitg dimensioml andu = N Ui i, then
fu=" Y, uf()=fTu
Dual vector
Letu2 H; u6 0,then9f, 2 Hsuchthat

fu(u) = kuky
(Hahn-Banach).
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Let H beaHilbert nite dimensonalspaceandH thereal
N N matrixidentfying the scalamproduct.
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Let H beaHilbert nite dimensonalspaceandH thereal
N N matrixidentfying the scalamproduct.

fuuy=f'u = (u"Hu)*

Thedualvectorof u hasthefollowing representation:
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Let H beaHilbert nite dimensonalspaceandH thereal
N N matrixidentfying the scalamproduct.

fuuy=f'u = (u"Hu)*
Thedualvectorof u hasthefollowing representation:

. Hu
~ kuky

and
kfukﬁo: u'Hu = fTH f
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2 G Dual spacebasis

Thegeneralde niti onsof adualbasisfor H is

(

i( )= L=

0i6]
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2 GSimmans  Dual spacebasis

Thegeneralde niti onsof adualbasisfor H is

C.
Y= 1=
1) 0i6]
The ; arelinearlyindepenent:
X X
. i(u)=08u2H) i(i)=0) =0
i=1 i=1
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LSRRG Dual spacebasis

Thegeneralde niti onsof adualbasisfor H is

C.
Y= 1=
1) 0i6]
The ; arelinearlyindepenent:
X X
i i(u)=08u2H) i()=0) =0
i=1 i=1
P\ P
FCi)= jandf(u)=1(C LU )= 1 iU
X X
uw= ( uwi)=u) 1= i
i=1 =1
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A 2 RY N nonsingular
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o GELRS..  Linear opelEiian

«

H andV nite dimensonalHilbert spaces.
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< CGLRS..  Linear operator

H andV nite dimensonalHilbert spaces.

KA Ky = sup UK oy t2ay 172,
| uso KUKy
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< LShRS..s  Linear operator

H andV nite dimensonalHilbert spaces.

= kV'?AH ¥k,

kAU kV
kA Ky.v = SuU
Y uaop Kuky

Theresultfollows from the generalizecigervalueproblemin
RN
A'VAU = Hu
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7 At - Linear operator hyper-norm

Let kuk, andkvk, two hypernormson R" andA alinear
operatobetweenR"; k k.) and(R";k Kp)
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AT Linear operator hyper-norm

Let kuk, andkvk, two hypernormson R" andA alinear
operatobetweenR"; k k.) and(R";k Kp)

Thenormis de ned as
KAkes = M 2 R¢P
| 2 3
kAllk . kAlkk

KApik 110 KAk

M
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AT Linear operator hyper-norm

Let kuk, andkvk, two hypernormson R" andA alinear
operatobetweenR"; k k.) and(R";k Kp)

Thenormis de ned as

KAkes = M 2 R¢P

2 3
kAllk . kAlkk
Moo= 8 L b
KApik 110 KAk
M W
R" = Wj: V, W, \ WJ:ng Vi\ \/J:ng
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e Rigal-Gaches(1967)theorem

9 8
9 A;9 b suchthat: = 2 krk, Skuks+t
(A+ A)a=(b+ Db) S s wherer is de ned by

andk Ak, S2R‘P"kbk, t2R® “r=Aw b
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. R LS. Rigal-Gaches(1967)pr oof

2 3 2 3 2 3
A]_]_ - Alk 1 Ui
A = 2 SRS g FZS : g U=2 : g
Apt i1 Ap My Up
A = (Skerks)i ri(Z})T

(Sktrkg + Ktk );

where |
(Z]) = (Sketks) z

andzy is thedualvectorof uy (zgtr = (kerkg);

- (ktky)
(Skurks, + Ktk );

I
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ey LiNear systems:variational framework

Findu 2 H suchthatforallv 2 H
a(u;v) = L(v)  (L() 2 H° dualspaceof H)
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AR LS. Linear systems:variational framework

Findu 2 H suchthatforallv 2 H
a(u;v) = L(v)  (L() 2 H° dualspaceof H)
Existerceanduniquenes: 8v;w 2 H

a(w;v) Cikwky kvky
a(w; V)

Sup Csz k|_|

w2Hnf og KWKH
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AR LS. Linear systems:variational framework

Findu 2 H suchthatforallv 2 H
a(u;v) = L(v)  (L() 2 H° dualspaceof H)
Existerceanduniquenes: 8v;w 2 H

a(w;v) Cikwky kvky

Sup a(W;V) Cokvky

w2Hnf og KWKH

H = (RY;jj jju)andH®= (RY;jj jjn 1) H SPD
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We have thefollowing equvalencen ageneraHilbert (true alsofor
aBanach):

MX/ ©

9b2 BL(H);9 L 2 H suchthat
a(t;v) + besv) = (L+ L)(v);,
8v 2 H; and §
Ko( ; )KeL (H) ;K Lkyo ’

where , 2 His de ned by
s Vigoy = a(thv)  L(V);
- 8v2H

8
E K 4Kyo Ketky +
3 h

A., Noulard,andRusso(200])
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AL T Backward error (proof)

Theproofwill begivenassuminghatV is only aBanachspacetherebyshaving thatthe
theoremholds, evenin amoregenerakituatian. For thisreasonjn this proof, (andonly
here),we will usethe notationof duality pairs.

) : Thisis obvious.

( : Wewill build two perturbatios of B andL, respectrely B and L, suchthat:

B(t;v)+ B(d;v)=L(v)+ L(v);8v2YV:

We set:
8u 2 V;h y;viyoe, = B(u;v) L(v);8v2V;

wehave , 2 V°
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PR T. Backward error (proof)

We will denoteby J, 2 (V9° =V °theelemenbf thebi-dualof V, whichis associatedo
u in the canonicinjection

J v 1 oy% o y®
u 7! Ju
de ned by hWu;fiy 0y 0= hF;uiyo, ,8f 2 VO Itiswell-knowvnthat] isalinear

isometry(seee.g.H. BREzIS, AnalyseFonctionrelle, Théore et Applicatiors, Masson,
Paris,1983[l11.4 p. 39]). We thenhave

KJekyoo = kitky =  sup Nu;fi, 00,0 = sup H;tHy o,
kfkyo 1 ’ kfkyo 1 ’
- Hbl-;u'ivo;\/;

for acertainfy 2 V% Onemustbe aware of the fact that, here,we cannd associatea
vectorv 2 V tofy, unlessV is re exive. In otherwordswe cannotnd av 2 V suchthat
kfukyo = Hu;viy o, , becausés «ky o Isasup andnotamax. It isamax if (andonly if)
V isre exive.
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3L . Backward error (proof)

Now, ashasbeendonefor the perturbatiornof a systemof linearequationswe de ne:

B(U;V): h-]u;fbl-i\/OO;VOh U-;Vivo;v

katky +

and

L(v) =

keky + e Vivoy

It is obviousthat B is continousandbilinearfromV ~ V toR,and L 2 V% aneasy
computatio shows that

L(v) B (& V) =

( Keky + ¥ kaky + thr;fbfivoo;\/O) hw;Viyoy = hu;Viyoy
asrequired.Moreover, if we suppsethatk «kyo kaky + , thenwe have:

k BkBL(V) ; k Lk\/O
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CICLRC

© SLtRS.. Backward error (Remark)

If V is are exive Banachspacewe cangive amoreexpressve form to the perturbation
term B. In fact,in this casewe canidentify J, andu andobtainfrom (?2?) that

B(u;v) = Wh]u;fuivoo;voh U';Vi\/O;V
- Kok + HU—;UI\/O;V hU';VIVO;V

= i e s (U1

In analogywith the nite dimensionaktase.
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Linear systems

>
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1
o

A 2 RY N posiivede nite
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ey LiNear systems:variational framework
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AR LS. Linear systems:variational framework
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115 . Backward error

We have thefollowing equvalence:

9b2 BL(H);9 L 2 H suchthat
a(t;v) + b(e;v) = (L+ L)(v);
8v 2 H; and

Ko( ; )KeL (H) ;K Lkyo

K wKno Kotk +

where , 2 His de ned by
he;Vigey = a(tv)  L(v);
8v 2 H

W MW ©
"W AW Q0

Rigak andGacheg1967), A., Noulard,andRusso(2001)
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L) el re The symmetric case: conjugate gradient
-‘/_4 Fil:lthericg}d Applet::n I\.;boratory meth Od

A symmetricposiive de nite
H = (R%jj jia)andH®= (R} jja 1)

At eachstepk the conjucategradientmethodminimizesthe enegy
normof theerror u® = u u® onakKrylov spacau®©® + K,:

min  k u®kx
u(k)2 uO + Ky

K U(k)kA =k u(k)kHO: kr(k)kA 1

r=b Au®
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The symmetric case:stopping criteria

ClassicCriterion:

IF kAu ) bk, p“kbkz THEN STOP,
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The symmetric case:stopping criteria

ClassicCriterion:

IF kAu® bk, p“kbkz THEN STOP,
New Criterion:

IF KAu® bky 1  kbks : THEN STOP,

with < 1lana-priorithreshotl x edby theuser
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The symmetric case:stopping criteria

ClassicCriterion:

IF kAu ¥ bk, P

"kbk, THEN STOP,

New Criterion:

IF kKAu %) bk, 1 kbk, 1 THEN STOP,

with < lana-priorithreshotl x edbytheuser Thechoiceof
will dependonthepropertiesof the problemthatwe wantto
solve, and,in the practicalcases, canbefrequentlymuchlarger

than" , theroundof unit of thecomputernite precision
arithmetic.
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The symmetric case:stopping criteria e

kAu 0 bka 1 7
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The symmetric case:stopping criteria e

kAu 0 bka 1 7

Kbkp 1 ?
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The symmetric case:stopping criteria e

kAu & bk, 1
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The symmetric case:stopping criteria e
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk
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The symmetric case:stopping criteria e
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk

Gausgguadratureules(GolubandMeurant,1997)
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The symmetric case:stopping criteria
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk

Gausgguadratureules(GolubandMeurant,1997)

m Gaussxquvalentto Hestenes-$fel rule (StraloSandTichy).
The Gausgguadratureloesnot requireary a-priori knowledge
of thesmallestandthe biggesteigervaluesandcomputesa
lower bourd ofkAu () bk, 1.
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The symmetric case:stopping criteria
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk
Gausgguadratureules(GolubandMeurant,1997)

m Gaussxquvalentto Hestenes-$fel rule (StraloSandTichy).
The Gausgguadratureloesnot requireary a-priori knowledge
of thesmallestandthe biggesteigervaluesandcomputesa
lower bourd ofkAu () bk, 1.

m Gauss-LbattoandGauss-Radaul hey computdower and
upperbourdsusingthe extremeseigervaluesof A .
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The symmetric case:Hestenes-Stiefetule
During the conjucategradientiterates we computethescalar  and

the conjugatevectorsp® (pUTAp ) = 0; j 6 i) andtheresiduas
r(K). Thus

and

k ubki = kAu®  Dpki , =€

OO

j=k+1
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The symmetric case:Hestenes-Stiefetule

Undertheassumptio thategk+ V<< e&k) , Wheretheintegerd

denotsasuitabk delay the HestenesandStiefelestimate . will be
Xkd

j=k+1
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The symmetric case:Hestenes-Stiefetule

Undertheassumptio thate(A"+ V<< egk) , Wheretheintegerd

denotsasuitabk delay the HestenesandStiefelestimate . will be
Xkd

j=k+1

Thechoiceof avaluefor d depend®n preconditonerand
Il -conditioning.
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b Al

From
rTy = 0 8v 2 K,:

we prove
b'A b=uTAu u®T O 4 pTyO-

(theright-handsidewill converge monobnically to kukz ).
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b Al

Alternatvely,

Owning that
ku u@Kk: = kuki + ku@kz:  2bTu@;

we have thefollowing lower boundfor kbks :
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b Al
Thereforewe canuseoneof thefollowing stoppingcriteria

F «  2(w®Tr© + pTu®) THEN STOP.
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Preconditioning

The dual norm of the preconditoned residualis equalto the dual
normof theoriginal residual.
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Continuous problem

/
a(u;v) = K(X)r u rvdx; 8u;v2Hg()

8u;v2 H3() ,9 2 R, and9M 2 R, suchthat
vz, a(uu)
- a(u;v)  Mjujjy Jvie;
L(v)= fvdx,L(v)2 H () .
(

" 1
(P) Findu 2 Hy() suchthat

hasaunigue soluion.
a(u;v) = L(v); 8v2 H3() ; .

Toulouse February, 2004 — p.33/83




Finite-elementapproximation

Weakformulation
Findu, 2 H,, suchthat
an(Un;Vn) = Ln(vh); 8vh 2 Hy;

Finite elementmethodschoseH |, to bea spaceof functionsv, de nedona
subdvision  of intosimplicesT of diameteht ; h denotesa piecavise constam
functionde nedon | viahjr = hr.
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Finite-elementapproximation

Weakformulation

Findu, 2 H,, suchthat
an(Un;vh) = Ln(vh); 8vh 2 Hy;

Finite elementmethodschoseH |, to bea spaceof functionsv, de nedona

subdvision  of intosimplicesT of diameteht ; h denotesa piecavise constam
functionde nedon | viahjr = hr.

Existerceanduniquenes: H, H = H3() .
Error Estimate:ku  u.ky C(h)
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Finite-elementframework

Solve
AU = b

given

sup sup WAV C ( )

sup-sup
w2 nnfogv2 nnfog KVKn KWK '
. wiAv |
Inf sup C, (inf-sup)

w2 "nfOgy 2 n nf Og kaH kaH

Note: kvhky, = kvky.
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Finite-elementframework

Finally, assumiig h < 1andt > 0, andchoosiy = O(h), we have

ku u¥ky C (hY)kuky + 2ku uyky  C(h):

where
u(x) iIs theexactsoluton of thevariatioral problem,

Un(X) IS the exactsolution of theapproximatgroblem,

u® (x) = :\'1 ut i (x) is theapproximatesoluion at stepk.

( arethebasisfunctions)
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Testproblems

Probleml Problem?2
1 x2 nf ([ 2[ 30 1 x2 nf 1[ 2[ 30
10 ® x2 : 10° x2 1
(x) = \ (X) =
10 4 x2 5 10 x2
10 ° X 2 3. 10° x 2 3:
L(v) =  10vdx; 8v2 Hi()
:j W1 W2
W G
N A

E) Oil 012 0‘.3 0.‘4 015 0i6 0‘.7 0‘.8 0.‘9 i
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Preconditioners: estimatesfor (M *A)

M Probleml | Problem?2
I 3.610° 1.810%
Jacobi 2.410° 1.510°
Inc. Cholesly(0) 7.210° 4.310°

2= 3:44:30510° andN = 29619

Thecondtion numbersof the preconditonedmatricesM 1A for

thesecond

problemarearestill very high,andonly theincomplete

Cholesly preconditonerwith droptolerancelO 2 is aneffective

choice.
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Example: Problem1

L-Shape 2D - Jacobi Preconditioner (d = 5)

10° ¢ ‘ J
: ‘ ‘ [ AU 7T,
H-S estimate || du ||, /lull,
. o ®
[Fu- u™Y ALl
[lAu-bll,/lbll,
10" b ]
0
glo '** ]
S
pzd
z
>
S
(%]
g .
107 F X ]
%X;XX><><><><><><><><><><><><><><><><><><><><>< ]
*%%%%%*
*%%%*%

KKK K K kK K K K
10° F ;
10»3 ! | 1 | | | | |

0 5 10 15 20 25 30 35 40 45

Iteration

Behaviour of thenormsof theresidualfor the Jacobipreconditicer.
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Example: Problem1

L-Shape 2D - Cholesky(0) Preconditioner (d = 5)
T T

lO1 r T
% IIUUIIA./IIUIIA
H-S estimate || du ||A/ ||u||A
T - K
« [Tu- o™/ ull,
[1Au-bll,/lbll,
10° | %
r *
1)
£
2
s 10tk 5 ox X
=] [ Xoxox
_'g [ * T XX X X X X X X X X X X X X X X X %
&
*
* 0k ¥ % x *
* %
* % ok % x %
107 |
10° ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30

Iteration

Behaviour of the normsof theresidualfor theincompleteCholesk
preconditoner,
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10°
10l 3

10°

Residual Norms

10_3 3
10 F

10°

Example: Problem2

L-Shape 2D - Cholesky(1e-2) Preconditioner (d = 10)
T T T

=
o
i

=
o,
N

s raul 7,
H-S estimate || du ||, /[lull,
— W
L hu= u
A u-bll, /bl

| | |
20 40 60
Iteration

!
80

120

Behaviour of the normsof theresidualfor theincompleteCholesky

preconditonerwith droptolerancelO ? andd = 10.
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Example: Problem2

L-Shape 2D - Jacobi Preconditioner

10* ‘ ‘ ‘ e —————

AT bl Hibi

i o lu- u®pu |

10° b ! — - d=10 i

i i H —— d=70 E
S 1| 4=50

10° L ‘\ . | I | . ol ) _d=130 1

Error estimates

lo' 1 1 1 1 1
0 200 400 600 800 1000 1200

Iteration

Comparisorof severalestimate®f theenegy errorfor
d= 10, 70,90, 130in Problem?2.
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The positive de nite problem

a(u;v) 6 a(v;u)
A asymmetridout postive de nite

= (AT + A) SPD

How to calculatekr Wk, 1?
Solwve preconditonedsysem

H ¥AH Y0 =H Db

mkr®k = kr®k,
m 3-termrecurrence

Approximateit from Krylov subgaceinformation

SeeA., Login, andWathenRAL-TR-2003-009
Currentreportsavailableat www.numericakl.ac.uk/reports/reports.ght

Toulouse February, 2004 — p.43/83




Onecrime

Replace

ku upky, C(h)
with

ku u¥ky.  C(h)
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Onecrime

Replace
ku upky, C(h)

with
ku u¥ky.  C(h)
Sufcient conditon
ku upks, + kup  uky,  O(C(h))

+
kup  up’ky,  O(C(h))
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Stopping criteria

A generaktoming criterion:

cUn - Uy, = ku  u®ky  C(h)
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Stopping criteria

A generaktoming criterion:
cUn - Uy, = ku  u®ky  C(h)

Residualequation

r =A@ u®)
+
ku u®ky = kA Ok, = kr®ky 1pa 2 C(h)
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Stopping criteria

Lemma Let(inf-sup hold. Then

kl’(k)kA THA 1 C2 1kr(k)k|_| 1.
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Stopping criteria

Lemma Let(inf-sup hold. Then
kl’(k)kA THA 1 C2 1kr(k)k|_| 1.
New stoing criterion

krWky 1+ C,C(h)ku®Wky:
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Onemore crime

This approximatiorhasbeenquali ed asavariational crime
(STRANG-FIX), asit leadsto a perturbedsysem
(A+ A)a=Db:
Theorem Letd satisfy
kb Audky 1

t .
ek h'C(h)Cs:
Thenthere exists A sud that
(A+ A)g=Db

and
K Aky.ny 1 h'C(h)C,
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Examples

Elliptic problemsin R? ( unit square)

[
—h

N
on

r (a(x)r u)+ b(x) r u+ c(x)u
u

[
o

where
(@)j; (b)i;c2L () ; ij=12
k(x)j i* Tax)  ku(X)j j°;
1

c(X) ér b(x) 0 8x2
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Examples

Aw,v)=(a rw,rv)+ (b r w,v)+ (cw,v),
IS continuousandcoercve with

C; = kkik; 1 O T Kbk 1 O F C() kek, 1 ()
Co = min ky(X);
X2

wrtk ky =] Juiy =1 )1

Toulouse February, 2004 — p.49/83
L



Examples

Error estimate:

ju upjs Ch® *kuks; 1 s 2
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Examples

Error estimate:
ju upjs Ch® *kuks; 1 s 2

Issues
Whatis h?
How to approximatekuks?
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Numerical experiments

Discretization
linearelementon uniform & adaptve meshes
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Numerical experiments

Discretization
linearelementon uniform & adaptve meshes

Estimatbn of parameters

kukkm_
kukhz’

h kuks  kAu ¥k,
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Numerical experiments

Stoppng criteriaandestimates
Residuadualnorm: kr¥k, :
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Numerical experiments

Stoppng criteriaandestimates
Residuadualnorm: kr¥k, :
Enegy estimateku®  u* 1ky  Cyh%kAu ¥k,
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Advection-diffusion problem

u+b ru = f N
u = g on

b= (2y(1 x*); (1 y?);

y 1
ot
u(x;y) = X —_—
(X y) T o
X
thkI%Ih - "J.thi'k kb r thcz);T

T2Th
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Advection-diffusion problem
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10-10

10"

Advection-diffusion problem

+

| [+1

true error
residual dual norm
2-norm

interp error

final error

final interp error
energy estimate
error estimate

20 40 60 80 100

Uniformmesh" = 1

120

140
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10

10

10

10

10

10-10

10"

Advection-diffusion problem

i

| [+t

true error
residual dual norm
2-norm

interp error

final error

final interp error
energy estimate
error estimate

50 100 150 200

Uniform mesh" = 10 1

250

300
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Advection-diffusion problem

10 - . -
—— true error
. residual dual norm
10 f —— 2-norm ' N
—&— interp error
10|| — final error
10~ | — final interp error : ]
energy estimate
1 error estimate
10 | ‘

0 50 100 150 200 250 300 350

Uniform mesh" = 10 ?
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How to calculatekr®ky 1?

Solve preconditonedsysem
H ¥AH Y0 =H

I kf*kk|2 = kr¥ky 1
| 3-termrecurrence.

Approximateit from Krylov subgaceinformation
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How to calculatekr®ky 1?

Concus& Golub, Widlund: 3-termrecurrence$or nongymmetric
problems

| workin H-innerproduct

| donotminimizetheresidualnorm.

Recall
Arnoldi process

VAV, = Hy
whereV, Vi = I andH = Hessenbaey:.
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How to calculatekr®ky 1?

Lemma Arnoldi appliedto
Kc(#%A)  Ki(H 2r%H AH 92)
andArnoldi in theH -inner productapplied to
K(#%:A)  Ke(H r%H A)
prodwcethesameH . Moreover,
(Heiy =0 i J)> I
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Conclusionsand futur e work

Thenaturalnormfor FEM problemss theresidualdualnorm;
Estimatbnis possble;

For non-synmetricproblems preconditoning with thenormis
useful:

Reliableestimatedor nite elementerrorarerequired,;
Applicationto inde nite/saddé-pointproblems.
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Error energy norm estimator s for
PCG

CERFACS 3/3/2004
Maurio Arioli

m.arioli@rl.ac.uk
CCLRC-RutherfordAppleton Laboratory



Linear systems

Au = Db

A 2 RY N posiivede nite



The symmetric case: conjugate gradient
method

A symmetricposiive de nite
H = (R%jj jia)andH®= (R} jja 1)

At eachstepk the conjucategradientmethodminimizesthe enegy
normof theerror u® = u u® onakKrylov spacau®©® + K,:

min  k u®kx
u(k)2 uO + Ky

K U(k)kA =k u(k)kHO: kr(k)kA 1

r=b Au®
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Preconditioned Conjugate Gradient
method

Let usassumehatwe symmetricallypreconditon thelinearsydgem
by thenonsingular matrix U, in orderto speed-ughe cornvergence
of the CG method.
U TAU 'y =U Tb;

y=Uu,f®W=UTb U TAU 1yl
y©@ = 0andft® = pO =uU Tp
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Preconditioned Conjugate Gradient
method

Let usassumehatwe symmetricallypreconditon thelinearsydgem
by thenonsingular matrix U, in orderto speed-ughe cornvergence
of the CG method.
U TAU 'y =U Tb;

y=Uu,f®W=UTb U TAU 1yl
y©@ = 0andft® = pO =uU Tp

Ak DTak 1)
k 17 pk DTY TAU 1pk D’
ak) = ak 1) U TAU 1pk D

AT A(K)
K17 Ak HTaKk 1)°

y(k) — y(k D+ . 1p(k 1)

p(k) = 04 1p(k b
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PCG method: properties

pO=U Th U TAU y® andu® = y y®
PO =U T(b Au®)y=uU Tr®:
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PCG method: properties

pO=U Th U TAU y® andu® = y y®
PO =U T(b Au®)y=uU Tr®:

AOKZ) 1y 1y 0 = AOTUA YTAK
krki 1.
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PCG method: properties

pk) =uU 1pk andM = UTU,

Precon ditioned Conjugate Gradient Algorithm (PCG)
Givenaninitial guessu ©) , computer © =b A O andsohemz @ = (O . Setp © - 0 o = 0,and 1 = 1.

fork = 1;2;:::; untl convergence

(kDT (k1)

k 17 (k DT pp (kK D)

G0 = gk Y, (k.
() 2D (kD)
Sohemz (K) = (k).

p (K)T (k)

k= Tk DTk 1)

Ko pk D),

©
I
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The symmetric case:stopping criteria

ClassicCriterion:

IF kAu ) bk, p“kbkz THEN STOP,
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The symmetric case:stopping criteria

ClassicCriterion:

IF kAu® bk, p“kbkz THEN STOP,
New Criterion:

IF KAu® bky 1  kbks : THEN STOP,

with < 1lana-priorithreshotl x edby theuser
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The symmetric case:stopping criteria

ClassicCriterion:

IF kAu ¥ bk, P

"kbk, THEN STOP,

New Criterion:

IF kKAu %) bk, 1 kbk, 1 THEN STOP,

with < lana-priorithreshotl x edbytheuser Thechoiceof
will dependonthepropertiesof the problemthatwe wantto
solve, and,in the practicalcases, canbefrequentlymuchlarger

than" , theroundof unit of thecomputernite precision
arithmetic.

Toulouse February, 2004 — p.68/83




The symmetric case:stopping criteria e

kAu 0 bka 1 7
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The symmetric case:stopping criteria e

kAu 0 bka 1 7

Kbkp 1 ?
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The symmetric case:stopping criteria e

kAu & bk, 1
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The symmetric case:stopping criteria e
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk
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The symmetric case:stopping criteria e
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk

Gausgguadratureules(GolubandMeurant,1997)
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The symmetric case:stopping criteria
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk
Gausgguadratureules(GolubandMeurant,1997)

m Gaussxquvalentto Hestenes-$fel rule (StraloSandTichy).
The Gausgguadratureloesnot requireary a-priori knowledge
of thesmallestandthe biggesteigervaluesandcomputesa
lower bourd ofkAu () bk, 1.

mAnti-GausqCalwetti etal.)
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The symmetric case:stopping criteria
kAu & bk, 1

Hestenes-Stiefelle (1952 (seeStralosandTichy, 2002)
numericallystabk
Gausgguadratureules(GolubandMeurant,1997)

m Gaussxquvalentto Hestenes-$fel rule (StraloSandTichy).
The Gausgguadratureloesnot requireary a-priori knowledge
of thesmallestandthe biggesteigervaluesandcomputesa
lower bourd ofkAu () bk, 1.

mAnti-GausqCalwetti etal.)

m Gauss-LoattoandGauss-Radaul hey computelowerand
upperbourdsusingthe extremeseigervaluesof A.
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The symmetric case:Hestenes-Stiefetule
During the conjucategradientiterates we computethescalar  and

the conjugatevectorsp® (pUTAp ) = 0; j 6 i) andtheresiduas
r(K). Thus

and

k ubki = kAu®  Dpki , =€

OO

j=k+1
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The symmetric case:Hestenes-Stiefetule

Undertheassumptio thategk+ V<< e&k) , Wheretheintegerd

denotsasuitabk delay the HestenesandStiefelestimate . will be
Xkd

j=k+1
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The symmetric case:Hestenes-Stiefetule

Undertheassumptio thate(A"+ V<< egk) , Wheretheintegerd

denotsasuitabk delay the HestenesandStiefelestimate . will be
Xkd

j=k+1

Thechoiceof avaluefor d depend®n preconditonerand
Il -conditioning.

Toulouse February, 2004 — p.72/83



b Al

From
rTy = 0 8v 2 K,:

we prove
b'A b=uTAu u®T O 4 pTyO-

(theright-handsidewill converge monobnically to kukz ).
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b Al

Alternatvely,

Owning that
ku u@Kk: = kuki + ku@kz:  2bTu@;

we have thefollowing lower boundfor kbks :
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b Al
Thereforewe canuseoneof thefollowing stoppingcriteria

F «  2(w®Tr© + pTu®) THEN STOP.
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PCG and Lanczos

TheLanczosmethodappliedto R = U TAU ! basedn

RV = Vi Ty + s1Vis1€)

V'krVk:Ikand
2 3
4 1 0]
1 1o 2
T, =
k2 'ki1 ka1
0 k 1 'k
P —
1 k 1 k
Ik: + : K =
K 1 K 2 K 1
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Gauss quadrature

Let assumdor simplicity thatug = Oand ;< 5, < < N
eigen/aluesof,kl distinct

R=uTuU: uuT =uUTU = |
u uc= (®)u P = (R

(fo UK)?

Kk

ku uyk, =k k()Q)UkA - Tinkk ()Q)f‘OkA 1 = n;irlf (W9
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Gauss quadrature

a< 1< < < k< bRIitzvaluesof Ty

T,=S" .S: SST = STs= |
= (ers)” -

Wey=0 for < ¥
i

k — (k) (k) (k)
()= o for U< <
=1

Wey=1 for >
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If

Zy

a

Gauss quadrature

Z

2 — 2
kuk? = kbk

=1

d ()= (TyHu

=1

f():i

— = kbKk?

Zy

a

a0y W)

Zb
d ()

fdN0) = (T
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Gauss quadrature
kuki = kBK*(T (") 11 = KBK* (T, D + R 1)
R D =ku ukl

ESTIMATOR
ku ugk? = KBKA(T D (T Haual  KBKI(T ) (T Hul
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Gauss-Radauquadratur e

0< ~< 4

ku ukd KOK(T ) (T D]

UPPERBOUND
2 3
! 1 1 0
1 1o 2
Tk —
k2 'k1 k1
0 Kk 1 1«
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Anti-Gauss quadratur e

Te= D(T« —ee)D;

ku ukd KOK[(T ) (T ]
CanbeanUPPERBOUND (not always)
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Example: Problem2

L-Shape 2D - Jacobi Preconditioner (d = 150)
T T T T

Juny
o
w

I I
— - H-S estimate E
G-R Upper bound |]
Anti-Gauss
lhdull,/llull,

=
(=]
N

=
o
N

Juny
o
©

Residual Norms
= = = =
o o, o o

E w -

=
o|
&

10° 3

-7 I
10 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000
Iteration

Anti-GaussestimateversusHestenes-Stiefeand the Gauss-Radau
upperboundfor the Jacobipreconditonerwith d = 150in Prob-
lem 2.
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