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Finite dimensionalHilbert spacesand IRN

(�; �) : H � H ! IR scalarproductand
kukH =

p
(u; u) 8u 2 H norm.

9f  i gi=1 ;:::;N abasisfor H
8u 2 H u =

P N
i=1 ui  i ui 2 IRi = 1; : : : ; N

Representationof scalarproductin IRN .
Let u =

P N
i=1 ui  i andv =

P N
i=1 vi  i .

Then

(u; v) =
NX

i=1

NX

j =1

ui vj ( i ;  j ) = vT Hu

whereH ij = H j i = ( i ;  j ) andu; v 2 IRN .
Moreover, uT Hu > 0 iff u 6= 0 and,thusH SPD.

Toulouse February, 2004 – p.3/83



Finite dimensionalHilbert spacesand IRN

(�; �) : H � H ! IR scalarproductand
kukH =

p
(u; u) 8u 2 H norm.

9f  i gi=1 ;:::;N abasisfor H
8u 2 H u =

P N
i=1 ui  i ui 2 IRi = 1; : : : ; N

Representationof scalarproductin IRN .
Let u =

P N
i=1 ui  i andv =

P N
i=1 vi  i .

Then

(u; v) =
NX

i=1

NX

j =1

ui vj ( i ;  j ) = vT Hu

whereH ij = H j i = ( i ;  j ) andu; v 2 IRN .
Moreover, uT Hu > 0 iff u 6= 0 and,thusH SPD.

Toulouse February, 2004 – p.3/83



Finite dimensionalHilbert spacesand IRN

(�; �) : H � H ! IR scalarproductand
kukH =

p
(u; u) 8u 2 H norm.

9f  i gi=1 ;:::;N abasisfor H
8u 2 H u =

P N
i=1 ui  i ui 2 IRi = 1; : : : ; N

Representationof scalarproductin IRN .
Let u =

P N
i=1 ui  i andv =

P N
i=1 vi  i .

Then

(u; v) =
NX

i=1

NX

j =1

ui vj ( i ;  j ) = vT Hu

whereH ij = H j i = ( i ;  j ) andu; v 2 IRN .
Moreover, uT Hu > 0 iff u 6= 0 and,thusH SPD.

Toulouse February, 2004 – p.3/83



Finite dimensionalBanach spacesand IRN

Othernormsarepossible on IRN :

kukp = (
P N

i=1 (ui )p)1=2 with 1 < p < 1

kuk1 = (
P N

i=1 jui j)
kuk1 = maxi jui j

Hyper-normson IRN of orderk.

k � k~k : IRN ! IRk

I 8� 2 IR k� uk~k = j� jkuk~k

I I 8u; v 2 IRN ku + vk~k � kuk~k + kvk~k component-wise
I I I kuk~k = 0k ) u = 0N
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Dual spaceH 0

f 2 H 0 : H ! IR (functional);

f (� u + � v) = � f (u) + � f (v) 8u; v 2 H

H 0 is thespaceof thelinearfunctionalson H

kf kH 0 = sup
u6=0

f (u)
kukH

If H �nite dimensional andu =
P N

i=1 ui  i , then
f (u) =

P N
i=1 ui f ( i ) = f T u

Dual vector
Let u 2 H; u 6= 0, then9f u 2 H 0suchthat

f u(u) = kukH

(Hahn-Banach).
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Dual spaceH 0

Let H beaHilbert �nite dimensionalspaceandH thereal
N � N matrix identifying thescalarproduct.

f u(u) = f T u = (uT Hu )1=2

Thedualvectorof u hasthefollowing representation:

f =
Hu

kukH

and
kf uk2

H 0 = uT Hu = f T H � 1f
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Dual spacebasis

Thegeneralde�niti onsof a dualbasisfor H is

� j ( i ) =

(
1 i = j
0 i 6= j

The� i arelinearlyindependent:

NX

i=1

� i � i (u) = 08u 2 H )
NX

i=1

� i � i ( i ) = 0 ) � i = 0:

f ( i ) = 
 i andf (u) = f (
P N

i=1 ui  i ) =
P N

i=1 
 i ui

� i (u) = � (
NX

i=1

ui  i ) = ui ) f =
NX

i=1

� i � i
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Linear systems

Au = b

A 2 IRN � N nonsingular

Toulouse February, 2004 – p.8/83



Linear operator

A : H ! V H andV �nite dimensionalHilbert spaces.

kA kH ;V = sup
u6=0

kAu kV

kukH
= kV 1=2AH � 1=2k2

Theresultfollows from thegeneralizedeigenvalueproblemin
IRN

A T VAu = � Hu
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Linear operator hyper-norm

Let kuk~k andkvk~p two hyper-normson IRn andA a linear
operatorbetween(IRn; k � k~k) and(IRn; k � k~p)

Thenormis de�ned as

kA k~k;~p = M 2 IRk� p

M =

2

6
4

kA 11k : : : kA 1kk
... : : :

...
kA p1k : : : kA pkk

3

7
5

IRn =
pM

j =1

Wj =
kM

i=1

Vi Wi \ Wj = f 0g Vi \ Vj = f 0g
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Rigal-Gaches(1967)theorem

9� A ; 9� b suchthat:
(A + � A )~u = (b + � b)
andk� A k~k;~p � S 2 IRk� p; k� bk~k � t 2 IRk

9
>=

>;
,

8
><

>:

krk~k � Sk~uk~p + t
wherer is de�ned by
r = A ~u � b
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Rigal-Gaches(1967)proof

A =

2

6
4

A 11 : : : A 1k
... : : :

...
A p1 : : : A pk

3

7
5 r =

2

6
4

r 1
...

r k

3

7
5 u =

2

6
4

u1
...

up

3

7
5

� A ij = �
(Sk~uk~p)i

(Sk~uk~p + kt k~k)i
r i (Zi

j )
T

where
(Zi

j ) = (Sk~uk~p)i zk

andzk is thedualvectorof uk ( zT
k ~uk = (k~uk~p)k ;

� bi =
(kt k~k)i

(Sk~uk~p + kt k~k)i
r i
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Linear systems:variational framework

Find u 2 H suchthatfor all v 2 H

a(u; v) = L(v) (L(�) 2 H 0 dualspaceof H)

Existenceanduniqueness: 8v; w 2 H

a(w; v) � C1kwkH kvkH

sup
w 2Hnf 0g

a(w; v)
kwkH

� C2kvkH

H = (IRN ; jj � jjH ) andH 0 = (IRN ; jj � jjH � 1 ) H SPD
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Backward error

We have thefollowing equivalencein ageneralHilbert (truealsofor
a Banach):

9b2 BL(H); 9� L 2 H 0suchthat:
a(~u; v) + b(~u; v) = (L + � L)(v);
8v 2 H; and
kb(�; �)kBL (H ) � � ; k� LkH 0 � �

9
>>>=

>>>;

,

8
>>><

>>>:

k� ~u kH 0 � � k~ukH + �
where� ~u 2 H 0 is de�ned by
h� ~u ; v i H 0;H = a(~u; v) � L(v);
8v 2 H

A., Noulard,andRusso(2001)
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Backward error (proof)

Theproof will begivenassumingthatV is only a Banachspace,therebyshowing thatthe

theoremholds,evenin amoregeneralsituation. For this reason,in this proof, (andonly
here),we will usethenotationof duality pairs.

) : This is obvious.
( : Wewill build two perturbations of B andL , respectively � B and� L , suchthat:

B (~u; v) + � B (~u; v) = L (v) + � L (v); 8v 2 V:

We set:

8u 2 V; h� u ; vi V 0;V = B (u; v) � L (v); 8v 2 V ;

we have � u 2 V 0.
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Backward error (proof)

Wewill denoteby Ju 2 (V 0)0 = V 00theelementof thebi-dualof V , which is associatedto

u in thecanonicinjection

J : V � ! V 00
I � V 00

u 7�! Ju

de�ned by hJu ; f i V 00;V 0 = hf ; ui V 0;V , 8f 2 V 0. It is well-known thatJ is a linear

isometry(seee.g.H. BREZIS, AnalyseFonctionnelle, Théorieet Applications, Masson,
Paris,1983.[III.4 p. 39]). We thenhave

kJ ~u kV 00 = k~ukV = sup
kf k V 0� 1

hJ ~u ; f i V 00;V 0 = sup
kf k V 0� 1

hf ; ~ui V 0;V

= hf ~u ; ~ui V 0;V ;

for a certainf ~u 2 V 0. Onemust be awareof the fact that, here,we cannot associatea

vectorv 2 V to f ~u , unlessV is re�exive. In otherwordswe cannot�nd a v 2 V suchthat

kf ~u kV 0 = hf ~u ; vi V 0;V , becausekf ~u kV 0 is asup andnot amax. It is amax if (andonly if)

V is re�exive.
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Backward error (proof)

Now, ashasbeendonefor theperturbationof a systemof linearequations, wede�ne:

� B (u; v) = �
�

� k~ukV + �
hJu ; f ~u i V 00;V 0 h� ~u ; vi V 0;V

and

� L (v) =
�

� k~ukV + �
h� ~u ; vi V 0;V :

It is obviousthat� B is continuousandbilinearfrom V � V to IR, and� L 2 V0; aneasy
computation shows that

� L (v) � � B (~u; v) =

�
� k~ukV + �

+
�

� k~ukV + �
hJ ~u ; f ~u i V 00;V 0 h� ~u ; vi V 0;V = h� ~u ; vi V 0;V

asrequired.Moreover, if we supposethatk� ~u kV 0 � � k~ukV + � , thenwe have:

k� B kB L ( V ) � �; k� L kV 0 � � :
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Backward error (Remark)

If V is a re�exive Banachspace,wecangive a moreexpressive form to theperturbation

term� B . In fact,in this case,wecanidentify Ju andu andobtainfrom (??) that

� B (u; v) = � �
� k ~u k+ � hJu ; f ~u i V 00;V 0 h� ~u ; vi V 0;V

= � �
� k ~u k+ � hf ~u ; ui V 0;V h� ~u ; vi V 0;V

= � �
� k ~u k+ � hf ~u 
 � ~u ; (u; v)i ;

in analogywith the�nite dimensionalcase.
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Part II
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Linear systems

Au = b

A 2 IRN � N positivede�nite

Toulouse February, 2004 – p.20/83



Linear systems:variational framework

Find u 2 H suchthatfor all v 2 H

a(u; v) = L(v) (L(�) 2 H 0 dualspaceof H)

Existenceanduniqueness: 8v; w 2 H

a(w; v) � C1kwkH kvkH

sup
w 2Hnf 0g

a(w; v)
kwkH

� C2kvkH

H = (IRN ; jj � jjH ) andH 0 = (IRN ; jj � jjH � 1 ) H SPD
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The symmetric case: conjugate gradient
method

A symmetricpositivede�nit e

H = (IRN ; jj � jj A ) andH 0 = (IRN ; jj � jj A � 1 )

At eachstepk theconjugategradientmethodminimizestheenergy
normof theerror� u(k) = u � u(k) on a Krylov spaceu(0) + Kk:

min
u ( k ) 2 u (0) + K k

k� u(k)k2
A

k� u(k)kA = k� u ( k ) kH 0 = kr (k)kA � 1

r (k) = b � Au (k)
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The symmetric case:stoppingcriteria

ClassicCriterion:

IF kAu (k) � bk2 �
p

"kbk2 THEN STOP,

New Criterion:

IF kAu (k) � bkA � 1 � � kbkA � 1 THEN STOP,

with � < 1 ana-priori threshold �x edby theuser. Thechoiceof
� will dependon thepropertiesof theproblemthatwe wantto
solve,and,in thepracticalcases,� canbefrequentlymuchlarger
than" , theroundoff unit of thecomputer�nite precision
arithmetic.
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The symmetric case:stoppingcriteria cont.

kAu (k) � bkA � 1 ?

kbkA � 1 ?
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The symmetric case:stoppingcriteria cont.

kAu (k) � bkA � 1

Hestenes-Stiefelrule (1952) (seeStrakošandTichý, 2002)
numericallystable

Gaussquadraturerules(GolubandMeurant,1997)
Gaussequivalentto Hestenes-Stiefel rule (StrakošandTichý).
TheGaussquadraturedoesnot requireany a-priori knowledge
of thesmallestandthebiggesteigenvaluesandcomputesa
lower bound ofkAu (k) � bkA � 1 .
Gauss-LobattoandGauss-Radau.They computelower and
upperboundsusingtheextremeseigenvaluesof A .
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upperboundsusingtheextremeseigenvaluesof A .
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The symmetric case:Hestenes-Stiefelrule

During theconjugategradientiterates,wecomputethescalar� k and
theconjugatevectorsp(k) (p(j )T Ap (i ) = 0; j 6= i ) andtheresiduals
r (k) . Thus,

u =
NX

j =1

� j p(j )

and

k� u(k)k2
A = kAu (k) � bk2

A � 1 = e2
A =

NX

j = k+1

� j r (j )T r (j )
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The symmetric case:Hestenes-Stiefelrule

Undertheassumption thate(k+ d)
A << e(k)

A , wheretheintegerd
denotesasuitabledelay, theHestenesandStiefelestimate� k will be

� k =
k+ dX

j = k+1

� j r (j )T r (j ) =
k+ dX

j = k+1

� j :

Thechoiceof a valuefor d dependson preconditionerand
ill -conditioning.
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bTA � 1b

From
r (k)T v = 0; 8v 2 Kk;

we prove

bT A � 1b = uT Au � u(k)T r (0) + bT u(0) ;

(theright-handsidewill convergemonotonically to kuk2
A ).
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bTA � 1b

Alternatively,

ku � u(0) k2
A � ku(k) � u(0) k2

A =
kX

j =1

� j ;

Owning that

ku � u(0) k2
A = kuk2

A + ku(0) k2
A � 2bT u(0) ;

we have thefollowing lower boundfor kbk2
A � 1 :

kbk2
A � 1 = kuk2

A � r (0)T u(0) + bT u(0) +
kX

j =1

� j :
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bTA � 1b

Therefore,we canuseoneof thefollowing stoppingcriteria

IF � k � � 2(u(k)T r (0) + bT u(0) ) THEN STOP.

IF � k � � 2(r (0)T u(0) + bT u(0) +
kX

j =1

� j ) THEN STOP.
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Preconditioning

The dual norm of the preconditioned residualis equal to the dual
normof theoriginal residual.
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Continuousproblem

a(u; v) =
Z



K(x)r u � r vdx; 8u; v 2 H 1

0(
)

8u; v 2 H 1
0(
) , 9
 2 IR+ and9M 2 IR+ suchthat


 jjujj 2
1;
 � a(u; u)

a(u; v) � M jjujj 1;
 jj vjj 1;
 ;

L (v) =
R


 f vdx, L(v) 2 H � 1(
) .

(P)

(
Find u 2 H 1

0(
) suchthat
a(u; v) = L(v); 8v 2 H 1

0(
) ;
hasauniquesolution.
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Finite-elementapproximation

Weakformulation
(

Find uh 2 H h suchthat
ah(uh; vh) = Lh(vh); 8vh 2 H h;

Finite elementmethodschooseH h to bea spaceof functions vh de�ned on a

subdivision 
 h of 
 into simplicesT of diameterhT ; h denotesapiecewiseconstant

functionde�ned on 
 h via hjT = hT .

Existenceanduniqueness: H h � H = H 1
0(
) .

ErrorEstimate:ku � uhkH � C(h)
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Finite-elementframework

Solve
Au h = b

given

sup
w 2

�n nf 0g
sup

v 2

�n nf 0g

wtAv
kvkH kwkH

� C1 (sup-sup)

inf
w 2

�n nf 0g
sup

v 2

�n nf 0g

wtAv
kvkH kwkH

� C2 (inf-sup)

Note: kvhkH h = kvkH .

Toulouse February, 2004 – p.35/83



Finite-elementframework

Finally, assuming h < 1 andt > 0, andchoosing � = O(h), wehave

ku � u(k)
h kH � C� (ht )kukH + 2ku � uhkH � C(h):

where

u(x) is theexactsolution of thevariational problem,

uh(x) is theexactsolution of theapproximateproblem,

u(k)
h (x) =

P N
i=1 u(k)

h � i (x) is theapproximatesolution at stepk.
(� i (x) arethebasisfunctions)
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Testproblems

Problem1

�

(x ) =

�
�����������

�����������

1 x 2 
 n f 
 1 [ 
 2 [ 
 3g;

10� 6 x 2 
 1;

10� 4 x 2 
 2;

10� 2 x 2 
 3:

Problem2

�

(x ) =

�
�����������

�����������

1 x 2 
 n f 
 1 [ 
 2 [ 
 3g;

106 x 2 
 1;

104 x 2 
 2;

102 x 2 
 3:

L (v) =

�


 10vdx ; 8v 2 H 1
0 (
)
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Preconditioners:estimatesfor � (M � 1A )

M Problem1 Problem2

I 3.6108 1.81010

Jacobi 2.4104 1.5109

Inc. Cholesky(0) 7.2103 4.3108

� 2 = 3:44:30510� 5 andN = 29619.

Thecondition numbersof thepreconditionedmatricesM � 1A for
thesecondproblemarearestill very high,andonly theincomplete
Cholesky preconditionerwith droptolerance10� 2 is aneffective
choice.
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Example: Problem1
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L-Shape  2D - Jacobi Preconditioner (d = 5)

|| d u ||
A
 / ||u||

A
H-S estimate || d u ||

A
 / ||u||

A
|| u-  u(k)||

a
/|| u||

a
||A u - b||

2
 / ||b||

2

Behaviour of thenormsof theresidualfor theJacobipreconditioner.
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Example: Problem2
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|| d u ||
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 / ||u||
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A
 / ||u||
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|| u-  u(k)||

a
/|| u||

a
||A u - b||

2
 / ||b||
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Behaviour of thenormsof theresidualfor theincompleteCholesky
preconditionerwith droptolerance10� 2 andd = 10.
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Example: Problem2
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The positivede�nite problem

a(u; v) 6= a(v; u)

A asymmetricbut positive de�nite

H = 1
2(A T + A ) SPD

How to calculatekr (k)kH � 1 ?

Solve preconditionedsystem

H � 1=2AH � 1=2û = H � 1=2b

kr̂ (k)kl2 = kr (k)kH � 1

3-termrecurrence

Approximateit from Krylov subspaceinformation.
SeeA., Login, andWathenRAL-TR-2003-009

Currentreportsavailableatwww.numerical.rl.ac.uk/reports/reports.shtml
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Onecrime

Replace
ku � uhkH h � C(h)

with
ku � u(k)

h kH h � C(h)

Suf�cient condition

ku � uhkH h + kuh � u(k)
h kH h � O(C(h))

+
kuh � u(k)

h kH h � O(C(h))
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Stoppingcriteria

A generalstopping criterion:

kuh � u(k)
h kH h = ku � u(k)kH � C(h)

Residualequation
r (k) = A (u � u(k) )

+
ku � u(k)kH = kA � 1r (k)kH = kr (k)kA � T HA � 1 � C(h)
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Stoppingcriteria

Lemma Let (inf-sup) hold. Then

kr (k)kA � T HA � 1 � C� 1
2 kr (k)kH � 1 :

New stopping criterion

kr (k)kH � 1 � C2C(h)ku(k)kH :
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Onemorecrime

This approximationhasbeenquali�ed asavariational crime
(STRANG-FIX),asit leadsto aperturbedsystem

(A + � A )~u = b:

Theorem Let ~u satisfy

kb � A ~ukH � 1

k~ukH
� htC(h)C2:

Thenthere exists� A such that

(A + � A )~u = b

and
k� A kH ;H � 1 � htC(h)C2
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Examples

Elliptic problemsin IR2 (
 unit square)

�r � (a(x)r u) + b(x) � r u + c(x)u = f in 

u = 0 on � :

where
(a)ij ; (b)i ; c 2 L 1 (
) ; i; j = 1; 2;

k2(x) j��� j2 � ��� T a(x)��� � k1(x) j��� j2 ;

c(x) �
1
2

r � b(x) � 0 8x 2 
 :
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Examples

A(w; v) = (a � r w; r v) + (b � r w; v) + (cw; v);

is continuousandcoercivewith

C1 = kk1kL 1 (
) + kbkL 1 (
) + C(
) kckL 1 (
) ;

C2 = min
x 2 


k2(x);

wrt k � kH = j � jH 1
0 (
) := j � j1.
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Examples

Error estimate:

ju � uhj1 � Chs� 1kuks; 1 � s � 2:

Issues

Whatis h?

How to approximatekuks?

Toulouse February, 2004 – p.50/83



Examples

Error estimate:

ju � uhj1 � Chs� 1kuks; 1 � s � 2:

Issues

Whatis h?

How to approximatekuks?

Toulouse February, 2004 – p.50/83



Numerical experiments

Discretization:
linearelementson uniform & adaptive meshes

Estimation of parameters

h �
kukkM

kukkl2
; kuks � kAu kkl2
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Numerical experiments

Stopping criteriaandestimates

Residualdualnorm: kr kkH � 1

Energy estimatekuk � uk� 1kH � C2h2kAu kkl2
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Advection-diffusion problem

� " � u + b � r u = f in 

u = g on � :

b = (2y(1 � x2); � 2x(1 � y2));

u(x; y) = x

 
1 � e

y � 1
"

1 � e� 2
"

!

;

kvhk2
H h

= " jvhj21 +
X

T 2T h

� T kb � r vhk2
0;T
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Advection-diffusion problem
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Toulouse February, 2004 – p.54/83



Advection-diffusion problem

0 20 40 60 80 100 120 140
10

-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

true error
residual dual norm
2-norm
interp error
final error
final interp error
energy estimate
error estimate

Uniform mesh;" = 1

Toulouse February, 2004 – p.55/83



Advection-diffusion problem

0 50 100 150 200 250 300
10

-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

true error
residual dual norm
2-norm
interp error
final error
final interp error
energy estimate
error estimate

Uniform mesh;" = 10� 1

Toulouse February, 2004 – p.56/83



Advection-diffusion problem
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How to calculatekr kkH � 1?

Solve preconditionedsystem

H � 1=2AH � 1=2û = H � 1=2f

I kr̂ kkl2 = kr kkH � 1

I 3-termrecurrence.

Approximateit from Krylov subspaceinformation.
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How to calculatekr kkH � 1?

Concus& Golub, Widlund: 3-termrecurrencesfor nonsymmetric
problems

I work in H -innerproduct
I do not minimizetheresidualnorm.

Recall
Kk(r 0; A ) = span

�
r 0; Ar 0; : : : ; A k� 1r 0

	

Arnoldi process
V T

k A Vk = H k

whereV T
k Vk = I k andH k= Hessenberg.
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How to calculatekr kkH � 1?

Lemma Arnoldi appliedto

Kk(r̂ 0; Â ) � Kk(H � 1=2r 0; H � 1=2AH � 1=2)

andArnoldi in theH -inner productapplied to

Kk(~r 0; ~A ) � Kk(H � 1r 0; H � 1A )

producethesameH k. Moreover,

(H k)ij = 0; ji � j j > 1:
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Conclusionsand futur e work

Thenaturalnormfor FEM problemsis theresidualdualnorm;

Estimation is possible;

For non-symmetricproblems,preconditioning with thenormis
useful;

Reliableestimatesfor �nite elementerrorarerequired;

Application to inde�ni te/saddle-pointproblems.
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Error energy norm estimator s for
PCG

CERFACS3/3/2004
Mario Arioli

m.arioli@rl.ac.uk
CCLRC-RutherfordAppleton Laboratory
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Linear systems

Au = b

A 2 IRN � N positivede�nite
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The symmetric case: conjugate gradient
method

A symmetricpositivede�nit e

H = (IRN ; jj � jj A ) andH 0 = (IRN ; jj � jj A � 1 )

At eachstepk theconjugategradientmethodminimizestheenergy
normof theerror� u(k) = u � u(k) on a Krylov spaceu(0) + Kk:

min
u ( k ) 2 u (0) + K k

k� u(k)k2
A

k� u(k)kA = k� u ( k ) kH 0 = kr (k)kA � 1

r (k) = b � Au (k)
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Preconditioned Conjugate Gradient
method

Let usassumethatwesymmetricallyprecondition thelinearsystem
by thenonsingular matrix U , in orderto speed-uptheconvergence

of theCGmethod.

U � T A U � 1y = U � T b;

y = Uu , r̂ (k) = U � T b � U � T A U � 1y (k) .
y (0) = 0 andr̂ (0) = p̂(0) = U � T b

y (k) = y (k� 1) + � k� 1p̂(k� 1); � k� 1 =
r̂ (k� 1)T r̂ (k� 1)

p̂(k� 1)T U � T A U � 1p̂(k� 1)
;

r̂ (k) = r̂ (k� 1) � � k� 1U � T A U � 1p̂(k� 1) ;

p̂(k) = r̂ (k) + � k� 1p̂(k� 1); � k� 1 =
r̂ (k)T r̂ (k)

r̂ (k� 1)T r̂ (k� 1)
;
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PCG method: properties

r̂ (k) = U � T b � U � T A U � 1y (k) andu(k) = U � 1y (k)

r̂ (k) = U � T (b � Au (k)) = U � T r (k) :

kr̂ (k)k2
(U � T A U � 1)� 1 = r̂ (k)T UA � 1U T r̂ (k)

= krk2
A � 1 :
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PCG method: properties

p(k) = U � 1p̂(k) , andM = U T U ,
Precon diti oned Conjugate Gradient Algorithm (PCG)

Givenaninitial guessu (0) , computer (0) = b � Au (0) , andsolve Mz (0) = r (0) . Setp (0) = z (0) , � 0 = 0 , and� � 1 = 1 .

for k = 1 ; 2 ; : : : ; until convergence

� k � 1 =
r ( k � 1) T z ( k � 1)

p ( k � 1) T Ap ( k � 1)
;

u ( k ) = u ( k � 1) + � k � 1 p ( k � 1) ;

r ( k ) = r ( k � 1) � � k � 1 Ap ( k � 1) ;

SolveMz ( k ) = r ( k ) ;

� k =
r ( k ) T z ( k )

r ( k � 1) T z ( k � 1)
;

p k = z k + � k p ( k � 1) ;
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The symmetric case:stoppingcriteria

ClassicCriterion:

IF kAu (k) � bk2 �
p

"kbk2 THEN STOP,

New Criterion:

IF kAu (k) � bkA � 1 � � kbkA � 1 THEN STOP,

with � < 1 ana-priori threshold �x edby theuser. Thechoiceof
� will dependon thepropertiesof theproblemthatwe wantto
solve,and,in thepracticalcases,� canbefrequentlymuchlarger
than" , theroundoff unit of thecomputer�nite precision
arithmetic.
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The symmetric case:stoppingcriteria cont.

kAu (k) � bkA � 1 ?

kbkA � 1 ?
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The symmetric case:stoppingcriteria cont.

kAu (k) � bkA � 1

Hestenes-Stiefelrule (1952) (seeStrakošandTichý, 2002)
numericallystable

Gaussquadraturerules(GolubandMeurant,1997)
Gaussequivalentto Hestenes-Stiefel rule (StrakošandTichý).
TheGaussquadraturedoesnot requireany a-priori knowledge
of thesmallestandthebiggesteigenvaluesandcomputesa
lower bound ofkAu (k) � bkA � 1 .
Anti-Gauss(Calvetti et al.)
Gauss-LobattoandGauss-Radau.They computelower and
upperboundsusingtheextremeseigenvaluesof A .
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The symmetric case:Hestenes-Stiefelrule

During theconjugategradientiterates,wecomputethescalar� k and
theconjugatevectorsp(k) (p(j )T Ap (i ) = 0; j 6= i ) andtheresiduals
r (k) . Thus,

u =
NX

j =1

� j p(j )

and

k� u(k)k2
A = kAu (k) � bk2

A � 1 = e2
A =

NX

j = k+1

� j r (j )T r (j )
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The symmetric case:Hestenes-Stiefelrule

Undertheassumption thate(k+ d)
A << e(k)

A , wheretheintegerd
denotesasuitabledelay, theHestenesandStiefelestimate� k will be

� k =
k+ dX

j = k+1

� j r (j )T r (j ) =
k+ dX

j = k+1

� j :

Thechoiceof a valuefor d dependson preconditionerand
ill -conditioning.
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bTA � 1b

From
r (k)T v = 0; 8v 2 Kk;

we prove

bT A � 1b = uT Au � u(k)T r (0) + bT u(0) ;

(theright-handsidewill convergemonotonically to kuk2
A ).
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bTA � 1b

Alternatively,

ku � u(0) k2
A � ku(k) � u(0) k2

A =
kX

j =1

� j ;

Owning that

ku � u(0) k2
A = kuk2

A + ku(0) k2
A � 2bT u(0) ;

we have thefollowing lower boundfor kbk2
A � 1 :

kbk2
A � 1 = kuk2

A � r (0)T u(0) + bT u(0) +
kX

j =1

� j :

Toulouse February, 2004 – p.74/83



bTA � 1b

Therefore,we canuseoneof thefollowing stoppingcriteria

IF � k � � 2(u(k)T r (0) + bT u(0) ) THEN STOP.

IF � k � � 2(r (0)T u(0) + bT u(0) +
kX

j =1

� j ) THEN STOP.
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PCG and Lanczos

TheLanczosmethodappliedto bA = U � T A U � 1 basedon

bAV k = V k T k + 
 k + 1vk + 1eT
k

V T
k V k = I k and

T k =

2

6
6
6
6
6
6
4

! 1 
 1 0

 1 ! 2 
 2

... . .. . ..


 k� 2 ! k� 1 
 k� 1

0 
 k� 1 ! k

3

7
7
7
7
7
7
5

! k =
1

� k� 1
+

� k� 1

� k� 2
; 
 k =

p
� k

� k� 1
:

Toulouse February, 2004 – p.76/83



Gaussquadratur e

Let assumefor simplicity thatu0 = 0 and� 1 < � 2 < � � � < � N

eigenvaluesof bA distinct

bA = U T �U ; UU T = U T U = I

u � uk = � k( bA )u r̂ k = � k ( bA )r̂ 0

ku� ukk �

A = k� k( bA )uk �

A = min
� 2 � k

k� ( bA )r̂ 0k �

A � 1 = min
� 2 � k

f
(r̂ T

0 uk )2

� k
� 2(� k )g
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Gaussquadratur e

a < � 1 < � 2 < � � � < � k < bRitz valuesof T k

T k = ST � k S; SST = ST S = I

 k
i = (eT

1 si )2
kX

i=1

 (k)
i

 (k) (� ) = 0 for � < � (k)
1

 (k) (� ) =
iX

l=1

 (k)
i for � (k)

i < � < � (k)
i +1

 (k) (� ) = 1 for � > � (k)
k
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Gaussquadratur e

Z b

a
f (� )d (k)(� ) =

kX

i=1

 (k)
i f (� (k)

i )

If

f (� ) =
1
�

kuk2

�

A
= kb̂k2

NX

i=1

 i

� i
= kb̂k2

Z b

a
� � 1d (� )

Z b

a
� � 1d (� ) = (T � 1

N )11

Z b

a
� � 1d (k ) (� ) = (T � 1

k )11
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Gaussquadratur e

kuk2

�

A
= kb̂k2(T � 1

N )11 = kb̂k2(T � 1
k )11 + Rk (� � 1)

Rk(� � 1) = ku � ukk2

�

A

ESTIMATOR

ku� ukk2

�

A
= kb̂k2[(T � 1

N )11 � (T � 1
k )11 ] � kb̂k2[(T � 1

k + d )11 � (T � 1
k )11 ]
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Gauss-Radauquadratur e

0 < ~� < � 1

ku � ukk2

�

A
� kb̂k2[( ~T � 1

k+ d)11 � ( ~T � 1
k )11]

UPPERBOUND

~T k =

2

6
6
6
6
6
6
4

! 1 
 1 0

 1 ! 2 
 2

... . . . .. .


 k� 2 ! k� 1 
 k� 1

0 
 k� 1 ~! k

3

7
7
7
7
7
7
5

~! k = ~� + � 2
k� 1eT

k (T k � ~� I k )� 1ek
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Anti-Gaussquadratur e

�Tk = D(Tk �
! k

2
ekeT

k )D;

ku � ukk2

�

A
� kb̂k2[( ~T � 1

k+ d)11 � ( ~T � 1
k )11]

CanbeanUPPERBOUND (not always)

�T k =

2

6
6
6
6
6
6
4

! 1 
 1 0

 1 ! 2 
 2

... .. . .. .


 k� 2 ! k� 1

p
2
 k� 1

0
p

2
 k� 1 ! k

3

7
7
7
7
7
7
5
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Example: Problem2
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L-Shape  2D - Jacobi Preconditioner (d = 150)

H-S estimate
G-R Upper bound
Anti-Gauss
|| d u ||

A
 / ||u||

A

Anti-GaussestimateversusHestenes-Stiefeland the Gauss-Radau
upperboundfor the Jacobipreconditioner with d = 150 in Prob-
lem 2.
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