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Linear systems

A € RN*N positive definite

Bari 22 - 24 September, 2003 — p.3/41
L



Linear systems: variational framework

Find u € H such that for all v € 'H
a(u,v) = L(v) (L(-) € H" dual space of H)
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B o Linear systems: variational framework

Find u € 'H such that for all v € 'H
a(u,v) = L(v) (L(-) € H" dual space of H)
Existence and uniqueness: Vv, w € 'H

a(w,v) < Cif|wlx|lv]x

a(w, V)

Sup > Collviln

wer\{oy [W]l#
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B o Linear systems: variational framework

Find u € 'H such that for all v € 'H
a(u,v) = L(v) (L(-) € H" dual space of H)
Existence and uniqueness: Vv, w € 'H

a(w,v) < Cif|wlx|lv]x

a(w, V)

Sup > Collviln

wer\{oy [W]l#

H = (RY,||-|la) and H' = (R, || - ||z-+) H SPD
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- Backward error

We have the following equivalence:

b € BL(H),30L € H' suchthat: ) (|lpalln < ofja)lx + 3
a(,v)+b(u,v) = (L+ L) (v), where pg € H' is defined by
Vv € 'H, and (Pa; V)3 1 = a(u,v) — L(v),
6Cs)Bey S o l6Lfly <5 ) \VveH

Rigak and Gaches (1967), A., Noulard, and Russo (2001)

Bari 22 - 24 September, 2003 — p.5/41
L



CLRC [he symmetric case: conjugate gradient
C
Ao ey method
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A symmetric positive definite
H=(RY,[|-]la)and H' = (R™, ]| - [|a-:)

At each step k the conjugate gradient method minimizes the energy norm
of the error 6u®) = u — u'®) on a Krylov space u(® + K

- (k) |12
a1, 10 A

[6u™|a = [lpuos 2 = Ir* ]| a-

P8 _ b Au(®
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The symmetric case: stopping criteria

Classic Criterion:

IF [|[Au®) — b, < v/||b|ls THEN STOP,
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v The symmetric case: stopping criteria

m Classic Criterion:
IF [|[Au®) — b, < v/||b|ls THEN STOP,
® New Criterion:
IF ||[Au®) —b||a-: < n|b|[4-: THEN STOP,

with n < 1 an a-priori threshold fixed by the user.
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& CCLRE.. The symmetric case: stopping criteria

Classic Criterion:

IF [|[Au®) — b, < v/||b|ls THEN STOP,
New Criterion:

IF ||[Au®® —b||a-: < n|/b|/4-: THEN STOP,

with n < 1 an a-priori threshold fixed by the user. The choice of n
will depend on the properties of the problem that we want to solve, and,
In the practical cases, n can be frequently much larger than ¢ , the
roundoff unit of the computer finite precision arithmetic.
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The symmetric case: stopping criteria c.

HAu(k) — bHA—l ?
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The symmetric case: stopping criteria c.

HAu(k) — bHA—l ?

Ibl[4- ?
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The symmetric case: stopping criteria c.

[Au®) — bl s
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LT3 1,5 The symmetric case: stopping criteria c.

[Au®) — bl s

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable
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[Au®) — bl s

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable

Gauss quadrature rules (Golub and Meurant, 1997)

Bari 22 - 24 September, 2003 — p.9/41
L



2 st The Symmetric case: stopping criteria w.
|Au® — b||a-

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable

Gauss quadrature rules (Golub and Meurant, 1997)

M Gauss equivalent to Hestenes-Stiefel rule (Strakos and Tichy). The
Gauss quadrature does not require any a-priori knowledge of the
smallest and the biggest eigenvalues and computes a lower bound

of||[Au®) — bl|5-1.
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LT The symmetric case: stopping criteria .

[Au®) — bl s

Hestenes-Stiefel rule (1952) (see Strakos and Tichy, 2002) numerically
stable

Gauss quadrature rules (Golub and Meurant, 1997)

M Gauss equivalent to Hestenes-Stiefel rule (Strakos and Tichy). The
Gauss quadrature does not require any a-priori knowledge of the
smallest and the biggest eigenvalues and computes a lower bound
OfHAll(k) — bHA—l.

W Gauss-Lobatto and Gauss-Radau. They compute lower and upper
bounds using the extremes eigenvalues of A.
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2 Gsmmanmwn The symmetric case: Hestenes-Stiefel rule

During the conjugate gradient Iterates, we compute the scalar o, and the

conjugate vectors pt®) (pU)T Ap) = 0, j # 7) and the residuals (¥,
Thus,

and

N
lsu® |} = Au® —bi =k = > a0
—k+
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e The symmetric case: Hestenes-Stiefel rule
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Under the assumption that e<k+d) << eff), where the integer d denotes a

suitable delay, the Hestenes and Stiefel estimate &, will be
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2 Gloummmms  The symmetric case: Hestenes-Stiefel rule

Under the assumption that effM) << eff), where the integer d denotes a

suitable delay, the Hestenes and Stiefel estimate &, will be

The choice of a value for d depends on preconditioner and ill-conditioning.
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From
T(k)TV — 07 Vv € ICka

We prove
bT’A b = ulAu > u®TrO 4 bTu(O),

(the right-hand side will converge monotonically to ||ul|% ).
Therefore, we use the following stopping criterion

IF & < n?(u™Tr® £ pTu®) THEN STOP .
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CCLRC Preconditioning
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The dual norm of the preconditioned residual is equal to the dual norm of
the original residual.
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@ e CONtinuous problem

a(u,v) = / RA(x)Vu - Vodx, Yu,v € Hy(Q)
Q

Vu,v € H}(Q), 3y € Ry and 3M € R, such that

Vullfo < alu,u)
a(u,v) < Mllul[rollv

1,22

L(v) = [, fvdx, L(v) € H Q).

Find v € H} () such that . .
(P { u € Hy($) has a unique solution.

a(u,v) = L(v), Yv e H}(Q),
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2 Glaimmame  Finite-element approximation

Weak formulation
Find u;, € H;, such that
an(up,vn) = Lp(vy), You, € Hp,

Finite element methods choose H;, to be a space of functions v, defi ned on a
subdivision €25 of Q2 into simplicesT" of diameter A ; h denotes a piecewise constant
function defi ned on 3, viah|r = hr.
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2 Glaimmame  Finite-element approximation

Weak formulation

Find u;, € H}, such that
an(up,vn) = Lp(vy), You, € Hp,

Finite element methods choose H;, to be a space of functions v, defi ned on a
subdivision €25 of Q2 into simplicesT" of diameter A ; h denotes a piecewise constant
function defi ned on 3, viah|r = hr.

Existence and uniqueness: H;, C H = Ha(Q).
Error Estimate: ||u — uy||ln < C(h)
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= wiveriort eon ooy Finite-element framework
Solve
Allh = b
given
wiAv
sup sup < (] (sup-sup)
weR\ {0} vern\{o} IVIa|W|H
tA
inf sup WAV > () (inf-sup)

weR™\{0} vern\ {0} [ VIE[W|H

Note: [|vn|#, = [|v]a.
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Finally, assuming h < 1 and ¢ > 0, and choosing n = O(h), we have

lu — u™ |l < C* (W) ||ullr + 2l|u — unllx < C(h).

where
u(x) is the exact solution of the variational problem,
up(x) is the exact solution of the approximate problem,

ug“) (x) = Zfi ) ugk)@(x) IS the approximate solution at step k.
( are the basis functions)
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@// Cmemmoaens  Test problems

Problem 1 Problem 2
(1 x € Q\ {1 UQ UL, (1 xeQ\ {2 U U},
107° xey, 10° x € Qq,
R(x) = « , R(x) = .
10~ XEQQ, 10 XEQQ,
| 1077 x € Qs. | 10 x € Qs.

L(v) = [, 10vdx, Yo € Hy(Q)

09r

0.8F Q

7k 1
0.7 QZ
0.6 © ©
05
ox Q r
0.3F

Q

0.2+ 3
0.1

E) 011 012 0‘.3 0.‘4 015 016 017 018 0.‘9 i
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2 ey Preconditioners: estimates for x(M ' A)

M Problem 1 | Problem 2
I 3.6 10° 1.8 1010
Jacobi 2.4 104 1.5 10”
Inc. Cholesky(0) 7.2 10° 4.3 103

n? = 3.44.305107° and N = 29619.

The condition numbers of the preconditioned matrices Mt A for the
second problem are are still very high, and only the incomplete Cholesky
preconditioner with drop tolerance 102 is an effective choice.
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2 Gy Example: Problem 1

=9

L-Shape 2D - Jacobi Preconditioner (d = 5)

10° ¢ ‘ f
: ‘ ‘ ‘ 5 ou IIA_/ Tull,
H-S estimate || S u ||,/ [|ull
- K
[[Fu=u™] /N ull,
~ lIAu=bll,/Ibll,
10t | 2\ E
/\
. ya
0 "/ B \
0100 Xy ** ;
S
b4
©
=]
=]
%]
& .
10 F X ;
%X;x><><><><><><><><><><><><><><><><><><><><><>< ]
* % % x * x
* % % x * % 5
KoKk ok ok ok k% % %
10° E ;
:|.073 ! I I L L L ‘ ‘
0 5 10 15 20 25 30 35 40 45
Iteration

Behaviour of the norms of the residual for the Jacobi preconditioner.
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Residual Norms
[
o

Example: Problem 1

L-Shape 2D - Cholesky(0) Preconditioner (d = 5)
T T

T

« nou IIA_/ Tull,

H-S estimate || S u ||, /[ull
_ y®

[Fu=u™LA1ull

~ lIAu=bll,/|lbll,

*
ok % % % % %

| | | | |
5 10 15 20 25
Iteration

Behaviour of the norms of the residual for the incomplete Cholesky

preconditioner.
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2 s, Example: Problem 2

L-Shape 2D - Cholesky(1e-2) Preconditioner (d = 10)
T

Residual Norms
[ =
o o
b .
T oo Ty 4444‘444‘44‘4‘4““! o
\ 1
/
{
|
\W
{
|
|
|
{
|
X

] s Poufl 7l
10 °F ~__ H-Sestimate || du || / ||u||
E (K
: = u®p A,
[ ~ llAu-bll, /IIbII
10
10‘5 | | | | |
0 20 40 60 80 100 120
Iteration

Behaviour of the norms of the residual for the incomplete Cholesky
preconditioner with drop tolerance 102 and d = 10.
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@f//; Cmmmaeeey  Example: Problem 2

L-Shape 2D - Jacobi Preconditioner

10" T T
AT b,
i o lu=u® |
10° b ‘c“m‘ - -d=10 -
F ‘Ab\‘l‘\ Il ——d=70 ]
Eo N o A d=90
Tl [ I A “‘ i d=130
102 L “\\ ‘\‘ “‘ “u I | M / \ -

Error estimates

10_ | | | | |
0 200 400 600 800 1000 1200

Iteration

Comparison of several estimates of the energy error for d = 10, 70, 90, 130
In Problem 2.
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€ CEERG The positive definite problem

a(u,v) # a(v, u)
A asymmetric but positive definite
H=21(A"+A)SPD

How to calculate ||r*)||g-1?
Solve preconditioned system

H_1/2AH_1/2ﬁ _ H—1/2b

[, = (|-
M 3-term recurrence
Approximate it from Krylov subspace information.

See A., Login, and Wathen RAL-TR-2003-009
Current reports available at www.numerical.rl.ac.uk/reports/reports.shtml
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Replace

lu —up|n, <C(h)
with

Ju = uy I, < C(R)
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Replace
with

lu —ui|, < C(R)
Sufficient condition
u = unllz, + lun — ul® |, ~ O(C(R))

U
lun — ul™ |1, ~ O(C(h))
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ey StOPPING cCriteria

A general stopping criterion:

lun, — w3, = Jlu— u® g < C(R)
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_ ey StoOppIiNg criteria

&@&

A general stopping criterion:

lun, — w3, = Jlu— u® g < C(R)

Residual equation
r®) = A(u — u®)

4

lu—u®g = AWl = [r® ) s < C(h)
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ey StOPPING cCriteria

Lemma Let (inf-sup) hold. Then

[ a-rea- < O3 e

Bari 22 - 24 September, 2003 — p.27/41
L



=

rd

;

Stopping criteria

Ruthe

Lemma Let (inf-sup) hold. Then
e a-rma— < Cy e .
New stopping criterion

[ -1 < CoC(R)[[u™|3.
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Elliptic problems in R? (Q unit square)

—V - (a(x)Vu) + b(x) - Vu+c(x)u = f in
u = 0 on I

where
(a)ij, (b)i, c€ L), 14,7 =1,2,

ka(x) |67 < €'a(x)€ < ki(x) [€]°,
c(x) — %V b(x) >0 Vxe.

Bari 22 - 24 September, 2003 — p.28/41



— 1
6I;%:cjhe(r'gird I.ﬂt_;;plﬁm;e%;ngbmbora'cory Exam p I eS

\\K\\‘(\\

a(w,v) = (a-Vw,Vv) + (b - Vw,v) + (cw,v),
IS continuous and coercive with

Cr = ||k1ll L) + (Bl =) + C(Q)]lc|| L= (),
C'y = min ko (x),

xe)
Wrt || - |l = | - [H200) == | - |1
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A5 Examples
Error estimate:

|u — uh|1 < Chs_1HUH87 1 <s<2.
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Examples

Error estimate:
|u—uh|1 SChS_luun& 1 < s <2

Issues
What is h?
How to approximate ||u||s?
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TALN- - Numerical experiments

Discretization:
linear elements on uniform & adaptive meshes
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ey NUmMerical experiments

R

Discretization:
linear elements on uniform & adaptive meshes

Estimation of parameters

k
o ulls ~ (lAa® L,
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Numerical experiments

Stopping criteria and estimates
Residual dual norm: ||r®]|¢-
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_ GSaimmmaessy Numerical experiments

\K\\T“\\\\\QT“

Stopping criteria and estimates
Residual dual norm: ||r* ||z
Energy estimate ||u® — u*~ ||z < Coh?||Au”||;,
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2GS RS Advection-diffusion problem

—cAu+b-Vu = f In €
U = g on I'.

b= (2y(1 — z%), —2z(1 — y%)),

1 —e'c
uw(z,y) =2 ",
1l —e =

vl =elvali + Y orlb- Vupllg ¢
TeTh
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ey Advection-diffusion problem

1

1

true error .
residual dual norm :
2-norm :
interp error i
final error i
final interp error :
energy estimate :
error estimate !

-10

BERES

-12 ! ! ! !
0 20 40 60 80 100 120 140

Uniform mesh; e = 1

10
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10—10

-12

10

Advection-diffusion problem

i

BERR R

true error
residual dual norm
2-norm

interp error

final error

final interp error
energy estimate

error estimate

50 100 150 260
Uniform mesh: ¢ = 10!

250

300
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— A AT Advection-diffusion problem

true error

residual dual norm
2—norm

interp error

final error

final interp error
energy estimate
error estimate

i

-10

BERR R

-12 ! ! ! !
0 50 100 150 200 250 300 350

Uniform mesh: ¢ = 102

10
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Solve preconditioned system
H—l/QAH—l/Qﬁ _ H—1/2f

> (|25, = 2% -
» 3-term recurrence.

Approximate it from Krylov subspace information.
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2 CCLRC .. Howto calculate ||t 17

Concus & Golub, Widlund: 3-term recurrences for nonsymmetric
problems

» work in H-inner product

» do not minimize the residual norm.

Recall
Ki(rY, A) = span {ro, ArY, ... ,Ak_lro}

Arnoldi process
VLAV, = H,

where VZV,\C = I;. and H;.= Hessenberg.
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Lemma Arnoldi applied to
Ku(20, A) = K (H- V20 H-V2AH12)
and Arnoldi in the H-inner product applied to
Ki(i, A) = K,(H 't H1A)
produce the same H;. Moreover,

(Hk)z’j = O, ‘Z — ]| > 1.
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2 naneriant ropieon tavoratory Conclusions and future work

The natural norm for FEM problems is the residual dual norm;
Estimation iIs possible;

For non-symmetric problems, preconditioning with the norm is useful,
Reliable estimates for finite element error are required;
Application to indefinite/saddle-point problems.
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S oot sopletn ooraory Conclusions and future work

The natural norm for FEM problems is the residual dual norm;
Estimation iIs possible;

For non-symmetric problems, preconditioning with the norm is useful,
Reliable estimates for finite element error are required;
Application to indefinite/saddle-point problems.

FINAL MESSAGE: DO NOT ACCURATELY COMPUTE THE SOLU-
TION OF AN INACCURATE PROBLEM
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