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A1 - Problemswith Preconditioning

Au = Db
A2 RN NsSpD

M = RTR aSPDprecondiioner
R TAR 'Ru=R b
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A1 - Problemswith Preconditioning

Au = Db
A2 RY NSPD
M = RTR aSPDprecondiioner
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2 CCLRC... A PDEexample

R? simply connectedounded polygonal. Let
a(u;v)  8u;v 2 Hg()
beacontinuousandcoercve bilinearform, and

L(v)2 H () :

Theproblem

(
Findu 2 H5() suchthat

a(u;v) = L(v); 8v2HZ) ;

hasa uniquesoluton.
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A PDE example

L
= K(X)ru rvdx; 8u;v2Hg()

R
L(v) =  10vdx; 8v 2 H}()

IMAT, 25-28 May, 2004, Prague — p.5/30




2 CCLRS.. A PDEexample

/
a(u;v) = K(X)ru rvdx; 8u;v2H;()

R
L(v) = 10vdx; 8v 2 H}()
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Using pdetoo | ¢, we generateé meshsatidying the usualregularity
condtionsof Ciarletandwe computech nite-element
approxmationof the problemwith the useof continuouspiece-wise
linearelementsTheapproximategroblemis equvalentto the
following systemof linearequatiors:

Au = b:

In ourmeshthelargesttrianglehasanareaof 3:123 10 4, therefore,
theresultinglinearsysemhasl16256triangles,8289nodesand7969

degreesof freedom.
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We usedthreekinds of preconditoners:the classicallacobidiagonal
matrix, M = diag(A), theincompleteCholesk decomposibn of

A with zero lI-in, andtheincompleteCholesk decomposibn of

A with droptolerancelO 2. Usingtheincomplet Cholesly
decompogions, we computedhe uppertriangdar matrix R such
thatM = R™R.
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We usedthreekinds of preconditoners:the classicallacobidiagonal
matrix, M = diag(A), theincompleteCholesk decomposibn of

A with zero lI-in, andtheincompleteCholesk decomposibn of

A with droptolerancelO 2. Usingtheincomplet Cholesly

decompogions, we computedhe uppertriangdar matrix R such
thatM = RTR.

M (M 1A) min max
| 2.610° 3.710 3 | 9.61CF°
Jacobi 6.810° | 3.110°| 2.08
Inc. Cholesly(0) 9.410° | 1.7108%| 1.6
Inc. Cholesly(10 ) | 6.210° |[1.810 7| 1.1
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PreconditimerM
Jacobi| Inc. Cholesky(0)| Inc. Cholesky(10?)

max =10° | 3

max =000 5

max =200 18

max =100 43 3

max =00 11

max =20 32

max =10 > 200 68 3
max =9 9
max =2 40

Numberof eigervaluesin [ min, |
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m Goodclusterizationbut problemstill ill-conditioned
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% =49 1,% . Problemswith Preconditioning

m Goodclusterizationbut problemstill ill-conditioned
m Severalright-handsidesin successn
m Implicit matrix
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@4 GRS  Techniquesfor improving the solvers
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@4 GRS  Techniquesfor improving the solvers

m De ation: computetheinvariantspacecorrespondig to the
smallesteigervalues
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@4 GRS  Techniquesfor improving the solvers

m De ation: computetheinvariantspacecorrespondig to the
smallesteigervalues

m Filtering + Lanczos
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Startwith aninitial setof s randomlygeneratedectors(s is the
block-sizg, and“damp, in thesestartingvectorsthe
eigenfrequencieassociateavith all the eigervaluesin some
predeterminedange.
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block-sizg, and“damp, in thesestartingvectorsthe
eigenfrequencieassociateavith all the eigervaluesin some
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Fix suchthat mn(R)< < ax(R)

Computeall the eigervectorsassociatedavith all theeigervalues
In therange| min()&); ].
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Startwith aninitial setof s randomlygeneratedectors(s is the
block-sizg, and“damp, in thesestartingvectorsthe
eigenfrequencieassociateavith all the eigervaluesin some
predeterminedange.

Fix suchthat min(R) < < max(R)
Computeall the eigervectorsassociatedavith all theeigervalues
In therange| min()&); ].

If the eigervaluesarewell clustereadhe numberof remainingeigen-

valuesin [ in (R): 1, with reasonable ( 1ax=100 or 1ax=10),
shoud besmallcomparedo thesizeof thelinearsysem.
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& CCLRC..  The two-phaseiterati ve approach

o
18 | |
26 eigs. are below the threshold ( mzlmaxllo) - :
16F
14k | |
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Smallest eig. = 1.0897e-13; Largest eig. = 2.5923
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AT The two-phaseiterati ve approach

We canuseChebyshe polynamialsto damp

( To(')=1; Ti(1)="

Toa(1)= 2 Ta() Toa(') n L

If we consderd > 1 and

Tn(!).
Ta(d)’

thenH, hasminimuml; normontheintenal| 1;1]overall
polynomialsQ, of degreelessthanof equalto n andsatisfying the
condtion Q,(d) = 1, andwe have

Ha(!) =

1
1) = .
e Ha() =
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< CEERE. The two-phaseiterati ve approach

nax(R)+ 2
max (R)

with min(R) < < nax(R) givenabove.
This transformatiormaps maX()Q)to 1, tol,andOto

2R7! 1 ()=

max (R) +
Il (0)=d = > 1
©) max (R)
Then,
et ().
Pn( ) - Tn(d ) )

IMAT, 25-28 May, 2004, Prague — p.14/30
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R=uu T
the eigendecomposiin of the SPDmatrix R, with = diag( ;)
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© SLtRS.. The two-phaseiterati ve approach

R=uu T
the eigendecomposiin of the SPDmatrix R, with = diag( ;)

with —u2|—1 """ n,
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& CCLRC .. The two-phaseiterati ve approach

R=uu T
the eigendecomposiin of the SPDmatrix R, with = diag( ;)

with —u2|—1 """ n,

X0
v="P.(R)z= u(Pn( 1) 1);

=1
Theeligencomponesof theresulting vectorv arecloseto thatof
theinitial vectorz for all | suchthat ; is closeto O andrelatvely
muchsmallerfor large enoughdegreen andall i suchthat

i 2 [; max('kz)]-

IMAT, 25-28 May, 2004, Prague — p.15/30




2 G The two-phaseiterati ve approach

Eigencompaentsof the starting set of Eigencompoantsof this setof vectors

orthonormal vectors (6 vectors, ran- after51 Chebysher iterations(theresult-

domly generatedandorthonamalized). Ing 6 vectorshave alsobeenreorthonor
malized).

Theeigervectorsof A areindexedonthe X-axis (from 1 to 136)in increasingorderof their correspondingigervalue.
Theindexes(from 1 to 6) of the vectorsin the currentsetareindicatedon the Y-axis.

TheZ-axisindicatesthelogarithmof the absolutevaluesof the eigencomponents eachof the 6 vectors.
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3L The two-phaseiterati ve approach

We caninterpretthe useof Chebyslav polynamialsasa lterin g tool
thatincreaseshedegreeof colinearity with someselected
eigervectors.Then,after” Iteri ng’ theinitial startingvectorswe
obtain asetof s vectorswith eigencompoantsbelow a certainlevel

" for those eigervaluesin therange] ;  max(R)], andrelatively
muchbigger eigencomponestinkedwith the smallestigervalues

inA.
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We caninterpretthe useof Chebyslav polynamialsasa lterin g tool
thatincreaseshedegreeof colinearity with someselected
eigervectors.Then,after” Iteri ng’ theinitial startingvectorswe
obtain asetof s vectorswith eigencompoantsbelow a certainlevel

" for those eigervaluesin therange] ;  max(R)], andrelatively
muchbigger eigencomponestinkedwith the smallestigervalues

in R
Theblock-sizes v.s. thenumberk of remainingeigervaluesoutsde
theintenal [ max(R)].

k s, aRitzdecompodion enablesisto getthek wanted
eigervectors.

k > s, we usea Block-Lanczogype of approacho build a

Krylov basisstartng with these ltered vectorsandto stopwhen
appropriate.
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2 G The two-phaseiterati ve approach

Lanczos/Bbck-Lanczosalgorithm doesnot maintainthe nice
propertyof the ltered vectors.
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The two-phaseiterati ve approach

Lanczos/Bbck-Lanczosalgorithm doesnot maintainthe nice

propertyof the ltered vectors.

Eigendecompsition of the Krylov basisobtainedafter5 block-Lanczossteps(Block

Lanczoswith block size6 andfull classicalGram-Schmidteorthogmalization).
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LanczogOrthodir approach

To maintainthelevel of the unwantedeigenfrequenciem the
orthonormalblock Krylov basisunder”, perform,ateach
Block-Lanczogteration afew extra Chebyshe iteratiors onthe
newnly generatedlock LanczosvectorsV (K*1)
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LanczogOrthodir approach

To maintainthelevel of the unwantedeigenfrequenciem the
orthonormalblock Krylov basisunder”, perform,ateach
Block-Lanczogteration afew extra Chebyshe iteratiors onthe
nenly generatedlock Lanczosvectorsv (<*1)

Eigendecompsisitonof the Krylov basisobtairedafter5 block-Lanczos/Orthodisteps
with additioral Chebyslav Itering ateachLanczosteration
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Partial Spectral Factorization phase

Z = Chebyshev_Filter(Y ;"; [ ; max];)Q)

IS theapplicatian of a Chebyshe polynamial in R toY, viz.
Z = Pa(R)Y;

whereP,, hasadegreesuchthatits L; normovertheintenal
[ max] IS lessthan”.
Fixing theblock sizeto s, the cut-off eigervalue

min()Q)< < maX()Q),andthe ltering level " 1:
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Partial Spectral Factorization phase

PO = random(n;s); andQ®©® = orthonormalize(P @)
Z© = chebyshevFilter(Q© ;™ [ max];A)
Y ©: P:wil=sw(z®;0); and o= mn( )
Z© = chebyshev Filter(Y @ : o:[; max];A); andV© = orthonormalize(Z®)
V=V, andset ;=1
fork = 0;1;2;:::; until convergencedo:
pk+1) — Ay (K) vv T AV (k); [V(k+1) ; (1k+1) ;W] — SVD(P(k+1) ;O);
set 1= min( )= max and = max("; 1 2)
fori = 1;2
Z&* ) = chebyshev Filter(V €Y ;[ max [ A)
y (K+D) = Z(k+1)  \pyy T 7 (k+D)
[V (k#D) (2k+1) ‘W 1= svp(Y & :0)
2= min( YY) andset = ,
end
Vo= [V VKD
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Solution of the system

Oncethe nearinvariantsubspacénkedto the smallesteigervalues
IS obtaired,we canuseit for the computaton of furthersolutions.
Theideais to performanobliqueprojectionof theinitial residual

(fo= D )on) ontothis nearinvariantsubspacen orderto getthe
eigencompoantsin the soluton correspondig to thesmallest
eigervaluesviz.

1
f=f, AV VTRV VTa,
1
with Xi=Xo+V VTRV VT,

To computethe remainingpart of the soluton vectorBx , = 4,

onecanthenusethe classicalChebyshe algorithm with eigervalue
bourdsgivenby and max()Q).
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Solution phase

[f1;X1] = Chebyshev_Solve(fo; Xo; ;[;  max]; R)

IMAT, 25-28 May, 2004, Prague — p.23/30
L



Solution phase

[f1;X1] = Chebyshev_Solve(fo; Xo; ;[;  max]; R)

Solution phase
For ary right-handsidevectorD, setx, andfo = b Rx,,

andperformthefollowing consecuire steps
[f1;X1] = Chebyshev_Solve(fo; Xo;"s [} max]; R)
1
f=f, RV VTRV VT4 and

1
X=x.+V VTRV VT,
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ii®ia 2 = dix  xjja e=R ®o=x  xg
Vv = Po(R)RIIP L (R)ej2:
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Err or Analysis

ii®ia 2 = dix  xjja e=R ®o=x  xg
Vv = Po(R)RIIP L (R)ej2:

NP
Nfolla =

iiRZjLR ZjiLi0 VWV Tvjj2:
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ii®ia 2 = dix  xjja e=R ®o=x  xg
Vv = Po(R)RIIP L (R)ej2:

NRllA -
Jfolla 1
Theorem LetU, 2 R" ™ bethematrix of theeigervectorsof)?

corresponthgto ; andU, 2 R" (" M pethematrix of the

remainingeigen/ectorsof,&. LetV 2 R" bethefull basis
generatedby the Algorithmusing a ltering level " and

V= Po(B)oTiP o (R)egjiz. If M"  land®  mthen
i VWV Tvii, P+ 22m;

iiRZjLR ZjiLi0 VWV Tvjj2:
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Err or Analysis

-2
10 T T
Eigencomponents of residual Rk
—— Eigencomponents of error (Xk - Xsol)
x<f
10" —\
\
10° |
k
0° ||

107

10" F

107

10»18

. I
L Yﬂ : i v i

10—12 |

0

I I I I I I
20 40 60 80 100 120

140

Computaion of thesoluton of alinearsystemwith aright-nandside
vectorb correspondig to agivenrandomexactsoluion vectorx .
The ltering level " hasbeenx edat10 8 in bothphase®f the

algorithm.
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In uence of the differ ent parameters

= Thechoiceof thestartng block sizes
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Thechoiceof the startng block sizes
Thechoiceof the cut-off eigervalue
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Thechoiceof the startng block sizes

—

ne choiceof the cut-off eigervalue

Thechoiceof the Iterin g level "
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ne choiceof thestarthg block sizes
ne choiceof the cut-off eigervalue

nechoiceof the lterin g level "
m"=108

-4 4

IMAT, 25-28 May, 2004, Prague — p.26/30



—

neC

—

neC

—]

nec

noiceof t
noiceof t

noiceof t
10 8

ne startng block sizes
ne cut-off eigervalue

e Iterin g level "

WA o
JIfolla

A
9

(R)

(R) = kRKkR 1k “aposeriori” goodapproximation
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In uence of the differ ent parameters

Numberof Chebysev Iterations(s = 6)
= max =9 = max =10 = max =100
Block Krylov Valueof " Valueof " Valueof "
lteration 10 * 10° 10 * 10° 10 * 10 ®
Start 35+2 20+3 51+4 30+3 165+ 14 96+ 14
1 10 9 15 15 59 56
2 11 11 20 18 88 90
3 16 15 32 30 165 06
4 25 20 43 30 -
5 35 20 - - - -
Inthecase = max =5, thereare33 eigervectorsto capture.
Inthecase = max =10, thereare26 eigervectorsto capture.
Inthecase = max =100, therearel9 eigervectorsto capture.
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Numerical experiments

Backto the starthg example
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Numerical experiments

max —

SpectralFactorization

Solution phase

Tot. Chebysher | SizeV || Chebyshey Error Enegy
lterations lterations Norm
Jacobi
1000 1030(1004) 3 231 710 3 (2.610 °)
500 1101(1114) 5 163 610 “ (7.010 °)
200 2234(2615) 1 103 2.510 * (410 ©)
Inc. Chdesky(0)
100 433(248) 5 (3) 68 7.410 ° (1.810 °)
50 462 (503) 9 48 310 °(1.310 °)
Inc. Cholesky(10 2)
10 55 (70) 3 19 8.210 ° (3.310 ©)

Summaryof theresults
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THE END
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