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Problemswith Preconditioning

Au = b

A 2 IRN � N SPD

M = RT R a SPDpreconditioner

R � T AR � 1Ru = R� T b

bA = R � T AR � 1, x = Ru , b̂ = R� T b.

Goodclusterizationbut problemstill ill-conditioned
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A PDE example


 � IR2 simply connectedboundedpolygonal. Let

a(u; v) 8u; v 2 H 1
0(
)

beacontinuousandcoercivebilinearform, and

L(v) 2 H � 1(
) :

Theproblem
(

Find u 2 H 1
0(
) suchthat

a(u; v) = L(v); 8v 2 H 1
0(
) ;

hasa uniquesolution.
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A PDE example

a(u; v) =
Z



K(x)r u � r vdx; 8u; v 2 H 1

0(
)

L(v) =
R


 10vdx; 8v 2 H 1
0(
)
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A PDE example

Using pdetoo l c
 , wegenerateda meshsatisfying theusualregularity
conditionsof Ciarletandwe computeda �nite-element
approximationof theproblemwith theuseof continuouspiece-wise
linearelements.Theapproximatedproblemis equivalentto the
following systemof linearequations:

Au = b:

In ourmesh,thelargesttrianglehasanareaof 3:123� 10� 4, therefore,
theresultinglinearsystemhas16256triangles,8289nodes,and7969
degreesof freedom.
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A PDE example

Weusedthreekindsof preconditioners:theclassicalJacobidiagonal
matrix,M = diag(A ), theincompleteCholesky decomposition of
A with zero�ll-in, andtheincompleteCholesky decomposition of
A with droptolerance10� 2. UsingtheincompleteCholesky
decompositions, we computedtheuppertriangular matrix R such
thatM = RT R.

M � (M � 1A ) � min � max

I 2.6109 3.710� 3 9.6106

Jacobi 6.8108 3.110� 9 2.08
Inc. Cholesky(0) 9.4107 1.710� 8 1.6
Inc. Cholesky(10� 2) 6.2106 1.810� 7 1.1
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A PDE example

PreconditionerM

� Jacobi Inc. Cholesky(0) Inc. Cholesky(10� 2)

� max =103 3

� max =500 5

� max =200 18

� max =100 43 3

� max =50 11

� max =20 32

� max =10 > 200 68 3

� max =5 9

� max =2 40

Numberof eigenvaluesin [� min , � ].
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Problemswith Preconditioning

Goodclusterizationbut problemstill ill-conditioned

Severalright-handsidesin succession

Implicit matrix
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Techniquesfor impr oving the solvers

De�ation: computetheinvariantspacecorresponding to the
smallesteigenvalues

Filtering + Lanczos
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The two-phaseiterati veapproach

Startwith aninitial setof s randomlygeneratedvectors(s is the
block-size), and“damp”, in thesestartingvectors,the
eigenfrequenciesassociatedwith all theeigenvaluesin some
predeterminedrange.

Fix � suchthat� min ( bA ) < � < � max( bA )

Computeall theeigenvectorsassociatedwith all theeigenvalues
in therange[� min ( bA ); � ].

If theeigenvaluesarewell clusteredthenumberof remainingeigen-
valuesin [� min ( bA ); � ], with reasonable� (� max=100, or � max=10),
should besmallcomparedto thesizeof thelinearsystem.
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The two-phaseiterati veapproach

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

 26 eigs. are below the threshold ( m = l
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The two-phaseiterati veapproach

We canuseChebyshev polynomialsto damp
(

T0(! ) = 1; T1(! ) = !
Tn+1 (! ) = 2! Tn(! ) � Tn� 1(! ) n � 1:

:

If weconsiderd > 1 and

Hn(! ) =
Tn(! )
Tn(d)

;

thenHn hasminimuml1 normon theinterval [� 1; 1] overall
polynomialsQn of degreelessthanof equalto n andsatisfying the
condition Qn(d) = 1, andwehave

max
! 2 [� 1;1]

Hn(! ) =
1

Tn(d)
:
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The two-phaseiterati veapproach

� 2 R 7�! ! � (� ) =
� max( bA ) + � � 2�

� max( bA ) � �
;

with � min ( bA ) < � < � max( bA ) givenabove.
This transformationmaps� max( bA ) to � 1, � to 1, and0 to

! � (0) = d� =
� max( bA ) + �

� max( bA ) � �
> 1:

Then,

Pn(� ) =
Tn(! � (� ))

Tn(d� )
;
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The two-phaseiterati veapproach

bA = U�U T

theeigendecomposition of theSPDmatrix bA , with � = diag(� i )

z =
nX

i=1

ui � i ;

with � i = uT
i z, i = 1; : : : ; n,

v = Pn( bA )z =
nX

i=1

ui (Pn(� i )� i ) ;

Theeigencomponentsof theresulting vectorv arecloseto thatof
theinitial vectorz for all i suchthat� i is closeto 0 andrelatively
muchsmallerfor largeenoughdegreen andall i suchthat
� i 2 [�; � max ( bA )].
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The two-phaseiterati veapproach
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Eigencomponentsof the startingset of

orthonormal vectors (6 vectors, ran-

domly generated,andorthonormalized).
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Eigencomponentsof this setof vectors

after51Chebyshev iterations(theresult-

ing 6 vectorshave alsobeenreorthonor-

malized).
� Theeigenvectorsof A areindexedon theX-axis (from 1 to 136)in increasingorderof their correspondingeigenvalue.

� Theindexes(from 1 to 6) of thevectorsin thecurrentsetareindicatedon theY-axis.

� TheZ-axisindicatesthelogarithmof theabsolutevaluesof theeigencomponentsin eachof the6 vectors.
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The two-phaseiterati veapproach

Wecaninterprettheuseof Chebyshev polynomialsasa �lterin g tool
thatincreasesthedegreeof colinearity with someselected
eigenvectors.Then,after“ �lteri ng” theinitial startingvectors,we
obtain asetof s vectorswith eigencomponentsbelow acertainlevel
" for thoseeigenvaluesin therange[�; � max ( bA )], andrelatively
muchbiggereigencomponents linkedwith thesmallesteigenvalues
in bA .

Theblock-sizes v.s. thenumberk of remainingeigenvaluesoutside
theinterval [�; � max ( bA )].

k � s, aRitz decomposition enablesusto getthek wanted
eigenvectors.

k > s, weusea Block-Lanczostypeof approachto build a
Krylov basisstarting with these�ltered vectorsandto stopwhen
appropriate.
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The two-phaseiterati veapproach

Lanczos/Block-Lanczosalgorithm doesnot maintainthenice
propertyof the�ltered vectors.
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Eigendecomposition of theKrylov basisobtainedafter5 block-Lanczossteps(Block

Lanczoswith block size6 andfull classicalGram-Schmidtreorthogonalization).
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Lanczos/Orthodir approach

To maintainthelevel of theunwantedeigenfrequenciesin the
orthonormalblock Krylov basisunder" , perform,at each
Block-Lanczositeration, a few extraChebyshev iterations on the
newly generatedBlock LanczosvectorsV (k+1) .
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Eigendecomposisitonof theKrylov basisobtainedafter5 block-Lanczos/Orthodirsteps

with additional Chebyshev �ltering ateachLanczositeration
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Partial SpectralFactorization phase

Z = Chebyshev Filter(Y ; "; [�; � max ]; bA )

is theapplication of a Chebyshev polynomial in bA to Y , viz.

Z = Pn( bA )Y ;

wherePn hasadegreesuchthatits L1 normover theinterval
[�; � max ] is lessthan".
Fixing theblock sizeto s, thecut-off eigenvalue� ,
� min ( bA ) < � < � max( bA ), andthe�ltering level " � 1:
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Partial SpectralFactorization phase
P (0) = random(n; s); andQ (0) = orthonormalize(P (0) )

Z (0) = Chebyshev Filter(Q(0) ; "; [�; � max ];

�

A )

[Y (0) ; � (0)
1 ; W ] = SVD(Z(0) ; 0); and� 0 = � min (� (0)

1 )

�

Z (0) = Chebyshev Filter(Y (0) ; � 0; [�; � max ];

�

A ); andV (0) = orthonormalize(

�

Z (0) )

V = V (0) ; andset� 2 = 1

for k = 0; 1; 2; : : : ; until convergencedo :

P ( k +1) =

�

AV ( k ) � VV T

�

AV ( k ) ; [V ( k +1) ; � ( k +1)
1 ; W ] = SVD(P ( k +1) ; 0);

set� 1 = � min (� ( k +1)
1 )=� max and� = max("; � 1 � � 2)

for i = 1; 2

Z( k +1) = Chebyshev Filter(V ( k +1) ; � ; [�; � max ];

�

A )

Y ( k +1) = Z ( k +1) � VV T Z( k +1)

[V ( k +1) ; � ( k +1)
2 ; W ] = SVD(Y ( k +1) ; 0)

� 2 = � min (� ( k +1)
2 ) andset � = � 2

end

V = [V ; V ( k +1) ]
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Solution of the system

Oncethenear-invariantsubspacelinked to thesmallesteigenvalues
is obtained,wecanuseit for thecomputation of furthersolutions.
Theideais to performanobliqueprojectionof theinitial residual
(̂r 0 = b̂ � bA x0) ontothis nearinvariantsubspacein orderto getthe
eigencomponentsin thesolution corresponding to thesmallest
eigenvalues, viz.

r̂ 1 = r̂ 0 � bA V
�

V T bA V
� � 1

V T r̂ 0;

with x1 = x0 + V
�

V T bA V
� � 1

V T r̂ 0:

To computethe remainingpart of the solution vector bAx 2 = r̂ 1,
onecanthenusetheclassicalChebyshev algorithm with eigenvalue
boundsgivenby � and� max( bA ).
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Solution phase

[̂r 1; x1] = Chebyshev Solve(r̂ 0; x0; � ; [�; � max ]; bA )

Solution phase

For any right-handsidevectorb̂, setx0 andr̂ 0 = b̂ � bA x0,
andperformthefollowing consecutivesteps:

[̂r 1; x1] = Chebyshev Solve(r̂ 0; x0; "; [�; � max ]; bA )

r̂ = r̂ 1 � bAV
�

V T bAV
� � 1

V T r̂ 1; and

x = x1 + V
�

V T bAV
� � 1

V T r̂ 1
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Err or Analysis

jj r̂ jj �

A � 1 = jjx � � x jj �

A e0 = bA � 1r̂ 0 = x� � x0

v = Pn( bA )r̂ 0=jjP n( bA )e0jj 2:

Theorem Let U 1 2 Rn� m bethematrix of theeigenvectorsof bA
corresponding to � 1 andU 2 2 Rn� (n� m) bethematrix of the
remainingeigenvectorsof bA . Let V 2 Rn� ` bethefull basis
generatedby theAlgorithmusing a �ltering level " and
v = Pn( bA )r̂ 0=jjP n( bA )e0jj 2. If m" � 1 and` � m then

jj (I � VV T )v jj 2 � 2"
p

m + 2"2m:
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v = Pn( bA )r̂ 0=jjP n( bA )e0jj 2. If m" � 1 and` � m then

jj (I � VV T )v jj 2 � 2"
p

m + 2"2m:
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Err or Analysis
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Err or Analysis
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Eigencomponents of residual Rk
Eigencomponents of error (Xk - Xsol)

Computation of thesolution of a linearsystemwith a right-handside
vectorb corresponding to agivenrandomexactsolution vectorx� .

The�ltering level " hasbeen�x edat 10� 8 in bothphasesof the
algorithm.
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In�uence of the differ ent parameters

Thechoiceof thestarting block sizes

Thechoiceof thecut-off eigenvalue�

Thechoiceof the�lterin g level "
" = 10� 8

jj r̂ jj A � 1

jj r̂ 0jj A � 1

� � ;

" =
�

q
� ( bA )

:

� ( bA ) = k bA kk bA � 1k “a posteriori” goodapproximation
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In�uence of the differ ent parameters

Numberof Chebyshev Iterations(s = 6)

� = � max =5 � = � max =10 � = � max =100

Block Krylov Valueof " Valueof " Valueof "

Iteration 10� 14 10� 8 10� 14 10� 8 10� 14 10� 8

Start

1

2

3

4

5

35 + 2

10

11

16

25

35

20 + 3

9

11

15

20

20

51 + 4

15

20

32

43

-

30 + 3

15

18

30

30

-

165+ 14

59

88

165

-

-

96 + 14

56

90

96

-

-

In thecase� = � max =5, thereare33 eigenvectorsto capture.
In thecase� = � max =10, thereare26 eigenvectorsto capture.

In thecase� = � max =100, thereare19 eigenvectorsto capture.
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Numerical experiments

Backto thestarting example
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Numerical experiments

� = � max =
 SpectralFactorization Solution phase


 Tot. Chebyshev SizeV Chebyshev ErrorEnergy

Iterations Iterations Norm

Jacobi

1000 1030(1004) 3 231 7 10� 3 (2.610� 5)

500 1101(1114) 5 163 6 10� 4 (7.010� 6)

200 2234(2615) 1 103 2.510� 4 (4 10� 6)

Inc. Cholesky(0)

100 433(248) 5 (3) 68 7.410� 3 (1.810� 5)

50 462(503) 9 48 3 10� 3 (1.310� 5)

Inc. Cholesky(10� 2)

10 55 (70) 3 19 8.210� 3 (3.310� 6)
Summaryof theresults
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THE END
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