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1 Introduction
We consider the bound-constrained linear least-squares problem

minimize f(z):= 1| Az — b|5, where X :={z € R": 2" <z <2"}. (1.1)
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Here, we are given a vector of m observations b, a linear model Az that aims to match b,
written in terms of an m by n design matrix A, a positive-definite matrix of weights W,
and vectors of lower and upper bounds z",z" € R", some of whose components may be
infinite. We are particularly concerned with problems for which n and m are large, and A
and W are sparse; in practice W is frequently just a diagonal matrix of strictly positive
weights, indeed diagonal weights of one are common.

Throughout we use the Euclidean inner product (-,-), the corresponding norm ||-|| =
||-||5, weighted versions so that (u,v)y = (u, Wov) and ||ully,, = \/(u,w)y for any vectors
u and v), and the projection operator

Py[r] = max(z", min(z", 7)),

where min and max are applied componentwise. We denote the residual by r(z) := Az —b,
and the gradient and (constant) Hessian of f by g(z) := A" Wr(z) and H := ATWA. We
partition the indices of x € A into bounded and free sets via

B'(x) :={j € Ny : [z]; = [2"];}, B'(z) :={j € Ny [a]; =[]},

B(z) = B"(z) UB"(z) and F(z):={jeN,:[z"]; < [z]; < [z"];},

where N,, := {1,---,n} and [z]; is the jth component of x. Finally we let A; be the
matrix whose columns are those of A indexed by the set J C N,,, [ is the n by n identity
matrix, I; be the matrix of columns of I indexed J, and e; € R" is the j-th coordinate

vector.
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2 Method

To solve (1.1), we use an accelerated gradient-projection method. Given a iterate x), € X,
an improvement x,_ is found as follows:

1. Stop if z;, satisfies suitable termination criteria.
2. Compute
vy = Prylrp — apg(ay)]

for some suitable «ay, for which f(x})) < f(zy).

3. Compute 7}, as an approximation to

arg min f(x) subject to z; = z; for j € B"(z}) and z; = z,, for j € B"(x},)
z€R"

4. Compute
Ty1 = Prlzy + By, — o)
for some suitable 3, for which f(z;,) < f(z})-
Steps 3 and 4 may sometimes be omitted if good progress is made in Step 2.
The dominant computations involved are the piecewise linesearches in Steps 2 and 4,

and the linear least-squares minimization with fixed variables in Step 3. We consider each
in turn.

2.1 Piecewise linesearches

Given a base point 2° and a search direction d, consider the path
z(a) := Py(2° + ad)

for a > 0. On this path, our aim is to find a point for which f(x(«)) is “suitably” smaller
than f(z°). Clearly z(«) is piecewise linear, and changes direction at a finite sequence of
“breakpoints” «; > «a;_;, for i = 1,...m, with oy = 0. At breakpoint «;, one or more of
the variables [x];, j € B;, encounters a bound, and each is fixed at that value for o > a;.
In particular,

z(a; + Aa) = x; + Aad; (2.2)

for all Aa € [0, Acy], where

z; = x(q;) = Py(2® + a;d),

[dy]; = { 0 if j € Uo By or (2.3)

[d]; otherwise,

Aa; = a1 — (24)
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and specifically

By :={j:[z°]; =[z"]; and [d]; <0 or [z°]; = [z"]; and [d]; >0 or [d]; = 0}.

While it might appear that the breakpoints need be sorted in advance, this is not necessary.
Let

[SUU]J‘[C&[:CSL it [d), > 0.
af i=1¢ [77; —][xs}] i | n (2.5)
a0 £ [d], <0 and
0 if [d], =0

for j € N,, be the unordered breakpoints. Then the i-th ordered breakpoint may be found
efficiently knowing the ¢—1-st by arranging the {c}} in a heap, and using the Heapsort
method [10]. In practice, breakpoints that are very close together are considered as a single
point.

2.1.1 An exact piecewise minimizer

We now consider f(z) on the segment (2.2). It follows immediately that

2
f(z(a; + Aa)) = f(z; + Aad,;) = LJA(z; + Aad;) — bl|y,
HTi‘gAOéSiHW ) , (2.6)
7:llyy + Aalry, syw + A7 |8l

:l

2
=1
2

where

and

Notice that (2.6) implies that f(z(«)) is convex, and that it achieves its smallest value at
Mo <7nz'75i>W

so long as this is lies in the interval [ay, ;,]. Thus an obvious method to find the global
minimum on z(«) is to step through the breakpoints «; in increasing order until either
(r;,s;) > 0, in which case the minimizer occurs at @ = o; or ;' < a,,;, in which case a
minimizer is at a = o;" [2, §3], [3, Alg.17.3.1 with typo corrections|. The process is finite,
since there are only at most n + 1 breakpoints. As we shall now show, the whole process
can be implemented while moving from one segment to the next by evaluating and using
the product Av, where v is a vector whose non-zeros occur only in positions corresponding
to components of x that reach bounds as the segment ends; typically v is extremely sparse,
usually only having a single nonzero.

Superficially, the scheme suggested above requires that we calculate the slope and
curvature

fi= (riys;)w and fi= HszH%/V’
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but as we shall now see these may be recurred with modest expense rather than formed
afresh. The key is the definition (2.3) of d;. In particular

di+1 =d; — Vit1, (2-9)

where
Vit1 = Z [d]j€j7
JEB; 11

and v, is almost certainly a very sparse vector. Thus since A is sparse, it is also highly
likely that so are

Pip1 = Avyyy and g = W,y (2.10)
each column of A can only be accessed a single time during the entire iteration. Hence,
using (2.8), (2.9) and (2.10),

Sit1 = Si — Pit1 (2.11)

differs from s; in only a few components and therefore may be updated efficiently rather
than recomputed. Therefore

fz'liul = ||Si+1||$/[/ = |ls; —pz’+1||124/ = HSzH?/V + <pz'+1 - 25iapi+1>W
/)
= 1 + (piy1 — 284, Dis1)w
= fi + (Pis1 — 285, Yir1)

which may be updated using a sparse inner product involving v, ;.
Recurring the slope f; = (r;, s;)w is only slightly more awkward. To proceed, let

r® = Az® — b, (2.12)
g* = AT WS, (2.13)
Az, =z, —2° and (2.14)
q; ‘= AAx;. (2.15)

It then follows from (2.7), (2.12), (2.14) and (2.15) that
r, =A@+ Ax;) —b= A2 —b+ AAx, = Az® —b+q =1+ ¢,
and hence from (2.8) and (2.13) that
(rissi)w = <7"S + i, Si)w = <7“S7 siyw + (@ si)w = L + 7,
where
L= (g" d;) and v; := (g, si)w- (2.16)
Thus (2.9), (2.10) and (2.16) give

li+1 = <gs7di+1> = <gsa d; — Uz‘+1> = <gs>di> - <98>Uz‘+1>
=1; - <98,Uz'+1> =1, — <7’S> WAUz'+1> =1 — <7"S,?Jz'+1>7
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and so [;,,; may be updated from /; using a sparse inner product involving either v, ; or
Yir1. Since (2.2) gives
.TZ‘+1 = xi + Aazdz,

it follows from (2.8), (2.14) and (2.15) that

Giv1 = ADx; g = Ay — 2°) = Az, + Aayd; — 2°)
= ¢; + Aays;.

Combining this with (2.11), we find

Yitr = Qi1 Siv)w = (G + Days;, 5, — Diy1)w
= (@i, si)w + D (s;, siyw — (Qiv1, Piv1)w
y (2.18)
=7+ Aa;f; = (Giv1, Pis1)ws
=%+ Ay fi — (i1, Yirr),

where we only need to take the inner product over components j for which [y;,4]; # 0.
Unfortunately, the update (2.17) for ¢;;; does not involve a sparse vector, and we need to
dig a little deeper. The secret is to define

Ui = Giy1 — Q1S with uy = 0. (2.19)
Then it follows from (2.17), Aa; — ;1 = —a; from (2.4), and (2.11) that

U1 = ¢+ Aoy 8; — 18, = ¢+ (A — 04)8; = ¢ — 5, = ¢ — oy(5,1 — p;)
= u; + Q;p;,

and this is a sparse update. Thus rather than recurring ¢;, we may instead recur u,; and
obtain ¢ 1 = u;1; + a;418; from (2.19) as required. The important difference is that the
recursions for u,,; and s; only involve the likely-sparse p,. In particular, the recurrence for
Yip1 in (2.18) becomes

Yirr =Y + Aoy fi = (i1, Piv1)w — Qi1 (Si Piv1)w
=%+ Ay fi — (Wip1s Yis1) — Qg1 (i Yig1)-

We summarize our findings as Algorithm 2.1; this is essentially a specific case of a more
general framework [5, Alg.4]. Notice that we also record the value f; = f(z;) as a bi-
product, and that this may be updated using (2.6) as we proceed from breakpoint to
breakpoint.

Algorithm 2.1: Finding the piecewise arc minimizer ¢ = Py(2°+a°d) of f

0. Initialization: The initial point 2° € X and search direction d are given. Com-
pute the residual r* = Az®—b, and the breakpoints o from (2.5) for all j € N,,.
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Let ayp =0, uy =0,

By={jeN,: a0} =0} and dy=d— > _[de;,
JE€By
compute

Po = AdO and Yo = me
fO = %(rsaWTS% f(/) = <Tsvy0> and f(/J/ = <po7yo>

and set sy = py and ¢ = 0.
1. Find the next breakpoint: Determine «;, the first breakpoint beyond «;.

2. Check the current interval for arc minimizer:
If f{ >0, set a® = q;, 2° = Py[z° + a%d], f(z°) = f;, and stop.
If f >0 and o; — fz//fz” < @y, set a® =ao; — fi,/f'”> z° = Px[xs + Oécd]
F@°) = fi+ (0 — ) fi + §(a° — ;) fi', and stop.

3. Prepare for the next interval: Set Aa; = o1 — o, Tecur

Uiy = Ui + Q;P;,
let
Bii={jeN,:0j =0;,} and vy, = Z [d] e,

JEB; 11
and compute

Pit1 = Avi+1 and Yi+1 = Wpi—i—l'

4. Compute the value, slope and curvature: Compute

fir1 = fi + Aoy fi + %(A%‘)Q 7
fion = fi+ Doy fi — (r° 4+ upq + 185, ¥ig1) and
five = fi + iy — 284, Yit1)s

update

Si+1 = Si — Pi+1,

increment ¢ by 1 and return to Step 1.

In practice, we compute fi,; afresh when |f;,;/f/| becomes small to guard against
possible accumulated rounding errors in the recurrences. An earlier variant [1] based on
algorithms for general quadratic objectives [2, §3], but specialised for the least-squares
case, required products with both A and A at each breakpoint.
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2.1.2 An approximate piecewise minimizer

In some cases, it may instead be advantageous to approximate the piecewise minimizer
using a safeguarded, backtracking, piecewise linesearch [8]. The idea is simply to pick
an initial stepsize «, backtracking reduction factor 5 € (0,1) and decrease tolerance
n € (0,1), and to choose a sequence of decreasing stepsizes a; := aoﬁi for increasing i > 0
until

fla;) < f(a°) +nldi, g%), (2.20)
involving the trial point x; = Py[2® 4+ ;d], the trial step d; = x; — 2°, and the gradient at
the base point ¢° = A" W (Az® — b).

To do so, we take advantage of the structure of the trial step d; and basic properties of
the backtracking projected line search. In particular, we know that once a component, say
the jth, satisfies [2;]; < [z;]; < [27];, then [z7]; < [2,]; < [27]; will continue to hold for all
¢ > 4. Thus, by contrast to the search for the exact minimizer in Section 2.1.1 that moves
forward along the piecewise projected gradient path fixing variables, the search here frees
variables from their bounds as it proceeds backwards towards z°.

With this in mind, we compute the index set

A*={j:[d; =0 or [2°]; = [z"]; and [d]; <0 or [2°]; = [¢"]; and [d]; > 0} (2.21)

J

of components that are fixed at the base point on the piecewise search arc, record the
vector " for which

[2%]; ifj e A%,
[#°]; :={ [2"]; ifj ¢ A° and [d]; <0, and (2.22)
[2"]; if j ¢ A° and [d]; >0,

and maintain the sets of active (i.e., fixed) and free components

Ai={j ¢ A :[x]; = [2"];} and (2.23)
Fi={j ¢ A [w]; # [2°];}, (2.24)

for ¢ > 0, as well as the intermediate components, those that change from active to free,
L, =F,NA_4, (2.25)
for i > 1, at z;. As we have already mentioned,
Fi CFiyq and A,y CA; foralle>0

as a consequence of the approximate piecewise search.
It is immediate that, permuting the variables in the obvious way,

SA.
d. = i 2.26
~( i ) (2.26)
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where

B S
S =T —X.

Hence
ri=Aw, —b=A(a"+d;) —b=r"+Ad; ="+ Ay 54, + ;AR dr =1 + oy,

where
A

ri =1 4+ Ay s, and v = Ardg, (2.27)

and therefore
2 2
flx) = Flrit iy + calri,ridw + o} i -

Thus f(z;) may be found trivially from the three quantities

2 2
fz’c =3 ||Tf||W7 fiL = <7“zA77‘z'F>W and fiQ 3 ||T1F||W (2.28)

Although it is possible to compute these quantities afresh, it is usually more efficient
to recur them as the piecewise linesearch proceeds instead. To do so, note that

A=A \Z; and F;=F,_ UL, (2.29)
and thus that
rit=rt,—p;, and v, =71 1+ ¢, (2.30)
where
p; = Agrsz, and ¢, = Az dy,. (2.31)

Therefore, when A is sparse and if a modest number of variables move off bounds at z;, the
vectors p, and ¢; will most likely be sparse, indeed, aside from exact cancellations, their
nonzeros will occur in the same positions. It then follows from (2.28) and (2.31) that

fo = fii = (pi,ri- z 1>W +3 sz“W
- fz 1 <yz — 2pz>
f - fz 1 + <CI17 > <pzv Tzl':1>W - <Q’L7pl>W
= fiii+ <Zm7”z ) = Wi i) — 2z p) — $i @) (2.32)
= fz 1+ (20T — 3P — <yzv i1+ 1g;) and
[ + (g, 7i- 1>W+ 3 ||Qz||W
- sz 1 < i1 + 2%>

involving inner products with the likely-sparse vectors
=Wp; and z; := Wy;. (2.33)
In order to check (2.20), we also need to compute

(d;, %) = <ATdi7 rw = (Au54,, w + ai(Ardg, w =% + i, (2.34)



A projection method for bound-constrained weighted linear least-squares 9

where
Vi = <AA1-5.AZ~77"S>W and 7; = <Af,~dfu7ns>W’

using (2.26). It then follows from (2.29) and (2.31) that

’YZA = <AAZ‘718«4¢—17TS>W - <AL'8L‘7TS>W = 7?—1 B <p2’ TS>W
=71 — (%,7°) and

IVZF = <A~7‘—i—1d}—i—17 TS)W + <AIidIi7rs>W - ’Yf‘—l + <Qi7TS>W
= i1+ {2, 77).

(2.35)

Thus we may obtain (2.34) by recurring 7;* and 7, using (2.35), and the latter simply
requires a further pair of sparse inner products.

It is important to notice that the crucial likely-sparse vectors p; and ¢; in (2.31) needed
by the recurrences (2.32) and (2.35) only depend on the set of indices Z; that change
status from fixed to free during the i-th backtrack. Although formally we define this using
x;, in practice we do not need to form z;, indeed to do so would require a projection
Py[2° + a,d] for each attempted step «;. Instead, just as in Section 2.1.1, we find the
unordered breakpoints (2.5), and then arrange them in a “backward” heap starting at the
first for which o > . We then adjust the heap to find precisely the indices I, of those
between «; and «a;; using the Heapsort algorithm as required.

We summarize our discussion as Algorithm 2.2.

Algorithm 2.2: Find an approximate backtracking arc minimizer z€ of f

0. Initialization: The initial point 2° € X, search direction d, initial stepsize oy >

0, reduction factor 5 € (0,1) and decrease tolerance n € (0,1) are given.

Compute the residual r* = Az® —b, the initial objective value f(z°) = 3 |13,
the base fixed set A" from (2.21), the breakpoints a; from (2.5) for all j € N,,
the end of the arc z” from (2.22) and its direction s = 2° — 2°, the initial
search point ¥y = Py[1® + ayd], the active and free components at ,

Ag={j a9 >0aj} and Fy={j ¢ A’ : oy < o},

and the corresponding residuals
ro =7 +py and 1y = qq
using the matrix-vector products
po = Au,Sa4, and gy = Agr dz,.
Initialize
2 2
fo = tlirollw, fo=(ro,ro)w and f5 = L[rolly
as well as
Yo = <p077”S>W and v = <QO7TS>W-
Set ¢« = 0.
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1. Check for an approximate arc minimizer: Compute
fi= P +aff +0aif? and 5 =7 + a1
If f; < f(2°) + 0y, set
a® = q;, 7° = Pylz® +a%d] and f(z°) = f;,
and stop.

2. Find the next set of indices that change status: Let o, ; = fo;, and
compute
Ly ={j i <o < a5}

using the Heapsort algorithm.

3. Update the components of the objective and its slope: Compute

Piy1 = AIH_I Ziv1? Yivy1 = szJrla

Qi+1 = AL-HC[IZ-Jr1 and z; = W,

update

fiC—JI—I .f <yz+17 r; %pi-l—l)?

fin=Ffi + (i, mi — 0i1) — Wi, 75 + LG40
i(?l—l f <Zz+17 T; + QQZ+1>
A

P)/iJrl P)/ <yz+17 >7
F

Yi+1 = < Zit1,T >7

A
Tit1 = 7’z‘ — Di+1 and

F F
Tit1 = T; + Git1,

increment ¢ by 1 and return to Step 1.

It is also possible to contemplate a variant in which the iterates advances further along
the piecewise arc if the initial point x, is acceptable. To be specific, if

f(zo) < f(@°) +nlxo — 2%, 9°), (2.36)
we terminate at the arc point x; with the smallest ¢ > 0 for which
f(@ipn) > f(2°) + i — 2%, 07), (2.37)

where, as before, z; = Py[2°+;d], but now «; = o' > ap. The only essential difference
is that in this case
Fipq1n CF, and A, C A, foralli >0,

and components in J;,; := A;;; N F; change from free to active, i.e.,

Ai+1 = AZ U \77;_;'_1 and .FH_l = E \ ‘_71'_’_1. (238)
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This leads to

A A F F
Tie1 =7; +Dip1 and 7 =7, — @41,

where p; and ¢; are given by (2.31), and the obvious changes to (2.32) and (2.35).

summarize the necessary enhancements in Algorithm 2.3.

Algorithm 2.3: Find an approximate piecewise arc minimizer z€ of f

The same as Algorithm 2.2 on page 9 except that Step 1 becomes
1. Check for an approximate backtracking arc minimizer: Compute
fi=F+off +oif? and v =7+
If f; < f(z°) + 0, go to Step 4 if i = 0 but otherwise, i.e., if i > 0, set
a® = q;, 7° = Pyl[z® +a°d] and f(z°) = f;,
and stop.
and additionally

4. Find the next set of indices that change status: Let o, = B tay, and
compute

T ={ja;<of <y}

using the Heapsort algorithm.
5. Update the components of the objective and its slope: Compute

Piv1 = AJZHSJHN Yir1 = Wpiia,

qit1 = AJZHdJiH and 2,11 = Wy,

update
fﬁi—l - fz <yz+17 T; + zpi+1>7
iy = fz (2 z+177" + 1pis1) + Yir1, T — Lqig1)s
icil < z+17 zqi+1>7
A
%—i—l - rYz <y7,+17 >7

F S
Vigr =V — (Ziy1,T),
A A
Tix1 =73 + P and
F _ _F
Tiv1 =Ty — Gita-
6. Check for an approximate extended arc minimizer: Compute
__ rC Ik, 2 Q A F
fir1 = finn + o finn o iy and i =i + 4
S B
If fiy1 > f(2°) + nyig1 OF iy > max; o, set
C

a’ = q;, 1°= Pylz®+a] and f(z°) = f;,

and stop. Otherwise, increment ¢ by 1 and return to Step 4.

11
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Notice the extra stopping check in Step 6: this is simply to prevent the search extending
beyond the end of the piecewise arc.

2.2 Linear least-squares minimization with fixed variables

Let Z[v] be the operator that sets the components of a given vector v to zero, i.e.,

[Z[oll: = { [1?] itijwise,

for a specified subset Z C N,, of indices of x that are to be fixed; in the context of Step
3 in the generic framework described at the start of Section 2, Z at iteration £ will be
B"(z};) U BY(z;). To minimize f(z) over the set of variables that are in F := N, \ Z,
while fixing the remaining components at the values that they have at xy, we may apply
the following well-known preconditioned conjugate-gradient iterative scheme [7, 9]—here
the preconditioner P may be any symmetric, positive-definite matrix, for which the cost
of solving Pv = ¢ is modest.

Algorithm 2.4: The preconditioned conjugate-gradient least-squares
method

Given x, set ry = Axyg—b and gy = Z[A"Wr], and let vy = Z[P~'g,] and py = —vp.

For £ = 0,1, ... until convergence, perform the iteration
q = App,
= Gk V) /(G W),
Tpy1 = Tp+ Py,
Tk+1 = Tkt Ok,
Ie+1 = Z[ATWTkH] )
Uk+1 = Z[Pilgk—i-l]»
Br = {9rs1Vrs1)/ {9k, Vi) and
Prt1 = —Upgr T BrDe-

Notice that the product g, = Ap, only requires access to the columns of A with indices
that lie in F. Likewise, only the components of ATerH with indices that lie in F are
needed. A good “preconditioner” P will be such that the eigenvalues of P~'AZW A are
clustered around one, although it is not necessarily easy to achieve this [6]; at the very
least, picking P = diag(ATWA) is often helpful, and in particular the required diagonal
entries are then simply the squares of the W-norms of the columns of A.
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3 Regularization

In practice, it is common to consider the regularized bound-constrained linear least-squares
problem
minimize ¢(z,0) = 1 || Az —b||}, + 1o ||z]%, (3.39)
zeX

in which we allow an extra regularization term in the positive-definite R-norm, with reg-
ularization weight o > 0; while it is not necessary, in what follows we shall assume that R
is sparse so that products between R and sparse vectors remain sparse. Since ¢(x,0) is a
linear sum of f(z) and the regularization term, we may use linearity to compute derivatives
involving those that we have already seen plus o times those of p(x) := 1 ||z%. Trivially,
the gradient and Hessian of p are Mz and M respectively. Equally p(z) mat be interpreted
as a weighted sum-of-squares function } || Az — b||?, in the special case for which A = I,
b=0and W = R. Such a perspective then simply allows us to derive the necessary
changes in p(x) as we investigate the piecewise-linear path z(«).

To generalise the method for finding the exact piecewise minimizer described in Sec-
tion 2.1.1, we must consider p(x) on the segment (2.2). Plainly we have that

p(x(a; + A)) = p(z; + Aad;) = L|z; + Aad;||% = p; + Aap; + LA (3.40)
involving the value, slope and curvature
pi =3 szH?%» pp = (x;,d;)p and p] = ||dz||?{

at breakpoint ¢. Mechanically repeating the arguments in Section 2.1.1, leads to the
following generalisation of Algorithm 2.1 for the regularization case.

Algorithm 3.1: Finding the piecewise arc minimizer € = Py(2°+a°d) of ¢

0. Initialization: The initial point 2° € X and search direction d are given. Com-
pute the residual r° = Az® —b, and the breakpoints ¢ from (2.5) for all j € N,,.
LetOéO:O, UDZO,UJO:O,

By={jeN,:a; =0} and dy =d — Z[al]jej7
j€By

compute

bo = AdOJ Yo = Wpo and Zo = Rdoa

fO = %<TS7WTS>’ fé = <rsay0> and f(,)/ = <poayo>7
Po = %("ES7R‘TS>’ pi) = <$Sazo> and pg = <do7zo>7

and set vy = dy, sy = py and ¢ = 0.
1. Find the next breakpoint: Determine o, the first breakpoint beyond «;.

2. Check the current interval for arc minimizer:
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Compute
/!

¢ = fi+op;, ¢ =fi+op; and ¢ = f +op;.
It ¢; >0, set o =, 2 = Px[xs + Oécd], qb(xc,a) = ¢;, and stop.
If ¢ > 0 and a; — ¢3/¢; < ayyy, set a° = a; — ¢/ ¢y, 2° = Py[z® 4+ a“d]
(2%, 0) = ¢; + (a° — Ozi)gb; + %(Ozc = Ozi)ng;', and stop.

3. Prepare for the next interval: Set Aa; = ;1 — oy, Tecur

Wiy = W; + o,
Ui = U; + oyp;,
let
Bii={jeN,:af =0;,} and vy, = Z [d] e,

JEBi11

and compute

Pit1 = AUiJrlv Yipr1 = Wpi+1 and S+l = R%‘H-

4. Compute the value, slope and curvature: Compute

fir1 = fi + Doy f] + L(Aa)* f7,
firn = fi + Doy fi — (r® +wiq + 186, Yira),s

" 1/

i1 =i + D1 — 285, Yiv1),

pir1 = pi + Dayp; + 3(Aa,) i
p;‘_;_l = ,0; + AO&Z',O{L'/ — <£CS + W;41 il &i+1di> Zi+1> and (341)
Pir1 = pi + (Vi1 — 2d;, Zi41), (3.42)

update
diy1 = d; — Vg,

Si+1 = Si — Pi+1,

increment ¢ by 1 and return to Step 1.

Slightly less obviously, it is straightforward to show that

(dis 2i11) = (Vig1s 2ig1)

if R is diagonal, and thus, in this case, (3.41) and (3.42) may be written instead as

i1 = P+ Aapi — (2% + wigy + Qi i),
and

/! /!

Pir1 = Pi — (Vip1 Zig1)s
with no need to recur d; in Step 4. Crucially, each of the recursions needed to maintain
w;, pi, pi and p; only requires operations involving the sparse vector v;.
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To adapt the method for finding an approximate piecewise minimizer described in
Section 2.1.2 to cope with regularization, the only significant issue is to consider how the
regularization term p(x) evolves as we move backwards or forwards along the search arc.

Plainly we have that

S S A F A F
=2 +d; =2 +s; +oid; = + oqd;,

1
where

x; =2 +s; and dj = Izdy with s =1 54,

and therefore
p(z;) = pi + cpi + aip?,

where

2 2
pi =g llaillz, P = (ai di)p = (2", di)p and p =4 |[di]R .

1
2
It is then easy to simplify the recurrences described in the earlier section to deal with this.
The generalisation of Algorithm 2.1 for the regularization case is then simply as follows.

Algorithm 3.2: Find an approximate backtracking arc minimizer z€ of ¢

0. Initialization: The initial point 2° € X, search direction d, initial stepsize o >

0, reduction factor § € (0,1) and decrease tolerance n € (0,1) are given.

Compute the residual 7° = Az® —b, the initial objective value f(z°) = L||7°[|3y,
the base fixed set A® from (2.21), the breakpoints o from (2.5) for all j € N,,,
the end of the arc z” from (2.22) and its direction s = z” — 2°, the initial
search point xy = Py[z° + ayd], the active and free components at z,

Ao={j:ap>0aj} and Fy={j ¢ A : ap < o},

the corresponding values
xp =2 + sy, with sy =1y 54, and dy = Ixdz,
and residuals
ro =7°+py and ry = qq
using the matrix-vector products
po = Au,Sa, and qo = Agr dz,.
Initialize
fs = tlralliv, fo = (ro,mo)w and fg = 1llrolliy, and
po = Iz Nz, po = (2%, do)r and pg = Llld|%,
as well as
% = (r°,po)w and v = (r°,qo)w, and

N’g = <ms788>R and /‘Lg = <‘rs7d5>R'

1 . . .
Here s 4, and dy, are n-vectors, whose nonzero components are obtained from s and d via the index
sets A; and F;, respectively.
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Set ¢ = 0.
1. Check for an approximate arc minimizer: Compute

fi=f +afi+ azzfz‘Qa

pi = pi + i + o pd,

¢; = [; +op; and

Vi =7 ey o + o).

If ¢, < ¢(z°,0) + 0, go to Step 4 if i = 0 but otherwise, i.e., if i > 0, set
Oéc = Qy, xC = PX['IS + acd]7 f(xc) = fz and ¢(x070.) = (bi?
and stop.

2. Find the next set of indices that change status: Let o;,; = Sa;, and

compute

Tiv1 =1{j iy <f <y}

using the Heapsort algorithm.
3. Update the components of the objective and its slope: Compute
Pit1 = AIHISI v Yir1 = Wpit1,

div1 = ALHdLH and z;; = Rg; 41,

Sit1 = II-Jrl Sz, it1? U1 = MSH—I?

diy1 = ZHOZIZ+1 and v, = Rs;yq,
update
fic-l-l = fi— <y2+17 — 1ipit1),
fiv1 = fi + {zip1, 78 = 30i41) — Wirns 70+ 3Gi1)s
i(?l-l - f + < H—l?r + 2qz+1>
Vi1 =% — W17, Vi =%+ (Zign, ),
Tit1 = 7“? — i1 and 1y =17 + gy,
as well as
Pz‘c+1 = Uir1, Ty — 28i41),
Piy1 = Vi1, T — 38i41) — (Uir1, & + i),

—(u
+ (v
Pi1 = P+ (v z+17d + idip1),
pivy = g5 — (U1, 2%), pipa = g + (Vig,7°),

A F
Tip1 = o5 — 84 and diyy = di 4 diyq,

increment ¢ by 1 and return to Step 1.
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4. Find the next set of indices that change status: Let o, = ey, and
compute

Jiv1 =17 <04 <o}

using the Heapsort algorithm.

5. Update the components of the objective and its slope: Compute

Pit1 = A\Z_H Tiv1? Yiv1 = sz+17
G =Ag,, dg,, and zi = Wg,
Sip1 =1 15T Wit1 = = Ms;1,

di+1 = I$+1d$+1 and Vi1 = R5i+17

update
fir1 = 7+ Wi, 70+ 0i1),
fin=Ff"—{(z z+1;7" +1piv1) + Wir1s 7 — $Gi41),
z‘?H = fil — (Zig1,78 — 3211,
Yirr =% F Wi, ™) Vi1 =% — (Zig, ),
Tiv1 =7i + D1 and 750 =75 — Gipq,
as well as

pir1 = 5 + (U1, @7 + 1diga),

Piy1 = pi — (v z+1737 + 1dip1) + (Ui, di — Ldigq),
p(iQJrl =07 — (v

frivy = pt; (Ui, 2%, pie = 15 — (Vig1,2°),
Ti =% + ;41 and diy =df —d;yy.

2+1a i idi+1>a

6. Check for an approximate extended arc minimizer: Compute

fz+1 fz—|—1 + az—&—lfz—i—l + az+1 z+17
Pir1 = Pir1 + Qip1piv1 + ai+1pi+17
¢ir1 = fix1 +0piy1 and

Yie1 = Yir1 + Cir1Vier + o (Bi1 + Qipipis)-
If ¢ > @(a°,0) + 941 OF g > max; af, set

(@]

o = ay, xc :PX[xS+acd]7 f(xc) :fz and ¢(xcaa) :¢i?

and stop. Otherwise, increment ¢ by 1 and return to Step 4.
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3.1 Regularized linear least-squares minimization with fixed vari-

ables

Algorithm 3.3: The preconditioned conjugate-gradient regularized-least-
squares method

Given zg, set 7o = Azg — b and gy = Z[A"Wry + 0 Rz, and let vy = Z[P ™' g,] and

Py = —vy. For k=0,1,... until convergence, perform the iteration

a = Apy,
Qg (9, ve) /[ ({qes Wai) + o{p, Bpy)),

Tt1 T + QP

Tk+1 Tk + Qg

Jk+1 Z[A"Wrys + 0Rz ],

U1 = Z[P_19k+1]7
Br (k415 V1) /(9k, vk) and

Pet1 = —Vhg1 + Bibr

Notice that throughout only components [p,];, ¢ € F, can be nonzero, and this should
be exploited when forming Ap, and (p;,, p) . The preconditioner needs to take account of
the regularization term, and, at the very least, P = diag(A” W A)+odiag(R) is appropriate.

Availability

The algorithms described have been implemented as the modern Fortran package blls,
and the later is available as part of the GALAHAD library [4].
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