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The adaptive cubic regularization algorithms described in Cartis, Gould and Toint [ Adaptive cubic regular-
isation methods for unconstrained optimization Part II: Worst-case function- and derivative-evaluation
complexity, Math. Program. (2010), doi:10.1007/s10107-009-0337-y (online)]; [Part I: Motivation,
convergence and numerical results, Math. Program. 127(2) (2011), pp. 245-295] for unconstrained (non-
convex) optimization are shown to have improved worst-case efficiency in terms of the function- and
gradient-evaluation count when applied to convex and strongly convex objectives. In particular, our com-
plexity upper bounds match in order (as a function of the accuracy of approximation), and sometimes
even improve, those obtained by Nesterov [Introductory Lectures on Convex Optimization, Kluwer Aca-
demic Publishers, Dordrecht, 2004; Accelerating the cubic regularization of Newton’s method on convex
problems, Math. Program. 112(1) (2008), pp. 159-181] and Nesterov and Polyak [Cubic regularization
of Newton’s method and its global performance, Math. Program. 108(1) (2006), pp. 177-205] for these
same problem classes, without requiring exact Hessians or exact or global solution of the subproblem. An
additional outcome of our approximate approach is that our complexity results can naturally capture the
advantages of both first- and second-order methods.

Keywords: Newton’s method, cubic regularization, nonlinear optimization

1. Introduction

State-of-the-art methods for unconstrained smooth optimization typically depend on trust-region
[6] or line-search [7] techniques to globalize Newton-like iterations. Of late, a third alternative, in
which a local cubic overestimator of the objective is used as the basis for a regularization strategy
for the step computation, has been proposed [8,11,12] (see [5, §1] for a detailed description of
these contributions). Such ideas have been refined so that they are now well suited to large-
scale computation for a wide class of nonlinear nonconvex objectives; rigorous convergence and
complexity analyses under weak assumptions, together with promising numerical experience with
these techniques, are available [2,5]. Our objective in this paper is to show that the complexity
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bounds for this type of algorithms significantly improve in the presence of convexity or strong
convexity.

Specifically, at each iteration of what we call an Adaptive Regularization with Cubics (ARC)
framework, a possibly nonconvex model

def
mi(s) = fx) + s"ge + 25TBis + Lolls|? (0

is employed as an approximation to the smooth objective f (x; + s) we wish to minimize. Here,
o > 0 is a regularization weight, we have written Vf (x;) = g(xx) = g and here and hereafter
we choose the Euclidean norm || - || = || - ||2. To compute the change s; to x;, the model my is
globally minimized, either exactly or approximately, with respect to s € R". Note that if By is
taken to be the Hessian H (x) of f, and the latter is globally Lipschitz continuous with Lipschitz
constant o3 /2, we have the overestimation property f (x; + s) < my(s) forall s € R" [5, §1]. Thus
in this case, minimizing my; with respect to s forces a decrease in f from the value f (x;), since
f () = mg(0). In the general ARC algorithmic framework, H need not be Lipschitz, nor need By
be H (xy), but in this case, o} must be adjusted as the computation proceeds to ensure convergence
[2,5, 2.1]. The generic ARC framework [2,5, §2.1] may be summarized as follows.

ALGORITHM 1.1 (ARC [2,5]) Given xo, Y2 = y1 > 1, 1 > >n; >0, and oy > 0, for k =
0,1, ... until convergence,

1. compute a step sy, for which
my(si) < m(sg), (2)

where the Cauchy point

sf = —oz,f,:gk and oz,f,: = arg Olgkn m(—ogr); 3)
+

2. compute f (x; + s) and
_ SO = f O+ s

4)
S Oa) — my(si)
3. set
X+ se if pr > 01,
xk+1={" o= 5)
Xy otherwise;
4. set
0, oy ] if pr > mo [very successful iteration],
Ok+1 € \ [ok, y10%] if m < pr < 1y [successful iteration], (6)

[vi0k, Y201]  otherwise [unsuccessful iteration)].

For a detailed description of the algorithm construction, including a justification that (2)—(4)
are well defined until termination, see [5]. The above ARC algorithm is a very general first-order
framework that due to the Cauchy condition (2) ensures at least a steepest-descent-like decrease
in each (successful) iteration. This is sufficient to ensure global convergence of ARC both to
first-order critical points [5, §2.1] and with steepest-descent-like function-evaluation complexity
bounds of order €2 [2, §3] to guarantee

lgell < e. (7

These results require that g(x) is uniformly and Lipschitz continuous (respectively) and that {By}
is uniformly bounded above. Clearly, the Cauchy point s achieves (2) in a computationally
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inexpensive way [5, §2.1]; the choice of interest, however, is when sy is an (approximate global)
minimizer of my (s) and By, a nontrivial approximation to the Hessian H (x;) (see Section 3).

Although m; might be nonconvex, its global minimizer over R” is always well defined and can
be characterized in a computationally viable way [5, Theorem 3.1; 8,11]. This characterization
is best suited for exact computation when By, is sparse or of modest size. For large problems, a
suitable alternative is to improve upon the Cauchy point by globally minimizing my over (nested
and increasing) subspaces that include g; — which ensures (2) remains satisfied — until a suitable
termination condition is achieved. (For instance, in our ARC implementation [5], the successive
subspaces that the model is minimized over are generated using Lanczos method.) These ARC
variants are summarized in Algorithm 1.2, where Z (|| s« ||, ||gx]l) is some generic function of ||s||
and || g ||, with specific examples of suitable choices given in (10) and (11) below.

ALGORITHM 1.2 (ARC [2,5]) In each iteration k of Algorithm 1.1, compute sy in Step 1 as the
global minimizer of

m]%n my (s) subject to s € Ly, ®)
selR"

where Ly is a subspace of R" containing g, and such that the termination condition

TCh ||Vime(so)|l < Ocllgell,  where 6, 2 iy min(1, k) and  he S he(llsell, lgll) > O,
©)

is satisfied, for some constant ky € (0, 1) chosen at the start of the algorithm.

Clearly, TC.h is satisfied when sy, is the global minimizer of m; over the whole space, but one
hopes that termination of the subspace minimization will occur well before this inevitable outcome,
atleast in early stages of the iteration. Note that, in fact, TC.h only requires an approximate critical
point of the model, and as such the global subspace minimization in (8) may only need to hold
along the one-dimensional subspace determined by s [5, (3.11), (3.12)], provided (2) holds.

For ARCp to be a ‘proper’ second-order method, a careful choice of 7 needs to be made, such
as iy = ||sx|| or ix = ||gk||?, yielding the termination criteria

TC.s ||Vsmi(si)ll < 6cllgell, where 6; = kg min(1, ||skl|) (10)

and
TC.g2 |[Vim(so)ll < Ocllgell, where 6 = p min(1, [|gl|®). (1)

Forthwith, we refer to ARCy,) with TC.s and with TC.g2 as ARCsy and ARC4y), respectively.
The benefit of requiring the more stringent conditions (8), and (10) or (11), in the above ARC
variants is that ARCsy and ARC g are also guaranteed to converge locally Q-quadratically and
globally to second-order critical points [5, §4.2, §5] and to have improved function-evaluation
complexity of order e ~3/2 to ensure (7) [2, §5], provided H (x) is globally Lipschitz continuous
along the path of the iterates and there is sufficiently good agreement between the H (x;) and its
approximation By.

In this paper, we investigate the worst-case function-evaluation complexity of the basic ARC
framework and its second-order variants ARC sy and/or ARC gy when applied to the minimiza-
tion of special classes of objectives, namely convex and strongly convex ones. In particular, we
show that as expected, these algorithms satisfy improved bounds compared with the nonconvex
case. Specifically, generic ARC (Algorithm 1.1) takes at most O(e~!) and O(loge~!) function
evaluations to reach the neighbourhood

fOu) —fu <€ (12)
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of the (global) minimum f, of convex and strongly convex objectives, respectively, with Lipschitz
continuous gradients, where the dependence of these bounds on problem conditioning is carefully
considered (see Section 2.4.1). Unsurprisingly, due to the simple Cauchy decrease condition (2)
required on the step, these bounds match in order those for standard steepest descent methods on
the same classes of objectives [9].

When applied to convex objectives with bounded level sets and globally Lipschitz continuous
Hessian, ARC g with By = H (x;) will reach approximate optimality in the (12) sense in at most
O(e~/?) function evaluations; this matches in order the bound obtained in [10,11] for cubic
regularization on the same problem class when the exact subproblem solution is computed in
each iteration. Note that asymptotically, in ARC gy), the subproblem is solved to higher accuracy
than in ARCs), which seems to be crucial when deriving the improved bound compared with the
first-order basic ARC. We also present an illustration on a common convex objective that indicates
that despite being worst case, the bounds presented here may be tight.

If the objective is strongly convex, then ARC(s) and ARC g, (with approximate Hessians
as By) require at most O(|log«| + |logloge|) function evaluations to satisfy (12), where «
is a problem-dependent constant and where the double logarithm term expresses the local Q-
quadratic rate of convergence of these variants. The strongly convex-case bound improves that
obtained in [10,11] for cubic regularization with exact subproblem solution in that the former
has a logarithmic dependence on « while the latter only includes a polynomial dependence on
problem condition numbers. Our result is a direct consequence of using increasing accuracy
in the subproblem solution with first-order-like behaviour, and hence complexity early on, and
second-order characteristics asymptotically.

Note that the assumption labelling used throughout the paper was chosen to maintain con-
sistency with notation introduced in [2,5]. The structure of the paper is as follows. Section 2
analyses the complexity of basic ARC, while Section 3 that of the second-order variants ARC g,
and ARC ), in the convex and strongly convex cases. Section 3.3 presents a convex example of
inefficient ARC behaviour with O (e ~!/?) complexity, and Section 4 draws some conclusions and
open questions.

2. The complexity of the basic ARC framework

This section addresses the basic ARC algorithm, Algorithm 1.1. We assume that
AF1 feC'®RM, (13)

and that the gradient g is Lipschitz continuous on an open convex set X containing all the iterates
{x},
AF4 lgx) — gl < kullx —y|l, forallx,y € X and some ky > 1. (14)
If f € C>(R"), then AF4 is satisfied if the Hessian H (x) is bounded above on X. Note, however,
that for now, we only assume AF.1. In particular, no Lipschitz continuity of H (x) will be required
in this section.
The model m;, is assumed to achieve

AM.1 IBr|l < kg, forall k> 0 andsome kg > 1. (15)

In the case when f € C>(R") and By, = H(x;) for all k, then AF.4 implies AM.1 with kg = ky.
Naturally, we assume f is bounded below, letting f;, > —oo be the (global) minimum of f and

A E f) —f., forallk > 0. (16)
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2.1 Relating successful and total iteration counts

Note that the total number of ARC iterations is the same as the number of function evaluations
(as we also need to evaluate f on unsuccessful iterations in order to be able to compute py in (4)),
while the number of successful ARC iterations is the same as that of gradient evaluations.

Let us introduce some useful notation. Throughout, denote the index set

sY {k = 0 : k successful or very successful in the sense of (6)}, 17)

and, given any j > 0, let

S k<jkes) (18)

with |S;| denoting the cardinality of the latter.
Concerning oy, we may require that on each very successful iteration k € S;, o4 is chosen
such that

Oxr1 = Y30k, forsome y3 € (0, 1]. (19)

Note that (19) allows {o}} to converge to zero on very successful iterations (but no faster than
{y3k }). A stronger condition on oy is

Ok = Omin>» k > 0, (20)

for some oy, > 0. These conditions on o and the construction of ARC’s Steps 2—4 allow us to
quantify the total iteration count as a function of the successful ones.

THEOREM 2.1 For any fixed j > 0, let S; be defined in (18). Assume that (19) holds and letc > 0
be such that

or <o, forallk <j. 21
Then
lo 1 o
j< [1— gyﬂwsjw( log<—ﬂ. 22)
log i log yi 0
In particular, if oy satisfies (20), then it also achieves (19) with y3 = omin /0, and we have that
) _
j< (1+ log( 7 >—‘-|8,|. 23)
log yi Omin
Proof Apply [2, Theorem 2.1] and the fact that the unsuccessful iterations up to j together with
§; form a partition of {0, ..., }. | |

Values for o in (21) are provided in (28), and under stronger assumptions, in (57). (Note that
due to Lemmas 2.4 and 2.6, the condition required for (28) is achieved by the gradient of convex
and strongly convex functions, with appropriate values of €, whenever A, > €.) Thus, based on
the above theorem, we are left with bounding the successful iteration count |S;| until iteration j
that is within € of the optimum, which we focus on for the remainder of the paper and which has
the outcome that the total iteration count up to j is of the same order in € as |Sj|.
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2.2 Some useful properties
The next lemma summarizes some useful properties of the basic ARC iteration.

LEMMA 2.2 Suppose that the step s satisfies (2).
(i) [5, Lemma 2.1] Let AM.1 hold. Then, for k > 0, we have that

1
Fa) = mi(s0) = 25’32 min [ ”f;” 3 ”i’;” } , (24)

and so Ay in (16) is monotonically decreasing,

Ak+1 <Ay, k=>0. (25)

(i) [2, Lemma 3.2] Let AF.1, AF.4 and AM.1 hold. Also, assume that

108+/2
Vol > T~ + ) = k. (26)

Then iteration k is very successful and
Ok+1 =< Ok. 27

(iii) [2, Lemma 3.3] Let AF.1, AF.4 and AM.1 hold. For any € > 0 and j > 0 such that ||gi| > €
forallk € {0,...,j}, we have

2
o, < max (00, Wﬂ) . 0<k<j. (28)
€

A generic property follows.
LeEMMA 2.3 Assume AF.1, AF.4 and AM.1 hold, and that when applying ARC to minimizing f,
A = kcllgell”,  forallk = 0, (29)
for some k. > 0 and p > 0, with Ay, defined in (16). Then
) — m(s) = km AL, forallk > 0, (30)
where kyg is defined in (26) and

1/p

PR SN S 31)
1242627 aoAé/p A/ V2KHB
Proof We first show that
A" < max(aoAy”, yakPicky),  forall k > 0. (32)
For this, we use the implication
akA,i/p > ilPidy = Gk+1AIZfl < akA,i/p, (33)

which follows from (27) in Lemma 2.2(ii), (29) and (25). Thus, when oA " < ok k25, (33)
implies oy A,]{/ P < )/zl(cl /p KEIB , where the factor y;, is introduced for the case when o, A ,](/ Pisless than
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wlP kg and the iteration k is not very successful. Letting k = 0 in (33) gives the first inequality

in (32) when aOA(l)/ P> )/2[(01 /p KﬁB, since ¥, > 1. Next, we deduce from (24) and (29) that

AP 1 1
S Oo) — my(s) > min ,
6+/2." I N SN
which together with (32) and the definition of kyp gives (30) and (31). |

In the next two sections, we show that when applied to convex and strongly convex functions
with globally Lipschitz continuous gradients, the basic ARC algorithm, with only the Cauchy
condition for the step computation, satisfies the same upper iteration complexity bounds — namely
O(e ") and O(|loge|), respectively — as steepest descent when applied to these problem classes
[9, Theorems 2.1.14, 2.1.15].

2.3 Basic ARC complexity on convex objectives

Let us now assume that

AFR.7 f is convex (34)
and also that the level sets of f are bounded, namely
AFE.8 [lx — x|l <D, forall x such that f(x) <f(xo0), (35)

where x, is any global minimizer of f and D > 1. The following property specifies the values of
p and k. for which (29) holds in the convex case.

LeEMMA 2.4  Assume AF.1 and AF.7-AFE.8 hold, and let f, = f (x,) be the (global) minimum of f.
When applying ARC to minimizing f, we have for (16),

Ar < Dl gkll, forallk > 0. (36)

Proof AF.7 implies f(x) — f(y) > g T(x — y), for all x,y € R”. This with x = x, and y = x;,
the Cauchy—Schwarz inequality, f (x;) < f(xo), and AE.8 give (36). |

An O(e~!) upper bound on the ARC iteration count for reaching within € optimality of the
objective value is given next.

THEOREM 2.5 Assume AF.1, AF.4, AF.7-AF.8 and AM.1 hold, and let f, = f(x,) be the (global)
minimum of f. Then, when applying ARC to minimizing f, we have

Aj=fx) —fi < o> J=0, (37
’ ! 1Sjlmkg,
where S; is defined in (18), and kf, has the expression
def 1 . D 1
k¢ = ———— min _ . (38)
T 124202 ( 000 «/V2KHB)

Thus, given any € > 0, ARC takes at most

K
€

. . . . def o
successful iterations and gradient evaluations to generate f (x;) — f. < €, where k¢ = (mrs) ™t
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Proof From (4) and (5), we have

FOw) = f ) = m(f i) —me(si)), k€S. (40)

Lemma 2.4 implies that the conditions of Lemma 2.3 are satisfied with p = 1 and k. = D, and so
(30) and (40) imply

FOr) —FGosn) = miS AL

where «, is defined in (38). Thus, recalling (16), we have
Ap = D1 = mkG AL, k€S,
or equivalently,

1 1 Ap — Apgq k
= e ik,
Ay A ApAps AV

> niky, ke,

where in the last inequality, we used (25). Since Ay = Ay forany k ¢ S, summing up the above
inequalities up to j gives

1 1 .
Zj > A_O + 1SiIniky, = 1Siiniky, j =0,

which gives (37), and hence, also (39). |

2.4 Basic ARC complexity on strongly convex objectives

When we know even more information about f, namely, that f is strongly convex, a global linear
rate of convergence, and hence, an improved iteration complexity of at most O(loge™'), can be
proved for the ARC basic framework, as we show next. This represents, as expected, a marked
improvement over the global sublinear rate of convergence obtained in the nonconvex and convex
cases, and the corresponding iteration complexity bounds.

Let us assume that f is strongly convex, namely, there exists a constant x> 0 such that

M n
AR9  fO) = f0+e@ =0+ Jly =l YxyeR" (41)
When AF.9 holds, f has a unique minimizer, say x,.
The next property specifies the values of p and «. for which (29) holds in the strongly convex

case.

LEMMA 2.6 Assume AF.1 and AF.9 hold, and let x, be the global minimizer of f. When applying
ARC to minimizing f, we have

1
Ar < —llgll®, forallk > 0. (42)
2p

Proof AF.9 implies f(y) < f(x) + gx)T(y —x) + (1/2)]|g(x) — g(y)||2, for all x,y € R” (see
[9, Theorem 2.1.10] and its proof). Letting x = x, and y = x; in the latter gives (42). |

An O(log € ') upper bound on the ARC iteration count for reaching within € optimality of the
objective value is given next.
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THEOREM 2.7 Assume AF.1, AF.4, AE.9 and AM.1 hold, and let x, be the global minimizer of f.
Then, when applying ARC to minimizing f, we have

A=) —fo < (A —miKiH)SAg, >0, (43)

where S; is defined in (18), and k3 has the expression

def M . 1 1
k¥ = —— min R € (0, 1). (44)
T6v2 <~/ao« /2110 «/yzchB>
Thus, given any € > 0, ARC takes at most
Ay

successful iterations and gradient evaluations to generate f (x;) — f, < €, where k* o} MKy )y~ L
Proof Lemma 2.6 implies that (29) holds with p = 2 and «. = 1/(2u), and so the conditions
of Lemma 2.3 are satisfied and it follows immediately from (30), (31) and (40) and the above
choices of p and k. that

Ap = Apg1 = FO0) — fg1) = mikgy A,

where «C is defined in (44), which immediately gives (43) since Ay = Ay for any k ¢ S. To
show that «° < 1, use y» > 1, kyg > «y and ky/p > 1; the latter inequality follows from (42)
and from (49) with x = x;. The bound (43) and the inequality (1 — &%)/ < e~ 1Sil imply
that A; < € provided e Mnl91 Ay < €, which then gives (45) by applying the logarithm. |

2.4.1 Some remarks on basic ARC’s complexity for convex and strongly convex objectives

Let us comment on the results in Theorems 2.5 and 2.7. Note that, despite AF.7 or AF.9, no
convexity assumption was made on my, confirming the basic ARC framework to be a steepest-
descent-like method. The only model assumption is AM. 1. Our results match in order, as a function
of the accuracy €, the (nonoptimal) complexity bounds for steepest descent applied to convex
and strongly convex objectives with Lipschitz continuous gradients given in [9, Corollary 2.1.2,
Theorem 2.1.15].

Let us now discuss the condition numbers that occur in our bounds and their connection to
standard measures of conditioning. Consider first the convex-case bound in Theorem 2.5. Assume
that the initial regularization parameter oy is chosen small enough, namely oy < 1/|/goll. Then
(36) implies that D/(c9Ag) > 1 and so (38) becomes k¢, = (124/2y,kupD?) !, where we also
used that y», kg > 1. Recalling (26) and that y», ; and 7, are user-chosen constants, we deduce
that the bound (39) is a problem-independent constant multiple of

max(kg, ki) D?
c )
where D measures the size of the f(xp)-level set, and «y and «p are the exact and approximate
Lipschitz constants of the gradient, respectively. The displayed expression coincides with the
bound in [9, Corollary 2.1.2] when the exact Hessian is used in place of By so that kg = ky and
all iterations are successful.
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Consider now the strongly convex case and Theorem 2.7. Choosing again oy < 1/|goll,
(42) provides that op/2uAg < 1. Using this, y» > 1 and «uyg > 1, (44) becomes k)< =
(6 2y2kus /1)L Employing (26) for the expression of xyg, (43) now becomes

— \ IS
Aj=fx) —fi = (1 - c(ZI)) Ao, (46)

where 17 et m 1 —n2)/(2592./y,) € (0,1) and

def Max(Ky, Kp)

c(H) (47)

Note that ¢ (H) is a uniform upper bound on Hessian’s condition number, which equals the common
measure ky /1 when exact Hessians are employed in place of Bi. Recalling that 1, and y, are
user-chosen parameters, we deduce that, whenever oy < 1/]/gol|, (45) is a problem-independent
constant multiple of

c(H)log %, 48)

where c(H) is defined in (47). When B;, = H (x;), the function-decrease bound for steepest descent
method in [9, Theorem 2.1.15] has a similar form to the simplified bound (46) with the term
1 — 77/c(H) replaced by the slightly smaller expression (c(H) — 1)2/(c(H) + 1),

Note that both (39) and (45) are worse than the complexity bounds of the optimal gradient
method [9]. The latter enjoys a worst-case bound of order O(1/4/€) when applied to convex
objectives [9, Theorems 2.1.7, §2.2.1], and of order O((v/c(H) — 1)?/(x/c(H) + 1)*loge~") for
strongly convex functions. These two upper bounds match the lower complexity bounds for the
minimization of convex and strongly convex functions with Lipschitz continuous gradient by
means of gradient methods [9], and hence they are optimal from a worst-case complexity point
of view.

2.5 Complexity of basic ARC generating approximately-optimal gradients

Let us address the implication of the above results on the ARC’s complexity for achieving (7).
This issue is important as the latter can be used as a termination condition for ARC, while A in
(16), whose complexity was estimated above, cannot be computed in practice since f, and x, are
unknown. The following generic property is useful in this and other contexts.

LEMMA 2.8 Let AF.1 and AF.4 hold, and assume f is bounded below by f,. Then
1
JO) —fizf&) —flx —ag)) = 2—||g(X)||2, foralla > 0 and x € R". (49)
KH
Thus, when ARC is applied to minimizing f, we have

1
A > —Illgkll®, k>0, (50)
2/(1-1

and so, for any € > 0, ||g;|| < € holds whenever
2

FO) —fo < — 51)

- 2ICH.
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Proof First-order Taylor expansion and AF.4 give the overestimation property

1
fx+s) =fx) +gx)"s + / (g(x +15) — g(x)) dr < f(x) +g(x) s + %H IlslI?,
0
for all x,s € R".

Thus, letting s = —ag(x), we obtain
) =/ = ag) = (o = %Hoez) le)I,  foralla > 0.

The minimum of the right-hand side of the above inequality is attained at o, = 1/ky,
giving (49). ]

Under the conditions of Theorem 2.5, ARC will take at most O(e~?) successful iterations
to ensure (51) when applied to convex objectives. For strongly convex functions, Theorem 2.7
implies the same order of complexity of |loge| for ||g;[| < €. (Note that the term f(xo) — fi in
(37) and (43) can be replaced by D||go|| and ||go||*/(21), respectively.)

Now recall [2, Corollary 3.4], which states that, when applied to nonconvex objectives, the
basic ARC scheme takes at most O(e~2) iterations to generate a first iterate k with || gill < e.
Hence, we see that the difference between the convex and nonconvex cases is not so great, and the
bound improvement (for g;) is somewhat slight. Namely, as the bound on g; in the convex case
was obtained from that on the function values f (x;) which decrease monotonically, it follows from
(50) that once ||gx|| < €, it will remain as such for all subsequent iterations, and so the O
iteration bound represents the maximum fotal number of (successful) iterations with ||g|| > €
that may occur. Clearly, there is a marked improvement in ARC’s worst-case complexity for the
strongly convex case.

3. The complexity of second-order ARC variants

Let us now consider the complexity of Algorithm 1.2 with inner iteration termination criteria (10)
and (11), namely of the ARCs) and ARC ) variants. For the remainder of the paper, we assume
that

AF.3 f e C2RM. (52)

While no assumption on the Hessian of f being globally or locally Lipschitz continuous has been
imposed in the complexity results of Section 2.2, we now require that the objective’s Hessian is
globally Lipschitz continuous on the path of the iterates, namely, there exists a constant L > 0
independent of k such that

AF.6 |H(x) — H(xp)| < Ljlx — x|, forall x € [x¢,x; + sx] and allk >0, (53)
and that By, and H (x;) agree along s; in the sense that

AM 4 Il (H (xx) — Be)sll < Clisell®>,  forall k > 0 and some constant C > 0.  (54)
By using finite differences on the gradient for computing By, we showed in [4] that AM.4 can

be achieved in O(n|loge|) additional iterations and gradient evaluations (for any user-chosen
constant C).
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Next, we recall some results for ARC,, in particular, necessary conditions for the global
subproblem solution (8) and expressions for the model decrease (see Lemma 3.1(i)); also, some
general properties that hold for a large class of (nonconvex) functions (see Lemma 3.1(ii) and (iii)).

Lemma 3.1 (i) [S, Lemmas 3.2, 3.3] Let s be the global minimizer of (8) for any k > 0. Then,
84 Sk + 8¢ Bese + oellsell’ =0, (55)

and
J ) — my(s) = 55 Biesi + Forllsell’. (56)
(i) [5, Lemma 5.2] Let AE.3, AE.6 and AM.4 hold. Then,

o < max(09, 31»(C + 1) € Lo, forall k = 0. (57)

(>iii) [2, Lemma 5.2] Let AF.3-AF.4, AF.6, AM.4 and TC.s hold. Then, s; satisfies

lsill = kev/lgks1ll  for all successful iterations k, (58)

where kg is the positive constant

1 —
- al . (59)
L + C + L() + KoKy

Note that in our second-order ARC variants in [2,5], we employ the more general condition
(55) and an approximate nonnegative curvature requirement [5, (3.12)] for defining the choice
of s, which may hold at other points (of local minimum) than the global minimizer over £; as
prescribed by (8). When the model is convex, as it is often the case here, such situations do not
arise.

The bound (58) ensures that the step s; does not become too small compared with the size
of the gradient, and it is a crucial ingredient for obtaining, as shown in [2, Corollary 5.3], an
O(e73/%) upper bound on the iteration count of ARC s) to generate ||gx || < € for general nonconvex
functions. Next, we improve the order of this bound for convex and strongly convex objectives.

Despite solving the subproblem to higher accuracy than the generic ARC framework, the
second-order ARC variants still only evaluate the objective function and its gradient once in each
(major) iteration and each successful iteration, respectively; hence, the correspondence between
(successful) iteration count and the number of (gradient) function evaluations continues to hold.
Recall also Theorem 2.1 that relates the total number of iterations to that of successful ones.

3.1 ARC ) complexity on convex objectives

Here, we prove an O(1//€) iteration upper bound for ARC ) to achieve (12), which improves
the steepest-descent-like bound of order 1 /¢ for basic ARC in Theorem 2.5.

A stronger requirement than AF.6 is required in this section, namely, that the Hessian is globally
Lipschitz continuous

AF6  |Hx)—H®y)| <L|x—y|, forallx,yeR" (60)

Note that AF.6’ and AF.8 imply AF.4 on the f (xo)-level set of f, which is the required domain of
gradient Lipschitz continuity for the results in this section.
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We also employ the true Hessian values for By, namely, we make the following choice in
ARC(p),

B, = H(x;), forallk > 0. 61)
Thus, AM.4 holds in this case with C = 0, and AF.4 (or AF.6' and AF.8) implies AM.1.
A useful lemma is given first.

LEMMA 3.2 Let AE3, AF.6' and AE7-AF.8 hold. Let f,, = f (x,) be the (global) minimum of f.
Consider the subproblem (8) with By = H (x;) and for a(ny) subspace Ly of R" with g € Ly. Then,

min me(s) < f () = 2630 [f () = f O + 517, (62)

where s} is a (global) minimizer of f (x; + s) over s € Ly, and where

c def

Ko = (6DV6DL)™ and Ly = max(op, yoL, k). (63)

Proof From AF.3 and AF.6', we have the overestimation property

Lf(xk +5) = flw) —s"g — %sTH(xk)s < %nsni seR", (64)
and so, from (1) and B, = H(x;), we have
mi(s) = fs +5) + 2L, s e R
Employing (57) and y» > 1, we further obtain
mi(s) < fOa +5) + Lulls|®, s € R, (65)

where L is defined in (63). (Note that «y is not needed as yet in the definition of L;; it will be
useful later as we shall see.) Minimizing on both sides of (65) gives the first inequality below

min m (s) < min{f (e + ) + L |Is|*} < min {f G + as}) + Lo [Isf11°), (66)
seLly seLly ael0,1]

where the second inequality follows from the definition of s; which gives as} € Ly, for all
a € [0, 1]. From AF.7, we have f (xx + asy) < (1 — o)f (xx) + aof (xx + s7), forall o € [0, 1], and
so, from (66),

minmi(s) < f (i) + min {olf (v + 50 —f @1+ Lia s, (67)

The construction of the algorithm implies f(x;) < f(xop), so that ||x; — x4|| < D due to AES.
Furthermore, f (xx + s7) < f(x), and so ||xx + 57 — x|l < D. Thus, [Ispll < llxe — x|l + llxe +
s; — x|l < 2D, and (67) implies

minmy (s) < f(x) + min {of (o + s7) — f ()] + 8a’Li D}, (68)
seLly ael0,1]
The minimum in the right-hand side of (68) is attained at

. R N V) — f G+ 57)
* = min{l, a;}, here @, := .
o = min{l, &, where &, 2DJOLD

Let us show that & < 1, namely f(xx) — f(x + 57) < 24L,D?. AF.7 gives the first inequality

O +50) =) = gise = —llgll - lIsill = =2Dllgell = —2Dl|gx — g = —2kuD?,
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where we also used the Cauchy—Schwarz inequality, the bound on s} just before (68), AF.4 and
AFE.8. Since we assumed in AF.§ that D > 1, and the definition of L, implies L; < xy, we conclude
that f (xy + s7) — f(xx) > —2kpD?* > —2L,D* > —24L,D°. Thus, of = & and substituting the
above value of & in (68), we deduce (62) with the notation (63). |

The main result of this section follows.

THEOREM 3.3 Let AE.3, AF.6' and AF.7-AF.8 hold. Let f, = f (x,) be the (global) minimum of
f- Apply ARC ) with the choices (20) and (61) to minimizing f. Then,

1
Ai=fx) ~fi < ———7—, /=0, (69)
! ! * (|5,/‘|T)1,3Km(g2))2
where S; is defined in (18), K;l(g2) in (63) and
32 C(C 2
def 1. Kg . def Umm(Km(gZ))
B 5 min ( 4(KHD)3/2> with kg ppepS (70)

Thus, given any € > 0, ARC y3) takes at most

K@)
]

. ) . . def
successful iterations and gradient evaluations to generate f(x;) — fi < €, where Ksc(gz) =

(nlﬁ’(;l(gz))_l'

Proof Letk € S.From (4), (5) and (17), we have

far) < A =n)f ) + mimy(si) = (1= n)f i) + nilmi(sx) — my(sp)] + nime (s,
(72)
where 5! denotes the global minimizer of m; (s) over R". AF.7 implies H (x;) is positive semi-
definite and so my (s) is convex, which gives the first inequality below,

mi(si) — mi () < Vi (si) " (sx — 57 < Ve (sl - Nse — s < wallgell® - llse — sl
(73)
where the second inequality follows from TC.g2 (11). To bound ||sx — s}'||, recall that both s; and
sy’ satisfy (55), which implies due to (20) and By, = H (x;) being positive semi-definite,

3 3
TminllsII® < oxllsl® < —ggs < gl - llsll,  where s = s or s = s7".

Thus, max{||s¢|l, [Is{' I} < +/llgx!l/Omin, and so

gl
llsk — sl <2 .

min

This and (73) now provide the first inequality below,

2/{9 ||g ”7/2 < 2K9KH«/2KH
X < —"
Omin A/ Omin

while the second inequality follows from (50). Recalling (72), we are left with bounding n (s}")
above, for which we use Lemma 3.2 with £; = R". Then, s; = x, — x; and so f(xx) — f (x +

Il - A2, (74)

my () — my(sy) <
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s7) = Ay, and (62) implies

3/2
me(sy) < f o) — 2K g0 A

Substituting this bound and (74) into (72), we deduce

K@KH«/ZKH c
fOa) < fGo) +2m (T\/ugkn - xm(gz)) A,
or equivalently, recalling (16) and (70),
. llgell \ 32

Ak — Ak+l > Zn]Km(gZ) (1 — 2/(0 Ak .

Thus, we have the implication
KG ¢
lgill < 25 = A= Ayt 2 ik, A (75)

It remains to prove a bound of the same form as the right-hand side of (75) when || gi|| > kg /2.
For this, we employ again Lemma 3.2, this time for s; and the subspace L, in the kth iteration of
ARC ) with g € L. Thus, noting that the left-hand side of (62) is equal to my (s;) in this case,
we employ (62) to upper bound the first inequality in (72) and obtain

FOorgn) < £ — 20ty [F ) — f G+ 512 (76)

Since s; is a global minimizer of f(xx 4 s) over s € £; and since g € £y, we have the first
inequality below, for any o > 0,

1
FO) —fOx +55) = fa) —f o —age) > — el = ll gl

> > Ay,
2KH 2KHD

where the second and third inequalities follow from the second inequality in (49) and from (36),
respectively. It follows from (76) that

lgell¥* 3
X <) — Mk oy ————— A7,
S Or1) = fO) —m oW, Tt
or equivalently,
: gl 3
Ak — App1 = Mk oy ————— A",
k k+1 Z M1 m(gz)KHD\/m k
Thus, we have the implication
KG . KGA/KG 3/2
lgell > = = Ak — Mgt = Mk A (77)

2 ™€) geyDkgD *
Finally, we conclude from (75) and (77) that

Ak — A = 2mBriyy AL, k€S, (78)
where f is defined in (70). For any k € S, we have the identity below
1 1 A — Agti
VBisr VB BB (VB + VB

Ay
VAT VAL + VA

= 2771,8’(;;(};2) = nlﬁK;l(gz),
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where we also used (78) and (25), respectively. Thus, recalling that A; remains unchanged on
unsuccessful iterations and summing the above up to j, we deduce

1 1
— > —— 4|5 Kme2) = 1S K> J =0
x Z Ua ISjim By = ISiIm By J

which gives (69) and also (71). |

As TC.g2 is satisfied at the global minimizer of the cubic model my (), the latter can be chosen
as the step in our algorithm, which is an efficient choice as far as the cost of the subproblem
solution is concerned, provided the problem is medium-sized or the Hessian at the iterates is
sparse.

Note the two regimes of analysis in the above proof, namely in the model decreases (75) and
(77). To obtain the former ‘asymptotic’ case, the termination criteria TC.g2 was used, while for the
latter ‘early stages’ case, the first-order condition that the gradient be included in the subspace of
minimization and the ensuing decrease along the steepest descent direction were essential. Thus,
the construction of ARC g to behave like steepest descent early on and then naturally switch
to higher accuracy as it approaches the solution is reflected in our complexity analysis, with the
slight caveat that the (converging) gradient is nonmonotonic and so the distinction between the
asymptotic and nonasymptotic regimes is not strict. Furthermore, the nonasymptotic result (77)
also holds for ARC(g), but the termination condition TC.s does not seem strong enough to ensure
a similar property to (75) for the asymptotic regime of ARCg;.

Assuming that oy is chosen small enough, then the condition number K;(gz) in (63) and (69)
that characterizes the asymptotic function decrease is a problem-independent constant multiple of
1/y/max(ky, L)D3 while B € (0, 1) in (69) represents the fraction of this function decrease that
can be ensured in the nonasymptotic regime when only a Cauchy decrease is achieved.

The iteration complexity of Nesterov and Polyak’s cubic regularization algorithm applied to
convex problems is analysed in [10, Theorem 1; 11, Theorem 4], and an O(1/4/€) bound is
obtained. Here, we relax the requirement that the subproblem be solved globally and exactly,
allowing approximate solutions to obtain a same-order bound.

3.1.1 Complexity of generating approximately-optimal gradient values

The complexity of ARC(y) generating a gradient value ||g;|| < € can be obtained as described
in Section 2.5, by using (51) in Lemma 2.8, and an O(1/€) upper bound on the total number of
iterations and gradient evaluations with ||gx|| > € ensues.

3.2 ARC ) complexity on strongly convex objectives

For generality purposes (since TC.s is a milder condition than TC.g2), we focus on ARC(g) in this
section, but similar results can be shown for ARC ).
Let us now assume AF.9. Due to AF.3, (41) is equivalent to

u"Hx)u > pllul®,  forall u,x € R, 79)

Employing (41) with y = x and x = x,, we deduce that AF.8 is implied by AF.9 with

[2A,
D< |—. (80)
n
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The strong convexity of f implies that asymptotically ARC s converges Q-quadratically to
the (global) minimizer and hence it possesses an associated evaluation complexity of order
log, | log, €| from some iteration j, > 0 onwards [1, §9.5.3].

LeEMmMA 3.4  Assume AF.3-AF.4, AF.6, AF.9 and AM.4 hold, and let x, be the global minimizer of
f.Apply ARC ) to minimizing f and assume that the Rayleigh quotient of By along sy is uniformly
bounded away from zero, namely

T
B
Re(sp) & 22K S p 20, Vked. 81)

llsell> —

Then, recalling «, defined in (59) and letting § & %(anminxgﬂ)z,

Ny € s f) —fx) < 8) (82)

is a neighbourhood of quadratic convergence for f, so that if there exists j, > 0 such that x;, € Ny
with Aj, < 8/2, then x;. € Ny for all k > j,, and

1
Aggr < gAi, forallk € S and k > j,. (83)

Furthermore, given € > 0, ARC s, takes at most

)
lrlog2 log, (E>—‘ (84)

successful iterations and gradient evaluations from j, onwards to generate f (x;) — fi < €.

Proof Letk € S. Then, (5), (56), (81) and (58) imply

\

F) = fOe1) = m(f ) — mi(si)) = 3mReCsOlIsell® = 571 Runin [l eI

I 2
> 3MRminkg llges1ll, k€S,

Lemma 2.6 applies at k 4+ 1 and so

1 2
AVERTLS M lgrstll”
m

The last two displayed equations further give
A = ) = f k1) = 3m Roinkg /214 Ay,
and so

1
Apgr1 < EA,%, forallk € S, (85)

where § is defined in (82). Thus, the expression of /\/'f in (82) follows, as well as (83). Assuming
that x;, € ./\/} with A; < §/2, we deduce from (83) that
A; < 81_21A};, for any j > j,, (86)

where | = |{j;,j4+1,--.,j} N S| denotes the number of successful iterations from j, up to j.
Now employing A; < §/2 in (86) shows that A; < e provided 2725 < ¢, which gives the
bound (84). | |
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Remark on satisfying (81) If exact Hessians are used so that B, = H(x;) for all k, then AF.9
implies (81) due to (79). Alternatively, (81) can be ensured if AM.4 holds with a sufficiently small
C. Namely, note that AF.9, AM.4 and (80) imply

sTHys sT(H, — By)s,
p= B < R + ’<(|’|‘s—”2")" < Ru(so) + Cllsell < Resp) +2CD, & 0.
k k
Thus, (81) holds provided C < n/(2D). Recall our comments on satisfying AM.4 by finite
differencing following (54). |

We are left with bounding the successful iterations up to j,, namely, the iterations ARC(g, takes
until entering the region of quadratic convergence N; (which must happen under the conditions
of Corollary 3.5 as x; converges to the unique global minimizer x,.). From the definition of j, and
N} in Lemma 3.4, this is equivalent to counting the successful iterations until

Aj, =f(x,) = f(x) < 36, (87)

with é defined in (82). The choice of sy in (8) with gx € £; implies that ARC s always satisfies
the Cauchy condition (2) and so the bound in Theorem 2.7 holds. This yields an upper bound
on (the successful iterations up to) j, of order log(Ao/8) and emphasizes again that early on in
the running of the algorithm, steepest-descent-like decrease is sufficient even from a worst-case
complexity viewpoint. The bound on the total number of successful iterations is then obtained
by adding up the bounds on the two distinct phases, up to and then inside the neighbourhood of
quadratic convergence.

COROLLARY 3.5 Assume AF.3-AF.4, AF.6, AF.9, AM.1 and AM.4 hold, and let x, be the global
minimizer of f. Apply ARC sy to minimizing f, assuming that (81) holds. Then, given any € > 0,

ARC:s) takes, in total, at most
w200 8
Kk, log 5 + log, log, < (88)

successful iterations and gradient evaluations to generate f (x;) — f (x.) < €, where ;¢ is defined
in (45) and § in (82).

Proof The conditions of Theorem 2.7 are satisfied, and so letting ¢ = §/2 in (45), we deduce that
(87) holds in at most [«;“ log(2A0/8)7 successful iterations. To bound the number of iterations
from j, to j, we employ Lemma 3.4. Thus, the total number of successful iterations up to j is the
sum of these two bounds. |

Recalling our comments following (46), let us interpret the condition numbers in (88). In
particular, provided oy is chosen sufficiently small, we obtain from (48) that «J° is a problem-
independent multiple of the bound c¢(H) in (47) on the condition number of the Hessian matrix
H (x). Additionally, if By = H(x;) so that C = 0 and Ry, = w, § in (82) and (88) simplifies to a
multiple of ./i/c(H).

Note that for the nonasymptotic phase of ARC sy, an O(1/ v/8) bound can be deduced similar to
the proof of Theorem 3.3. Namely, using Lemma 3.2, which clearly holds for ARCs), we deduce
(76); then employ (49) just as in the first displayed equation after (76) and use (42). Then, the
total ARC s, complexity would be of order /2 + log, log, (§/¢), which matches the bounds for
cubic regularization with exact subproblem solution in [10, pp. 176-177; 11, pp. 203-204]. Note
that such bounds are weaker than the ones we obtained in Corollary 3.5.
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3.2.1 Complexity of generating approximately optimal gradient values

We have the following result, where the constants have already been defined in Corollary 3.5.

LEMMA 3.6 Assume AF.3-AF.4, AF.6, AF.9, AM.1 and AM.4 hold. Apply ARC s, to minimizing

f, assuming that (81) holds. Then, N, & x: g < (%mRmian)z o ¢} is a neighbourhood
of quadratic convergence for the gradient g, namely, there exists j, such that x;, € N, with
lgi, Il < &/2, then x, € Ny for all k > j,, and

1 .
gkl < Engknz, forallk € S and k > j,. (89)

Thus, given € > 0, ARC s takes at most

lrlog2 log, <§)—‘ 90)

successful iterations from j, onwards to generate ||g;|| < €. Furthermore, to generate |g; || < ¢,

ARCs) takes at most
PK“SC log ”gOH«/KH—‘ 1)
NG

successful iterations, so that the total number of successful iterations and gradient evaluations
required to generate ||g;|| < € is at most equal to the sum of the bounds (90) and (91).

Proof AF.9 implies AF.7 which gives

FOren) —f ) > gisk = —llgell - Isell, k> 0.

This and the first set of displayed equations in the proof of Lemma 3.4 give the first inequality
below

gkl = 3mRminllscll = 3m Rminkgy/llgrs1ll. & € S, (92)

where the latter inequality follows from (58). The expression and properties of N, follow. The
bound (90) is obtained similar to the proof of (84) in Lemma 3.4. To deduce (91), let € = ¢ in
(51) and (45) and replace A in the latter by its upper bound ||go||>/(21). |

A similar estimate of a neighbourhood of quadratic convergence for the gradient can be found
in [10] for Nesterov and Polyak’s cubic regularization algorithm.

3.3 On the tightness of ARC’s complexity bounds

The question arises as to whether the complexity bounds on ARC’s performance on special
problem classes presented in this section are too pessimistic, even for the worst case, and could
potentially be improved. This is particularly relevant when it comes to the convex case and the
corresponding bound of order 1//€ (Theorem 3.3), implying a sublinear rate of convergence of
second-order ARC variants on convex functions. (For the strongly convex case, the log |log €|
bound can commonly be observed numerically when Q-quadratic convergence takes place.)

Here, we find a convex function that satisfies all the conditions of Theorem 3.3 apart from
having bounded level sets and on which ARC takes precisely order 1/./¢€ iterations (and function
and gradient evaluations) to generate f (x;) — fi < €.
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Consider a convex function f € C*(R), with
f(x)=¢", forx=>0. (93)
We have the following complexity result, whose proof is given in the appendix.

LEMMA 3.7  The function (93) is convex, bounded below by f, = 0 and has bounded above and
Lipschitz continuous second derivatives " (x) for x € [0,00) with constants kg = L = 1, thus
satisfying AF4, AF.6' and AE.7.

Apply ARC to minimizing (93), starting with xo > 0. On each iteration k, compute the step sy, as
the global minimizer of the model my(s) in (1) with By, = " (xy) and with the (reasonable) choice

Lol viso (94)
Oy i=0 > —=—, =0,

¢ =272

which ensures that every iteration is very successful and that (20) holds. Then, AM.1 and AM.4
hold (with kg = 1 and C = 0), and ARC takes © (¢ ~'/?) total iterations to achieve fCa) <e,
where ©(-) denotes upper and lower bounds of that order:

Several remarks are in order concerning the above example.

e This example also applies to Nesterov and Polyak’s cubic regularization algorithm [10,11];
recall our choice of s; and oy in the above. In particular, it satisfies all the conditions in [10,
Theorem 1] including o, = L/2 but except f having bounded level sets. The latter theorem
establishes the O (e ~!/2) iteration upper bound for Nesterov and Polyak’s cubic regularization.

e Approximate termination criteria like TC.g2 and TC.s do not give better performance than the
exact subproblem solution in this case (see the right-hand side plot of basic ARC with the
Cauchy condition in Figure 1).

e If Newton’s method is applied to this example, the complexity would be better (Figure 1).
Similarly, if we allowed o} to decrease to zero so that the step approaches the Newton step,
the complexity would again improve. Thus, the inefficient behaviour in this example is due to
keeping the regularization always switched ‘on’, and always ‘strongly’ regularizing. However,
we have shown in [3] that for nonconvex problems, Newton’s method can behave worse than
second-order ARC in the worst case, in fact, it can be as poor as steepest descent. It remains to
see whether this is also possible for convex problems, or for problems with bounded level sets.

1 0 Cauchy|
0.9 -10 o=L2
0.8 -20
0.7 -30
0.6 -40
0.5 -50
0.4 -60 o>
0.3 =70
0.2 -80 Newton
0.1 -90

0 -100

0 1 2 3 4 5 6 0 20 40 60 80 100

Iterations vs Objective; log scale

Figure 1. Graph of (93) and the local cubic regularizations at the ARC iterates (left-hand side). Plot of objective values
at the iterates on a log scale for different ARC variants and for Newton’s method (right-hand side).
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4. Conclusions

The behaviour of ARC on some special problem classes was investigated and, as expected,
improved complexity bounds were shown when additional structure was assumed to be present
in the problem. In particular, upper bounds of order O(1/./€) and O(|log k| + log | log €|) were
proved for second-order ARC variants when applied to convex and strongly convex objectives,
respectively. For the latter case, the fact that the constant number of steps before entering the region
of quadratic convergence is a logarithmic function of condition numbers is an improvement over
existing complexity bounds for second-order methods applied to such problems.

We have also given an example of (relatively) inefficient behaviour of second-order ARC on a
convex problem with unbounded level sets which takes order 1/./€ iterations to reach within € of
the optimum. Several open questions remain, such as whether a convex objective with bounded
level sets can be found on which the latter iteration bound is attained, or whether Newton’s method
always has better worst-case complexity than ARC in the convex case.
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Appendix

Proof of Lemma 3.7 Apply ARC to minimizing (93), starting at xo > 0, where each s; is com-
puted as the global minimizer of the cubic model my (s), s € R, with By = f”(x;), which thus has
the expression

—X; —X; 12—x Ok 3
mp(s) = e — se "+§se k+?|s|, s eR. (Al)



Downloaded by [the Bodleian Libraries of the University of Oxford] at 00:41 03 November 2011

22 C. Cartis et al.

Let us compute an explicit expression for s from x; > 0. We have
Vmy(s) = —e % +se ™ + oysls|, seR.

Distinguishing between the case s > 0 and s < 0, we deduce that there is no stationary point —
and hence minimizer — in the latter case, and that the former case yields the unique solution

2
S = ———— A2
T /Tt doen (A2)
to Vmyg(s) = 0. Thus, s > 0, and since xy > 0, all iterates satisfy
x>0, Vk=>0; (A3)

so we only need to consider f (x) for x > 0, which clearly satisfies AF.4 with kg = 1, AM.1 with
kg = 1, AF.6’ with L = 1, AM.4 with C = 0, and AF.7. Furthermore, AF.6’, (6) and (64) provide
the implication

L
op > 5 = k is very successful.

This and (94) imply that all iterations k are very successful and that the iterates satisfy x;; =
Xy + S, with s in (A2), for all k£ > 0. Furthermore, (93) and e™ € (0, 1] for x > 0 provide the
following same-order bounds on s, in (A2)

1 2
e Wm >

Jo T 1+J/1+40

which further become, by letting

e (/D% V>0,

2
ci:=— and ¢ i=——++——,

SV T 1t /1140
cre”I/D% > g > e /D% v k> 0. (A4)

From (93), we have
fagr) =e ™% =e ™M™ = f(x)e™™,
which further gives, by employing (A4),

—(1/2)x —(1/2)x;

fla)e < flxrg1) < fla)e , k=0
Employing again (93), we obtain
F)e VO < fga) < feg)e™ k> 0. (A5)

Since the following bounds hold for the exponential function

2
l—yfe‘yfl—ery? yelo,1], (A6)

it follows from (AS5), (A6) and f;, = f(x) € (0, 1] that
2
£l = e1v/fi) < f ka(l—02 fk+%2f/<>, k>0, (A7)

and so

cofifi (1= SVR) <h—firr = etfidfec k=0, (A8)
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Furthermore, using ¢; € (0, 1) and f; € (0, 1], we obtain

cfivfe <fi — firt < citfiv/fio k=0,

where ¢z := ¢ (1 — ¢2/2). Next, we deduce an explicit expression of f; in terms of k.

It is easy to check that, for any & > 0, we have

L Je = fir
Vi ko Vil i+ V)

and so, employing (A9) on the right-hand side of the above, we obtain

cafx 1 1 c1fk

T e i Jiy

and furthermore, using f; > fi+1, we deduce

2 7 Vi VT 2 fin

Now let us give an upper bound on f; /fi+1. Using (AS) and f; € (0, 1], we deduce

i <eVhk < k>0.

Jir
Thus, (A10) gives
C3 < 1 1 < C1 ¢l k>0
= < - — < —e, > 0.
2 7 Vi i = 2
Summing up (Al1) overi € {0,...,k}, we obtain
C3 1 1 C1 1
k—4+ —<-—<k—e"4+—, k>0,
2 fo = Vfx 2 Vi
and thus,
1 .
k= < —< kmax(cle“,Ze(l/z)xo), k> 0.
2 T

Finally, (A12) is equivalent to
1 . 1, lf <fi< 1 4
—min| e " ) <fi < ==,
K2 2 o)== 2

which gives the desired complexity result of the lemma.
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(A9)

(A10)

(A1)

(A12)



