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The worst-case behaviour of a general class of regularization algorithms is considered in the case where
only objective function values and associated gradient vectors are evaluated. Upper bounds are derived
on the number of such evaluations that are needed for the algorithm to produce an approximate first-order
critical point whose accuracy is within a user-defined threshold. The analysis covers the entire range
of meaningful powers in the regularization term as well as in the Holder exponent for the gradient. The
resulting complexity boundsvary according to the regularization power and the assumed Holder exponent,
recovering known results when available.

Keywords: nonlinear optimisation; regularization methods; complexity anaysis

1. Introduction

The complexity analysis of algorithms for smooth, possibly nonconvex, unconstrained optimiza-
tion has been the subject of a burgeoning literature over the past few years (see the contributions
by Nesterov [15], Nesterov and Polyak [18], Gratton, Sartenaer and Toint [12], Cartis, Gould and
Toint [3,5-7], Ueda [20], Ueda and Yamashita [21,22], Grapiglia, Yuan and Yuan [10,11], and
Vicente [23], for instance). The present contribution belongs to this active trend and focuses on
the analysis of the worst-case behaviour of regularization methods where only objective function
values and associated gradient vectors are evaluated. It proposes upper bounds on the number of
such evaluations that are needed for the algorithm to produce an approximate first-order critical
point whose accuracy is within a user-defined threshold.

An analysis of thistype is aready available for the case where the objective function’s gradi-
ent is assumed to be Lipschitz-continuous and where the regularization uses the second or third
power of the norm of the computed step at a given iteration (see the paper by Nesterov [16] for
the former and those of Cartis et al. [5,6] for both cases). The novelty of the present approach
is to extend the analysis to cover problems whose objective gradients are simply Holder con-
tinuous and methods that allow weaker regularization than in the Lipschitz case. The resulting
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2 C. Cartiset d.

complexity bounds vary according to the regul arization power and the assumed Holder exponent,
providing a unified view and recovering known results when available.
We consider the problem of finding an approximate solution of the optimization problem

minf (%), D

where x € iR" is the vector of optimization variables and f is a function from R" into N that is
assumed to be bounded below and continuously differentiable with Holder continuous gradients.

If we denote g(x) o Vif (X), the latter says that the inequality

g — gl < Lglix—ylI? @)

holdsfor all x,y € i", whereLg > 0 and g > 0 are constants independent of x and y and where
| - || is the Euclidean norm on R". Problems involving functions with Hélder continuous gradi-
entsareinteresting in their own right, but can also be found in engineering practice, such asin the
design of gas pipelines (the Panhandle law which governs such flows states that the gas flow rate
in apipeline is a power between 1 and 2 of the difference in squared pressures, see [19, Section
17], for instance). Such functions also appear in the solution of certain nonlinear PDE problems
(see Bensoussan and Frehse [1]). In optimization, functions with Holder continuous gradients
are regarded as a bridging case between the smooth and nonsmooth problem classes [14,17]. In
particular, the case 8 = 0 corresponds to possibly nonsmooth functions with bounded subgra-
dients; when 8 € (0,1), f is continuously differentiable but the Hessian may not exist; finaly,
B = 1 corresponds to f having Lipschitz continuous gradient and so its Hessian is guaranteed
to exist, while if 8 > 1, the Hessian is zero and f islinear (see Lemma 3.1 below). For convex
optimization, methods have aready been devised, and their complexity analysed, for functions
satisfying (2) both as a weaker set of assumptions and as an attempt to have a ‘smooth’ transi-
tion between the smooth and nonsmooth problem classes [8,17]; even lower complexity bounds
are known [14]. For nonconvex optimization, a gradient method with linesearch is proposed
and analysed in [24] when f satisfies (2) with 8 > 0O, with restricted stepsize that requires a pri-
ori knowledge of problem parameters such as 8. More recently, [13] analysed block-coordinate
descent first-order methods for this class of functions.

In this paper, we consider afamily of regularization methods that iteratively build, and approx-
imately minimize, alocal linear or quadratic model of f around the current iterate x, regularized
by the rth power of the norm of the change to x,, where r > 1. We apply these methods to (2)
with 8 > 0, but the methods do not require and do not explicitly estimate 8. We terminate when
an approximate solution for problem (1) is found, which in our context, denotes a vector x. such
that

lgx)ll <€ or f(X) < fage, 3

where € > 0 is a user-specified accuracy threshold and fiage is a threshold value — independent
of ¢ —under which the reduction of the objective function is deemed sufficient by the user. The
first casein (3) corresponds to finding an approximate first-order-critical point. If asuitable value
for fager is NOt known, minus infinity can be used instead, in effect making the second part of (3)
impossible to satisfy and reducing this condition to its first part. Allowing a target value to be
specified by the user on the value of f isan additional feature of our results (not arequirement, as
explained above) and it is, to the best of our knowledge, novel in the context of complexity anal-
ysis; it attempts to give theoretical underpinnings for practical termination conditions. We show
that the worst-case complexity of the resulting regularization methods when applied to (2) with
B € (0, 1], varies depending on min{r, 1+ B}. In particular, when 1 < r < 1+ B, the methods
take at most O(e "/~ evaluations/iterationsto satisfy (3); and otherwise, at most O(e ~(1+A)/#)
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evaluationg/iterations to achieve the same condition. The latter bound illustrates the ‘ability’ of
the proposed methods to adapt to the smoothness of the landscape they are applied to, without
prior knowledge of it.

The paper is organized as follows. Section 2 presents the class of algorithms considered. The
complexity analysisitself isgiven in Section 3 and the sharpness of some of the obtained result is
discussed in Section 4, with further details delegated to the Appendix. Section 5 finally provides
some comments on the results.

Notations: In what follows, || - || denotes the Euclidean norm and the T superscript denotes
transposition. If visavector in K", [v]; denotesitsith component.

2. Thealgorithm

The class of regularization methods that we consider for computing an x satisfying (3) consists
of iterative algorithms where, at each iteration, alocal (linear or quadratic) model of f around
the current iterate x is constructed, regularized by aterm using the rth power of the norm of the
step, and then approximately minimized (in the * Cauchy point’ sense) to provide atrial step s.
The quality of this step is then measured in order to accept the resulting trial point X, + S« asthe
next iterate, or to reject it and adjust the strength of the regularization.

More specifically, aregularized model of f (xc + s) of the form

1 ol
nﬂ&+$=ﬂ&ﬂﬂk+§§&w~ﬁwr @

isconsidered around the kth iterate x,, where we have defined g o g(X), where By isasymmet-
ric n x n matrix, where ox > 0 is the regularization parameter at iteration k and wherer > 1 is
the (iteration independent) user-defined regularization power. In practice, the matrix By may be
chosen to provide suitable scaling of the variables (if known), for instance using quasi-Newton
formulae. The model (4) is then approximately minimized in the sense that the trial step s¢ is
computed such that

M + SO < Me(X + 5O, (5)
where the * Cauchy step’ s¢ is defined by

%€ = —onge with o = argminme(x — ago). (6)

We will choose the regularization power r in (4) in order to guarantee that my is bounded below
and grows at infinity, thereby ensuring that (6) is well-defined. In particular, this imposes the
restriction r > 1 and furthermore
r > 2 whenever By is allowed to not be positive semi-definite. @)
Notice that (5) and (6) together imply that
MO + S < M+ 5C) < F0%) (8)

provided g(X«) #0. We may now describe our class of algorithms more formally as
Algorithm 2.1.
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AvrcoriTHM 2.1 (A class of first-order adaptive regularization methods)

Step O: Initialization. An initial point xg, a target objective function value fiager < f(Xp) and
an initial regularization parameter o > 0 are given, as well as an accuracy level €. The
constants 11, 12, ¥1, v2 and y3 are also given and satisfy

O<m=<n<1l and O<py<l<yr<ys (©)]

Compute f (xo) and set k=0.

Step 1: Test for termination. If [kl <€ or f(Xk) < frage, terminate with the approximate
solution X, = X.

Sep 2: Sep calculation. Compute the step s¢ approximately by minimizing the model (4) in the
sense that conditions (5) and (6) hold.

Sep 3: Acceptance of thetrial point. Compute f (xx + S) and define

_ f () — F %+ s0)
M (%) — M + S0

Pk (20

If px > n1, then define ;1 = X« + S and evaluate g(xx1); otherwise define X1 = X«.
Sep 4: Regularization parameter update. Set

[viok ol if pk = 72,
okt1 € o vaou] i i € [n1,m2), (11)
[v20k, y3ok]  if ok < ma.

Increment k by one and go to Sep 1.

Iterations of Algorithm 2.1 where px > 1, arecalled ‘ successful’ and their index set is denoted
by S. Note that the mechanism of the algorithm ensures that o > 0 for all k > 0. Note aso that
each iteration of the algorithm involves a single evaluation of the objective function and (for
successful iterations only) of its gradient. The evaluation complexity can therefore be carried out
by measuring how many iterations are needed before an approximate first-order critical point is
found or the objective value decreases below the required target.

If r=2 or r =3, the model minimization occuring in Step 2 of the algorithm is typically easy
to compute if one is happy with the minimum requirement that (5) and (6) hold: an efficient
unidimensional linesearch technique using quadratic or cubic interpolation is al that is needed.
Larger model decrease may be obtained by pursuing the minimization beyond the Cauchy point,
and again efficient algorithms are known for quadratic and cubic regularizations (see Cartis et
al. [4] for the latter case, the former being the well known problem of minimizing a quadratic
function). Good methods are also available for more general values of r (in effect requiring the
one-dimensional minimization of arth order polynomial) : see Cartis et al. [2] for the case of
regularized |l east-norm problems with general r > 2 or Gould, Robinson and Thorne [9] for even
more general cases.

3. Worst-case evaluation complexity analysis

In order to analyse the worst-case complexity of Algorithm 2.1, we need to describe our
assumptions and define some constants.

AS.1 Theobjective function f is continuously differentiable on R".
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AS.2 g= Vf is Holder continuous in the sense that (2) holds for all x,y € X" and some
constantsLg > 0and g > 0.

AS.3 Let fioy be any known value, possibly equal to minus infinity, such that f (x) > fjow, for
al x € %", We assume that

def
f, = max[fiow, frarget] > —00.

AS4 Let kg > 0 be any known value such that [|g(X)|| > «q, for al x such that f, < f(x) <

f (Xo). We assume that there exists kq, > 1 such that

9|l < kqy foral x e R" such thatf, < f(x) < (x).
AS.5 Thereexists aconstant kg > 0 such that, for all k > 0,
1Bkl < «s-

AS.1 and AS.2 formalize our framework, as described in the introduction while AS.5 is stan-
dard in similar contexts and avoids possibly infinite curvature of the model, which would make
the regularization irrelevant. Note that the valuesof L > 0 and g > 0 are often unknown to the
user. AS.3 states that, if no target value is specified by the user, then there must exist a global
lower bound on the objective function’s values to make the minimization problem meaningful.
Therole of AS.4 isto take into account that, when f, = fager > fiow, it may well happen that no
single x € iM" satisfies both conditions in (3), and thus that the first termination criterion in (3)
cannot be satisfied by our minimization algorithm before the second. We take this possibility into
account by alowing kg > 0, and expresssing the complexity results in terms of

€x « max[e, «g], 12)

whichisthe‘attainable’ gradient accuracy for the problem given fiage. FOr smplicity of exposi-
tion, we assume for now that €, < 1, but comment on the case ¢, > 1 at the end of the paper. We
note that AS.4 automatically holds if the set {x € \" | f, < f(X) < f(xo)} is bounded, but also,
aswe discussin Lemma 3.2 below, in the frequent situation where f (x) is bounded below on the
level set {x € R" | f(x) < f(x0)}.

We start by deriving consequences of our assumptions, which are independent of the
algorithm. Thefirst isintended to explore the consequence of avalue of 8 exceeding 1.

LEmma 3.1 Suppose that AS.1 holds and that AS.2 holds for some 8 > 1. Then f islinear in
R", AS.2 holdsfor all B > OwithLg = 0 and AS.4 holds with kg = xgy = [|9(X0) |

Proof If g istheith vector of the canonical basis and [g(x)]; the ith component of the gradient
at x, we have, using the Cauchy-Schwarz inequality and the Holder condition (2), that, for all
i=1,...,nandal x e R",

[[gx+te]i — [9lil _ llgx+te) — gl

< < Lglt)f~?
It| X+ te — x|l

and B8 — 1 > 0. Taking the limit when t — O gives that the directional derivative of each [g(-)];
exists and is zero for al i and at all x. Thus the gradient is constant in R", f is linear and
AS.2 obviously holds with Lg = 0 for al g > 0 since ||g(x) — g(y)|| is identically zero for all
X,y € R [ ]

Thisjustifies our choice to restrict our attention to the case where 8 € (0, 1] for the rest of our
analysis. The second result indicates common circumstances in which AS.4 holds.
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LEmMA 3.2 Supposethat AS.1 and AS.2 hold, and that there exists a constant o, > —oo such
that

f(X) > fiow (13)
for all x € Lo % {y € %" | f(y) < f(¥0)}. Then AS.4 holds.
Proof Letx e Lo. AS.1, the mean-value theorem, and AS.2 then ensure that, for all s,

flow < f(X+9)

1
<f( +g0Ts+ / (gx + £9) — g0 Tsde
0

L def
<fX) + g s+ ——|Is|f* £ h(s). 14
<f()+9x 1+ﬂ|||| () (14
Given that the minimizer of the convex function h(s) is given by
_ 9% a-p)/p
5. = =575 19001 P,
B
we obtain that
L
; _ _ _ +1/p
msmh(s) =h(s) =f(® 115 gl .
As a consequence, we obtain, using the fact that f (X) < f (xg) sincex € Ly and (14), that
Lgl/ﬂ
f f _ 1+1/f3,
low =< f(X0) E gl

which in turn implies that

1\? 1/(1+8)
lgooll < |:Lﬁ <1+ E) (f 00) —f.ow>ﬂ} 2

irrespective of the value of fiager. This and the choice kg = Oyield the desired conclusion. W

Note that (13) is indeed very common. For instance, fio, = O for all nonlinear least-squares
problems. Hence the form of AS.4 should not be viewed as overly restrictive and also allows for
the case where (13) fails but the objective function’s gradient remains reasonably well-behaved.
For instance, problems whose objective function is an indefinite quadratic are allowed provided
ftarga > —0OQ.

We now turn to the analysis of the algorithm’s properties. But, before we start in earnest, it is
useful to introduce some specific notation. In a number of occurrences, we need to include some
of the termsin formulae only if certain conditions apply. We will indicate this by underbracing
the conditional part of the formula, the text below the underbrace then specifying the relevant
condition. For instance we may have an expression of the type

max | at,b,c|,
——
a>0

meaning that the maximum should include the first term if and only if a> 0 (making the term
well-defined in this case).



Optimization Methods & Software 7

Wefirst derive two bounds of the step length, generalizing Lemma2.2in [4].

LEmma 3.3 Wehavethat, for all k > 0,

r 1/(r-2) 2r 1/(r—1)
sl < max <—||Bk||) : <—||gk||) : (15)
Ok Ok
—_—
By #0
Moreover,
or 1/(r=1
lIscll < <;k||9kll> (16)
provided
(rlBelD=*
o> —————. 1
“= @llgdh2 ol
Proof Observe first that (4), (8) and gk # 0 ensure that
T 1.7 OK e i
M + S0 — F () = Ok’ s+ 55 B+ —lisdl” < 0. (18)

Assume first that s]Bysc > 0. Then we must have that

O]
0TS + 7k||sk||' <0,

and therefore (remembering that oy > 0 and that g[sk > —|lokll lIsdl)

r 1/(r—1) or 1/(r—1)
lIscll < <—|ngll) < (—Ilng) - (19)
ok ok

If sTBksc < 0, we may rewrite (18) as

o 1 ol
o8+ e sl ] + [EsJBksﬂ + 2—:”3«”'} <0

and the left-hand side of this inequality can only be negative if at least one of the bracketed
expressionsis negative, giving that

r -2 o -1
lIscll = max (_”Bk”) ,<—I|9k||) :
ok ok

where we aso used that glsc > —|lokll ]| and SIBksk > —|IBkl| Is/|>. Combining this
with (19) then yields (15). Checking (16) subject to (17) is straightforward. |

We now turn to the task of finding a lower bound on the model decrease f (x¢) — M (Xx + S)
resulting from (5)-(6). The first step is to find a suitable positive lower bound on the step «F as
defined in (6).
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LEMmma 3.4 We have that

M + &) < M — i) < F (%), (20)
where
o lgd® (o1 VP o1
%= 207 Bege \ 2 -2 ' @)
0 Bk \ 20k 119kl
——
Ok "Bkgk>0

Proof Substituting the definition s = —agy into (4), we obtain from (5) and (6) that, for all
o >0,

1 Io]
MO — agk) — (%) = « (—ugkn2 + EangBkgk + Tka“—lngknf) . (22)
Assumefirst that g/ Bcg« < 0. Then

Ok -
—llgkll® + Tof Yol <0

r 1 1/(r-1)
a=(—— 23
“ <ok||gk||'2> @)

and, because o« > 0 and g{Bkgk < 0, we also obtain from (24) that my(x« — agx) < f (%) for all
a € (0,ak]. In particular, thisyields that me (X« — o) < (xc), where

r 1 1/(r-1)

for dl o € (0, @x] where

201 [|glI—2

Condition (6) then ensures that (20) holds as desired.
Assume next that gIBkgk > 0 and, in this case, define

cog | g 1\
7T 2B \ 200 llgdl 2
Ok BkOk  \ 20k 119k

Then it is easy to verify that both bracketed expressionsin

[—%ugknz + %a;ngBkgk] - [—%ngkn? + %(abflngkn‘] = i*(m((xk — g — T (%)
r oy
are negative and thus, because o) > 0, that m (X« — o 0k) < f (%). The desired conclusion can
now be obtained by invoking (6).
We now trandlate the conclusions of the last lemma in terms of the model reduction at the
Cauchy point and beyond, generalizing Lemma2.1in [4]. [ |

LEMma 3.5 We have that

(40 — M + S0 = = min lo (r I Ilr)wl) (25)
Xk Mg (X + &) = 1 ZQIBka’ 201 Ok .
N ——

O«"Bkgk>0
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Proof If gIBkgk < 0, substituting (24) into (22) immediately yields that

r 1 1/(r=1) 5 1 5 1 r 1/(r=1)
f _ _ ¥ - P— = — —_— r .
(%) — MO — o Q) = (20k ” gk”,_z) (gl = Slgdl’] = 5 (20k gk )
(26)
If g7Bkgk > O, we have from (22) and (21) that
f () — Me(X¢ — o Ok)
1/ o\ 1 o[ 1 1
> af ||gk||2——( )gk Btk — — ( 5——— | lloull"
“ [ 2 \ 2g¢Bcgk r \ 2ok g2

_ 2 r 1 1/(r=1) 1 1
_ mln[ 191 ( ) [l — 591 = 519kl

20/ Bigk " \ 20K (g2

1o lgd® (o e
= ~min| 22 (L g .
4 ngBkgk 20k

Combining thislast inequality with (26) and using (5) then gives (25). |

The model decrease specified by (25) turns out to be useful if the value of oy (appearing at
the denominator of the second term in the min) can be bounded above across al iterations. We
obtain this result in two stages, the first being to determine conditions under which an iteration
must be very successful.

LEmMmA 3.6 Suppose that AS.1, AS2 and AS5 hold. Then px > 1y, iteration K is very
successful and oy 1 < ok

(i) if1+B>rand

ok > k|| gel| AP (27)

where

L. \-D/8
K1 dzd 2r ( £ > 3

(i) if1+p8 <rand
o > rp max gl gl S -77], (28)

where

Ky & max [2r(2KB)r_l, 2(2+ﬁ)/ﬁ“‘§/ﬂ’ 8”‘3] (29)

w ([ Lg 1 4 T\
(o2l [5]) %

with
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Proof First notice that AS.1, the mean-value theorem and (4) imply that

1 1 o
f (X + 80 — M + S) = / (90 + S0 — g TscdE — ES(TBKS« - Tk”Sk”r-
0
Using now AS.2, we obtain that

Lg 1 Ok
f X < W 25 Bs — — |Is]l. 31
(X + 80 — Me(X + S) < 1+’8||5k|| — 5% Bis— o fIsll (31)

Assume first that r < 1+ B (which implies that B > 0 because of (7)). Then f (X« + S) <
Mm% + S (and thus px > 1 > ) if

rL 1+8- r
> P
Ok = 7 ,BHSk”

which, in view of (15) and By > 0, holds if

_ rLﬂ or - A+B-n)/(r=1)
0| - ’
K1+ B \ ok %

that isif
B e (1+B-1)/B
ok > 2r +B-1/B 32
k = (1 ’3) lokl (32)

proving the first item in the lemma’s statement.
Assumenow thatr > 1+ B, inwhich case By isallowed to beindefiniteif r > 2 and we cannot
guarantee that s} Bcsq > 0in (31). Then p > 2 if

Ne 2 f (% + SO — MO + S0 — (L— 72)(F (%) — M + S0) < O,

Note that alower bound on f (xx) — m(Xx + &) is given by Lemma 3.5. If we now assume that,
whenever g Bcgk > 0,

;
ok > E(zxs)’*lngkn”, (33)

then we obtain that the minimum occurring in the right-hand side of (25) is achieved by the
second term, yielding that

1 1/(r—1
r r
f (%) — Me(Xe + S0) > Z<2—||gk||> .
Ok

As aconsequence, we obtain from (31), the Cauchy—Schwarz inequality and AS.5 that

1- o1 1/(r—1)
1+8 2 r

r + —_— .

k=7 /3”5«” KBIISkII 2 (20k llokll >

If we also assume that, whenever By # 0O, (17) also holds, then we may substitute the upper
bound (16) in this equation and obtain that ry < O if

L g||g D e (Brga) < ()
1+p X A 4 \ 20"k '
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or (1+8)/(r=1) 2 2/(r—1)
(—Ilng) > <—||9k||> ) (34)
Ok Ok

then we obtain that r, < O if

by L) (Frea) < ()
—— 4k — < — :
1+8 2 B Ok b 4 20y O

Taking the (r — 1)th power and rearranging, we obtain that ry < O if

L 1 r-1/p
> 2@+P)/By p =
ok = 145 + 2KB

Now, if, on one hand,

(r=1/p
= nz) llgi| #7072, (35)

If, on the other hand, (34) fails, thenry < Oif

b L) (Fisa) < ()
—— + =k — < — .
118 2'8) 5 1% 4 \ 20, K

Once more taking the (r — 1)th power and rearranging, we obtain that r, < O if

Ls 1 \'1 4 r—1 ,
> 8 - —_ - 36
ok > r<1+,3 +2KB) (1—772) [l okl (36)

Thus ry < 0 (and therefore px > 12) when r > 1+ g provided (35) and (36) hold together
with (17) (when By # 0) and (33) (when gBygk > 0 ). This proves the second item in the
lemma’s statement if we note that

ricg) 1 1\ r
((2rB))r4 =2r (5@) < 2r(2p)' and é(2KB)f—1<2r(2KB)f—1.

Note that the second part of the lemma extends the result of Lemma 3.1 in [5] to general r and
B. We are now in position to prove an iteration-independent upper bound on the value of o.

LEmMA 3.7 Supposethat AS.1-AS.5 hold and that €, < 1. Then, aslong as the algorithm does
not terminate, we have that, for all k > 0,

O if14+8=>r,
ok < k7, (37

where

def _
Ky = max[ysrikg? ", oo); (38)
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@iy if1+8 <,
ok < max[«g, ngilﬂg_r)/ﬂ], (39)
where
o def o def
k3 = max | O, ]/3K2Kgu , 00 and «5 = ysko (40)
———’

r<2

with k1 and «, defined in (29).

Proof We again distinguish two cases. Assume first that 1 + 8 > r, which in turn implies that
r € (1,2] and thus, in view of (7), that B, > O for al k. Then AS.4 and Lemma 3.6(i) imply that
Ok+1 < ok provided

oy > KlK(H—ﬂ f)/ﬁ, (41)
which is a constant independent of k and ¢.

The second caseiswhen 1+ 8 < r. We first consider the subclass wherer < 2 where, using
ASA4,

lokl>™" < g, (42)

This bound, part (ii) of Lemma 3.6 and the fact that llokll > €, aslong as the algorithm has not
terminated then imply that oy, 1 < ok provided

ok > kpmax | k2T, eFHHE | (43)
——
r<2

where we have used that 1 + 8 — r < 0. Alternatively, if r > 2, part (ii) of Lemma 3.6 and the
fact that | gk|| > €. aslong asthe algorithm has not terminated then give that oy 1 < ok provided
Ok = k2 maX[Ef_r, 6i1+ﬁ_r)/ﬁ] = K26i1+ﬂ_r)/ﬁv (44)

where the last equality now results from the fact that, because g < 1,
2—r . 1+8-— r.

B B

The proof of (37) and (39) is then completed by taking into account that the initial parameter
oo may exceed the bound given by theright-hand side (41) (if L+ 8 >r) or (43) (if 1+ B < 1),

and also that these bounds may just fail by a small margin at an unsuccessful iteration, resulting
in anincrease of oy by afactor y3 before the relevant bound applies. |

0>2—-r>

Having now derived an iteration independent upper bound on oy, we may return to the model
decrease given by Lemma 3.5.

LemMma 3.8 Supposethat AS.1-AS.5 hold and that €, < 1. Then, aslong asthe algorithm does
not terminate,

e if1+ 8 >r,then
f (%) — MO + S > «ilel/ D) (45)

/(-1
1' min i , L , (46)
4 2’ \ 2§

where

S

118
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e if1+ 8 <r,then

f (%) — M + s) >« P, (47)

1/(r-1)
mdef 1. 1 r
=-mn|—,| =— . 48
270 [2ch <2Kg> ] (48)

Proof Assume first that 1+ B8 > r. As above, thisimplies that r € [1,2] and hence, because
of (7), that g} Bxgk > 0. Taking into account that, in this case,

where

Ok "Bkok < kallokl?

because of AS.5, substituting (37) into (25) and using (37) and the fact that ||gk|| > €, aslong as
the algorithm has not terminated, yields that

1 62 r 1/(r—1)
f () — M + 80 = 7 min [ = (_> Y

2KB, 2Kf

1 |1 [\
= 5 min [ia (ﬁ) min (€2, !/~

and (45) followssincee, < 1 and

r
—— >2 for rell,2].
r—1- €lLd

Consider now the casewhere 1 + 8 < r. Substituting now (39) into (25), using (39), AS.5 and
the fact that ||gk|| > €. aslong as the algorithm has not terminated, we obtain that

) 101
f (%) — MO + 0 = Loin| & re.
- k - ’ —
4 2\ 2max[kg, kg el
——
L gk"Bkgk>0

1 1 r R )
> min| 2—, | =—r— min (e2,el/=D e1t1/F) |
! 2Kp <2maX[K§,K§]> (€5 e * )

whichyields (47) sincee, < 1and,for1+ 8 <rand g € (0,1],

r

—— and 1
r—1 +

1+ > 2.

>

=|
|

We now recall an important technical lemma which, in effect, gives a bound on the total
number of unsuccessful iterations before iteration k as a function of the number of successful
ones.
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LemMA 3.9 The mechanism of Algorithm 2.1 guarantees that, if
Ok < Omax, (49)

for some omax > 0O, then

| 1
k < Sl <1+ | Ogyl') + |og(a’“""*), (50)
logy. logy2 00

where |Sy| is the cardinality of Sy o {i € S|] <Kk}, that is the number of successful iterations
up to iteration k.

Proof We first note that the construction of the algorithm implies that k = |Sk| + [Uk|, where
Uy denotes the number of unsuccessful iterations up to k. The bound (50) now follows by upper
bounding || using [5, (2.13)]; where we note that the same update for o1 is used in [5,
(2.13)] as here, provided we account for a change in notation (namely, y3 in [5] is 31 here, y»
in [5] correspondsto y3 and y; to y, here). |

We are now ready to prove our main result on the worst-case complexity of Algorithm 2.1.

THEOREM 3.10 Suppose that AS.1-AS.5 hold and that ¢, defined in (12) satisfiese, < 1.

1 If 1+ B >r, there exist constants «?, «& and «° such that, for any ¢ > 0, Algorithm 2.1
requires at most

] &
successful iterations (and gradient evaluations), and a total of
\\K?W + Kch (52)

iterations (and objective function evaluations) before producing an iterate x. such that
9l < €, or f(Xe) < frager-

2. If1+ B <, there exist constants k3, «§, Kg and «g such that, for all € > 0, Algorithm 2.1
requires at most

f (XO) - f*
LKgﬁ—lm (53)
successful iterations (and gradient evaluations) and a total of
f (XO) - f*
\‘K/gel-'r—l/ﬂ + K/?l |Og €*| + K; (54)

iterations (and objective function evaluations) before producing an iterate x. such that
gl < €, 0r f(X) < frager. [N the above statements the constants are given by

1
kP =K o , (55)
11Km
1 lo 1 g
ey <1+' g’“'), ¥ = og ("—1> (56)
1N1Km log y2 log 2 00
1 lo r-g—1
N1Kkm log y2 Blogy
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and
def o o
g & logyz(log(max[l, K5, k51) + 1og(oo)]), (58)
where
i L r—1/p e 1
o & 2f< : ) . o = max[2r(2e) T, 22 Pricy P Brica] (59)
1+5
with
. L,g 1 4 r-1
= —_— - D 1] 60
K3 <|:1+ +2KBi|[1—772 (60)
7 Lyt kg L yamax | 0z | kg E maxyae (61)
——
r<2
and

e

1/(r—1) 1/(r=1
mdet 1. 1 r maef 1 1 r
= -min| —, and -mn| —, =— . 62
k=g m |:2KB <2 f) :| kg =M |:2 5 \ 23 (62)

Proof Consider first the case where 1 + 8 > r. We then deduce from AS.3, the definition of a
successful iteration and (45) in Lemma 3.8, that, as long as the algorithm has not terminated,

fxo) —fu = F(x0) — F(Xpn) = Y _[F ) —F 04 + )]
jeSk

> ) [F ) —m0o§ + )] > naemel/ ISkl (63)

jeSk

This provides an upper bound on |Si| which isindependent of k and ¢,., from which we obtain the
bound (51) with (55). Calling now upon Lemma 3.9 and (37), we deduce that the total number
of iterations (and function evaluations) cannot exceed

f (x0) — 1. |1og y1| 1 K7
S 1 | —=
D ( " ogy, ) Tiogys o)
which then gives the bound (52) with (56).
The proof for the casewhere 1 + 8 < r isderived in amanner entirely similar to that used for

the casewhere 1 + 8 > r, replacing €/ by €*/# in (63) since (45) is used instead of (47),
and also noting that, when using (39) instead of (37) in Lemma 3.9,

o o, (HB-1)/B _
log (maX[KZ o ]> < ‘1+§ r‘ [loge.| + logmax[L, «§ k51 + | 10g(oo)|.
0
We may thus deduce that (53) and (54) hold with (57)—62). |

A close look at the expressions of the constants in (55)— (62) reveals that the global upper
bound on the gradient norm, «q, only occurs in the case where r < 2. Therefore, AS.4 is only
needed in this case since the existence of «g > 0 is always ensured by the non-negativity of
190Gl
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4. An example of sharpness

We now show that the bound specified by part (ii) of Theorem 3.10 is essentially sharp in the
sense that we exhibit a class of one-dimensional examples where the number of iterations nec-
essary to produce an approximate first-order critical point is arbitrarily close to the theorem'’s
bound. To achieve this goal, we first establish sequences of iterates {x.}, function values
{f (%)}, gradient values {gx} and regularization parameter values {oy} which can be generated
by Algorithm 2.1 and such that the gradient values converge to zero sufficiently slowly to attain
the desired lower bound on the number of iterations (and evaluations). Once these are defined, we
construct afunction f (x) which interpolates these function and gradient values and finally prove
that all our assumptions are satisfied. Because the derivation of the complexity bound involvesan
increasing sequence of regularization parameters {oy}, our example is unfortunately somewhat
complicated because it has to include both successful and unsuccessful iterations. We choose to
construct it such that all even iterations are unsuccessful and all odd ones are successful.
Construction of {gk}, the sequence of gradient values at theiterates. Letr > 1+ 8,7 € (0,1)
be arbitrarily small, and g apositiveinteger. For al k > 0, consider the gradient sequence defined

by
1 \BHBT
Ok = — (m) v Ook41 = O (64)

and observe that the sequence of gradient norms {||gk||} is non-increasing for any choice of q.
Assumefirst that g= 1. This definition implies that

|G2k+3] 1 (65)
[G2k+1] '
when k tends to infinity, and thus that
r—1 _ _
w1 Z G2ral <M)Hﬂ r_> <g>r ' (66)
- |G2k+1/YP + 31QaksalV/# |Gok—1| Y/ 3
Hence, there exists an integer ¢ > 2 such that
1/2 r—1 5 r—1
Wwx_1 € |:§ <§> , <6> c (0,1 for k> ¢. (67)

We now (re)define q in (64) by setting q = ¢, in effect shifting the {k} sequence by ¢ such
that (65)-(67) holds with (64) for the complete shifted sequence. Note that q only depends
on B and t and is independent of ¢. Observe aso that the rate of (monotonic) convergence

of the sequence {gk} to zero ensures that, for any € € (0,1), |gk| < € only for k larger than
2(le~ WA/ B+rA+F) | _ Q).

Construction of the iterates {x} and the steps {s(}. For k > 0, the step s is computed as the
global minimizer of the model my(X + ) in (4) with By = O, that is
Ok, v
Mc(Xek+1+9) = fF (%) + s+ - Ist

where the function value f (x) and oy are still to be defined. A simple cal culation shows that

-1
& = (ﬁ) , (68)

Ok
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and furthermore, that

1 r\ /(-1 1
Ame ® M0 — M + 80 = (1— —) ('gk' ) - (1— ;) gsd (69)

r Ok

Recalling that we attempt to ensure that odd iterations are successful and even ones are not, we
define the sequence of iterates {x«} by

Xo =% =0, X2 =Xokt1+ Sokt1 = Xok3 (K> 0).

Construction of {oy} and the function values {f (x¢)} at the iterates. In order to ensure the
proper rate of increase of oy, we choose to set

o1 = |Gakpa| TP (70)

for al k > 0 (remembering that odd iterations are successful), while the value of oy is till to be
determined within the constraints of (11). It follows from (68) that

Soki1 = 1G2kr1 P < |gol™? < 1 (72)

and so (69) becomes Ay 1 = Moy 1(Xak1) — Mok 1 (Xakr1 + Sakr) = (1 — 1/1)[Gasa| T2
The sequence of function valuesisthen defined by

f(x) =f(x) =0, f(Xat2) = M1 (Xokrr + Sokr1) = F(Xars) (K= 0), (72)

where the second part guarantees the very successful nature of iteration 2k + 1. We observe that,
fork > O,

f(Xok) — f(Xok41) =0

since iteration 2k is unsuccessful, and

1
f (Xokg1) — F (Xokg2) = A1 = (1 - F) |gok1 | TP, (73)

yielding that, for every k > 0,

k

f(x0) = f Oai2) = ) _[F (gj21) — F(g542)]
j=0

k
1
= (1= 2) Y Igpea| B8
( I‘) |92j+1

j=0
k

1 1 1+((1+p)/B)T
DS
( /i +q
Hence the sequence {f (xx)} is bounded below by

<2 0) [ 50

J

-1

o)

1\ A+ pr

Il
N
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where ¢ () is the Riemann zeta function. We conclude the definition of the sequences involved
in our example by selecting oz in order to impose that, for al k > 0,

1
Sk = Sk+1 + 552k+3, (75)

where 1 € [, 1) ischosen as when defining g above. Using (68), thisis equivalent to asking that

|92 1 -
192d = <32k+1 + =Sk+3 )
O2k 2

which, in view of (70), is equivalent to requiring that

-1
o% 92| 1
o1 |G-l N\ suiq + e

If we now take (71), (66) and (67) into account, this amounts to imposing that

ox _ 1/2\"1 /5\"1
O_2k71 - CUZk—l 2 3 ’ 6 ’
therefore satisfying (11) at successful iterationsfor achoiceof y; < %(%)‘*1. (Inorder to start the

recursion, we (arbitrarily) define o_1 by (70) with k= —1 and g_; = —[1/(q — 1)]#/E+A+7)
We also observe that, for large enough k,

r—1 r—1
o1 |Gawya| PP Soki1 + 3543 S+ 33 3\t
= = e|ll—— A= (76)
o2 Wk—102k—1 Sk+1 St 2
and (11) therefore also holds at unsuccessful iterations. As a consequence of this somewhat

lengthy description, we may therefore deduce that the sequences {x}, {gk} {ok} and {f (xx)} may
be generated by Algorithm 2.1 provided only that iteration 2k isindeed unsuccessful, that is if

f(Xok) — T (Xox + Sk) < 1AMy,

where f (Xok + ) is the still undefined value of our putative objective function at Xox + Sk =
Xoka3 + %SQKH. This condition is obviously satisfied if we also impose that f (xoki3 + %Sngrg) =
f2% 5, Where

fas “ max[f (Xa+3), f (Xa) — 0.99n1 Ay, T (Xokqa) — %92k+452k+3]- (77)

Note that this last condition ensures that
f (Xors2) = F (Xoksra) < F23 (78)
and also, since f (Xox) = f (Xokr1) > f (Xoka3), that
f3s > f(Xara) — S0uraSors = F3s € [F (acra), F (Xaks )] (79)

Construction of the objective function f (x), x > 0. We now turn to the definition of the objec-
tive function f (x) which must interpolate the (already-defined) function and gradient values at
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the iterates. We start by noting that, for arbitrary a> 0 and s> 0, function values f, and f, and
gradient values g, and g, it is possible to construct afunction

fas(t) = fa + Gat + Cas[SIN(ash)] " (80)
on theinterval [a, a + S| where the parameters c,s and ¢as € (0, ] can be determined to ensure
that

fas(0) =fa,  Gas(0) =Ga, fa(® =fp and gas(s) = Gp.

Indeed, since

Gas(t) = Ga + Cas(L + B)as[ SiN(Pash)]” COS(¢past), (81)
we deduce that

b — Ga = Cas(1 + B)Pas[SiN(¢as9)]” cOS(¢asS), (82)
which may substitute in (80) to obtain that
(Ob — 9a) Sin(¢ass)

(1 + B)as COS(PasS)

and hence conclude that ¢,sS is the smallest positive root 0,5 of the nonlinear equation

fb - fa = 0aS+

sin(®) fo — fa — gaS

7 VasCOS(A), where vas= (14 B) @ —os

Itiseasy to check that such aroot alwaysexistin (0, /2] if vas > 1. Given ¢, Or, equivalently,
Bas = PasS, We also obtain that Cas = (f, — fa — gaS)[SIN(Bas)] 7.

We now use this interpolation technique on each of the sequence of intervals specified in
Table 1. Observe that the function is interpolated for every successful step in two pieces with an
intermediate point corresponding (for al iterations beyond the first) to the penultimate unsuc-
cessful tria point, where condition (77) is imposed as well as a zero gradient. We also choose
(arbitrarily)

(83)

3 LT 1/(r-1
£2 = |gy| TP 0.99% (%)

(corresponding to afictitious unsuccessful iteration of index k= —2withg_, =g_;ando_, =
o_1/(1+ ).

Table 1. Interpolation conditions for successful iterations.

Iteration Interpolation interval Interpolated values

k [a,a+9 fa Oa fo 9o
1 [x, %1 + 381] f(x0) = f(x) 9 f? 0
1 [X1 + 351, %] 0 0 f(x2) %
3 [Xa, X3 + 53] fx2) =f(xa) g3 f9 0
3 [Xs + 3s3,%a] fQ 0 f (x4) 0
5 [Xs, X5 + 355] f(xs) = f (xs) gs f2 0
5 [Xs + 355, %] f2 0 f (X6) U6
2k+1 [Xok1, Xaks1 + 3S2k41] f(xak) = f (Xakr1) Ook+1 T2 2 0

2k+1 [Xakt1 + 3Skr1, Xoks2] fa2 0 f (Xak+2) O2k+2
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For the function (80) and its gradient (81) to be well-defined, we still need that va,s > 1 for
each interpolation interval, which we show in the appendix, LemmaA.1.

Figure 1 shows the shape of the resulting function and its gradient, whose construction implies
that AS.1 holds. Figure 1 also shows the shape of the models my (o + S) on the intervals
[Xok, Xok + Sok] = [Xok» Xoki3 + %32k+3] (dashed lines), illustrating that the model is a bad pre-
dictor of the objective function value at the point X« + Sx, causing the unsuccessful nature of
iteration 2k. Note that f (x) may be extended smoothly into a decreasing function for x < 0.

Figure 1. (Left) The shape of f (x) for the first 8 successful iterations and the shape of the model at each unsuccessful

iteration (dashed). (Right) The shape of g(x) for the first 8 successful iterations. In both plots, we set 8 = 0.45, r = 2.1,
7 =0.001, 71 =0.6andq=3.

5
45,

Figure 2. The shape of the function |g(x) — g(y)|/|x — y|? for the interval spanned by the first 8 successful iterations
for ﬂ =045r=2.1, 7t = 0.001, n1 = 0.6 and gq= 3.
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As can be checked in these figures, f (x) is nonconvex and continuously differentiable. The
form (81) implies that g(x) varies very quickly at the beginning of each interpolation interval,
whichisvisiblein Figure 1 (Right).

We show in the Appendix that assumptions AS.2-AS.5 are satisfied by the function we con-
structed. In particular, we prove that g(x) is Holder continuous with exponent 8 which we also
illustrate in Figure 2. We draw the following conclusion for our example.

CorOLLARY 4.1 Letr > 1+ g and t € (0,1) arbitrarily small. Then there is a function f (x)
and a starting guess xo = 0 that satisfy assumptions AS.1-AS.5 and for which Algorithm 2.1
applied to the minimization of f (x) starting from X, requires

2(le~MHP/BHTAA) | _ g)
iterations (and function evaluations) to obtain an iterate x. such that |g(x.)| < e.

Since g isindependent of ¢, this corollary shows that the complexity bound stated by part (ii)
of Theorem 3.10 is essentially sharp.

5. Discussion

Figure 3illustrates, asafunction of r and 8, which power of ¢, < 1 dominatesin the complexity
bounds of Theorem 3.10. It isinteresting to note that the worst-case eval uation complexity of our
genera class of regularized method does depend on the relative values of r and 3. Observe aso
that, when €, < 1, e /0D > ¢=+1/8) in the triangle for which 1+ g >r and r < 2. Thus,
from the worst-case complexity point of view, there islittle incentive to choose a regularization
power r < 2. It is also interesting to observe that, if r > 2, the complexity no longer depends on
the precise value of r, but only depends on the smoothness of the objective function as measured
by the Holder exponent 8 (whose knowledge is not required apriori). In that sense, the algorithm
adapts itself to the problem at hand, without the need for further tuning (see also the “universal”
gradient methods by Nesterov for the convex case [17]).

If €, > 1(thatisif either e > 1or kg > 1), theresults above simplify because negative powers
of €, are bounded above by one. As a consequence, all termsinvolving such powers (which we
kept explicitintheanalysisfor ¢, < 1) are absorbed in the constants, and the complexity bounds
of Theorem 3.10 essentially reduce to multiples of the difference f (xg) — f..

Note also that Lemma 3.1 alows us to equate § > 1 with 8 =1 and kg = [|g(Xo)|l. In this
case, either €, = € > ||g(Xp)|| and Algorithm 2.1 stops at iteration O, or €, = ||g(Xo)|| and the

15+

o@)

O(E—r/(r—l) )

05 O 1By

1+B=r

0 1
0 0.5 1 15 2 25 3 35 4 4.5
r

Figure 3. Worst-case evaluation complexity as afunction of g and r in the caseswheree, < 1.
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bounds of Theorem 3.10 become independent of ¢, resulting in a bound on the number of
iterations and evaluations directly proportional to f (X) — fraget, @ expected.

We conclude by observing that the theory presented above recovers known results (see [5]
for the case wherer =3 and 8 = 1 and [6,16] for the case wherer =2 and 8 = 1); these cases
correspond to the thick dotsin Figure 3.
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Note

1. Whether this can also be achieved for part (i) of the theorem is still unknown at this point.
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Appendix

In this Appendix, we prove various |eft-over results about the function we built by interpolation in Section 4. We first
finalize this construction in the next lemma.

Lemma A.1  The function f (x) constructed by interpolation on page 19 satisfies vas > 1 for each interpolation interval
in Table 1.

Proof Consider the first such interval at iteration 2k + 1 (k > 0) and Vzlk 11, the value of vas corresponding to that
interval. Using (78), we obtain that

2k-1

f — (k1) + 592K+ 152k11]
Vhp = (L ) 2t 2

>1+8>1 (A1)

2102k r152k41]
as desired. For the second interpolation interval at iteration 2k + 1, we have that

f242 — £ (X 2) 14 p) 3 |92+ 252k 11

P T L =1+8>1, (A2)
(1 — $Igaks22k41]

2
Vie1 = 1+ B)
* 3 |0k 2S2k41l

where we have used (77) to derive the inequality. We therefore obtain from (A1) and (A2) that, for al k > 0, the desired
roots 03, and 03, , exist and satisfy

T T
03r1 < 5 ad 1= 5 (A3)

N

As a consequence sin(¢>i2k 111 is positive on each interpolation interval (i = 1,2), and our interpolating function and its
gradient are also well-defined for each interval. Moreover, since both Vzlk 41 and v%k 1 are bounded below by 1 + 8, we
obtain that there is a constant «y > 0 such that

s g
Ohir € [Kg, E] and 03, € [Kg, E]’ (A4)
and thus that there exists a constant «5n > 0 independent of k such that

SiN@31) = ksn and  SiN@4,1) > Ken. (A5)

We now investigate the properties of our interpolant further, and show that f (x), x > 0, satisfies the properties for
which the worst-case complexity upper bound applies.

TaeorEM A.2  The function f (x) constructed by interpolation on page 19 satisfies assumptions AS.2-AS.5.

Proof Note that, because of (73), (79), (69), the fact that f (xok) = f (xok+1) and the inequality |gok+2Sok+1| <
[g2k—152k—1,
A2 — f (Xar1) < max[f (xa—1) — f (Xaier 1), f (Xakr2) — 302ci282r1 — f (Xakr1)]

< max[ AfMby_1, 5192+ 2524111
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< max[ |gz2k—152k—1l, |92k+252k+11]
< |g2k—152k-1]
and hence that
2%-2

f —f (oks1) + 3102k 152k11]
V=11 B) 2k+1 2

21921521
21+ pB)

9218+l
2(1+p)

|G2k+1S2k+1

(192k-152k-1] + 3 |Gok+12k+1])

(2|g2k—1S2k-11)

ok | HHA/P

O2k+1
— 41+ ), (AB)
where we used (65). Similarly, using (79), (72), (69), (73) and (64) in succession, we obtain that

262 — f (Xar2)

=41+ p)

2
Vo1 = 1+ B8)
A 3 |92k 25k41]

2(1+ B) max] f (Xak—1) — f (Xaks+2), 5 |G+ 2521l
|Gok+2S2k+1
_ 20+ By max| A1 + AMaiy1, 5100k 25k411]
B |Gok+2S2k+11
2Amy 1 1
9okt oSkl E]

52(1+ﬁ)max[

and so, furthermore,

A 1
W2,y = 201+ B) max 2 1_ ) Mpk—1 |O2k+1S2k+1] }

AMpyy1 |Goks2S2kr1] 2

Ook—1
O2k+1

A g 1mra] 1
|Gokr2Soki1l 2

2k—
92k+1

2(
— 201+ ) max 2(1 ;)
2(-1))8

—>2(1+ﬁ)max[2(1—%>,%]. (A7)

We may therefore deduce from (A6) and (A7) that there existsaconstant «,, > 0 independent of k such that, for all k > 0,

=21+ p)ymax |2

|g2k+2] " 2

1 [T g 1}

Vigr <k and v <.
As a consequence, and since the nonlinear equation in (83) can be written in the form
tan(f) = vash,
we obtain that 65 is uniformly bounded away from 5z /2 and hence that there exists a constant xcos > O such that
COS(0as) = COS(¢asS) > Kcos (A8)

for every interpolation interval.
Consider now 0 < t; < tp < sfor agiven interpolation interval [a,a+ s]. Because of (A3), we then have that

19(t2) — 9(t2)| = [Cas| (L + B)pas {|[SIN(¢ast2)]? COS(astz) — [SiN(¢ast)]? cOS(astr)|}
< [Casl(1 + B)pas{I[SiN(ast2)]” COS(astz) — [SiN(¢astz)]” cOS(gasty)|
+ |[Sin(¢ast2)]” cos(@asts) — [Sin(dast1)]” cos(astr) |}
= |Cas| (1 + B)ast|[SiN(¢ast2)]” | | COS(astz) — COS(Pastr)|
+ | cos(gasty)[|[SiN(¢ast2)]” — [sin(¢ast1)]’ |}
< |Cas|(1+ B)pas{| COS(¢astz) — COS(¢asty)| + [[SiN(@ast2)]” — [Sin(gast1)]” 1}.
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Now, using the mean-value theorem,

1-p
| COS(astz) — COS(Past)] = | SNE)Iaslte —tal = (5)  Whelte —tal”, (A9)

where & € (dasti, Pastz) and where we have used the fact

7 [ 2pasits — t 7 [ 2¢aslts — t1]\?
fslt —til = = <M> 1 (M)

2 b4 T
because ¢as|ty — t1] < ¢asS < 7/2. Moreover, using the inequality
W =V <ju—v/? foralu,vel0,1], (A10)
and the fact that

sin %(tz — tl)) < %(tz —t1)
since gas(tz — t1) < dass < %, we deduce that

I[Sin(¢ast2)]” — [Sin(@ast)]’| < | SN(Bastz) — SiN(asts) |

B
COS<¢%S(tz + t1)>’

B
sin <¢as(t2 — tl))'

p
=2F sin(%s(tzftl))‘

<2 a8
- 2

< ¢hilte —ta’.
Thus, combining thisinequality with (A15), we obtain that

1-p
l9(t2) — g(to)] =< [(%) - 1] L+ B)lcaslgn™ Itz . (A1)

But we know from (71) that, for al k > 0,

[92k+3]
021l = Do and  [Gar2l = [Gasal :%‘“Igzk e S
+

As a consequence, we deduce using Table 1 that, for every interpolation interval,
b — Gal < 2°°
because the length s of each interval is equal to half that of the corresponding successful step. Using this inequality
and (82), we obtain that
B
148 $as|Ob — Gal
[ < -
(Celas™ = L4 B [sin(@9))? costé)
. Bl
T (1+ Plsin(®s)]? cos(ts)
B B
<(Z) (A12)
27 (1+ Blxsinl” kcos

where we used the equality ¢asS = 0as, (A3), (A5), and (A8) to derive the last inequality. Hence, we deduce from (A11)
that, for x and y belonging to the same interpolation interval,

T T\B 2k def 1
— — — = x—yPEZ —y|f
1900 g(y)|§[2+< ) }[Kg_n]ﬁkmw yIPE SLpix—yl’. (A13)

Consider now 0 < x < y where x and y belong to different interpolation intervals and assume first that y belongs to
the interpolation interval following that containing x. Then, if z € (x,y) is the junction point between the two successive
intervals,

I9) — gyl < 19X — 9@ + 9@ — g(y)!
ILplx— 2P + LLglz—y/P

IA

< Lglx—yI’, (A14)

where we use the triangle inequality, (A13) on each interval, and the fact that u? + v < 2(u + v)? for al u,v € [0, 1].
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Consider finally 0 < x < y where x and y belong to different interpolation intervals, where y does not belong to the
interval following that containing x. Let us denote by ry the smallest root of g larger than x and by ry the largest root
smaller than y. Note that the existence of these roots is guaranteed by the construction of the interpolating function
f which ensures that stationary point occurs at the junction between to two interpolation intervals covering a single
successful step. It iseasy to verify that x and ry must belong either to the same interpolation interval or to two successive
intervals. The sameistrue of ry andy, yielding that

x—rx <1 and |ry—yl <1 (A15)
Moreover, using either (A13) or (A14), we have that
1900 — g(rol < Lglx—ral” and [g(ry) — 9| < Lglro —yI”
and we may deduce, using (A15) and (A10), that
1900 — g = 19(¥) — gr)l + 19(ry) — g

<Lg (rx— %% + (y— 1)

<Lp(x—x+y—ryP

<Lgly—x". (A16)

It then results from (A13), (A14) and (A16) that g(x) is Holder continuous and AS.2 is satisfied in our example.
We aso note that, because of (A4), the definition of 65, the fact that % < 1, (71) and the decreasing nature of {||gk|l},
we have that, for every interpolation interval,

B b
¢aﬂs>("i)ﬁ2’iz’i,
S 1%al ~ 9ol

Hence (81) and (A12) ensure that g(x) is bounded above for x > O, which, together with the inequalities f (xx) > foo >
—00, & < 1 and the mean-value theorem applied in each interval, guarantees that there exists a constant fijoy > —oc0
such that f (X) > fiow for @l x > 0. Thus AS.3 holds with figget = —00 and f,. = fiow. Moreover, AS.4 trivially follows
Wwithkg = 0, kgu = Land €, = €. AS5is satisfied by construction with kg = 0 sincewe set By = Ofor all k > 0. | ]
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