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function and derivatives evaluations, where ¢; and ¢, are pre-
scribed first- and second-order optimality tolerances. This is a simple
algorithm and associated analysis compared to the much more gen-
eral approach in Cartis et al. [Sharp worst-case evaluation complexity
bounds for arbitrary-order nonconvex optimization with inexpensive
constraints, arXiv:1811.01220, 2018] that addresses the complexity of
criticality higher-than two; here, we use standard optimality condi-
tions and practical subproblem solves to show a same-order sharp
complexity bound for second-order criticality. Our approach also
extends the method in Birgin et al. [Worst-case evaluation complex-
ity for unconstrained nonlinear optimization using high-order regular-
ized models, Math. Prog. A 163(1) (2017), pp. 359-368] to finding
second-order critical points, under the same problem smoothness
assumptions as were needed for first-order complexity.

1. Introduction

A question of general interest in computational optimization is to know how many eval-
uations of the functions that define a given problem are needed for an algorithm to find
an estimate of a local minimizer. Considerable advances have been made on this topic,
both for convex problems [16] and nonconvex ones [7]. Although much of this research
has been devoted to the important issue of finding approximate first-order critical points,
some authors have addressed the case where higher-order necessary optimality conditions
must also be satisfied, and we review relevant literature below. In this paper, we streamline
the recent approach and its analysis in [9] that addresses the much more general case of
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achieving gth order criticality and where the first improved and sharp complexity bound
for second-order criticality was obtained using high-order models. Here, we use standard
optimality measures and practical, local subproblem solves, as well as allow different tol-
erances on first- and second-order optimality criteria, leading to a concise complexity
analysis. A more detailed comparison with [9] is given in the penultimate paragraph of
this section.

We consider the unconstrained minimization of a twice continuously differentiable
objective function f : R” — R. It is, of course, well known that a finite minimizer x, of
f necessarily satisfies the first- and second-order criticality conditions V,f(x) = 0 and
Aleft(Vﬁf (x4)) = 0, where Alf; denotes the leftmost eigenvalue of its symmetric matrix
argument. Thus, a reasonable requirement might be to find a point xj for which

IVifxll < €1 and e (Vaf (k) = —€2 (1)

for given, small €1, €, > 0 and suitable norm || - ||.

The earliest analysis we are aware of that provides both first- and second-order eval-
uation complexity guarantees considers cubic regularization methods and shows that at
most

O<max {6;3/2,653}> 2)

evaluations of f are required to satisfy (1) so long as the objective function is bounded
from below, and its Hessian is Lipschitz continuous [17]. Cubic regularization variants
with adaptive parameter choices and inexact subproblem solves, so-called Adaptive Reg-
ularization with Cubics (ARC), have similar complexity guarantees and were proposed
in [5,6]. Under similar conditions, many trust-region (TR) algorithms require at most
O(max{e; 2 € 31) evaluations. Crucially, examples are known for which such order esti-
mates are tight both for trust-region and regularization methods [6]. Of late, more sophis-
ticated trust region methods and quadratic regularization ones have been proposed that
echo the order of the ARC estimates [3,11,15]. At the same time, other methods [12,14]
have been shown to mirror the TR-like evaluation estimate in a more general or simplified
way, respectively.

The fact that the best-known evaluation bound for ARC is essentially tight, suggests that
in order to do better, one needs to add further ingredients. A similar picture emerged for

_ptl
evaluation bounds for first-order critical points: improved bounds of order O ( €, * ),

p > 2, were obtained in [2] for p-times continuously differentiable functions using regu-
larization methods that employ higher-order local models. This will be the theme here.
In order to improve upon the estimate (2) for second-order criticality, we will use a
higher-order model and regularization. The model minimization conditions however, are
approximate and local, for both first- and second-order criticality. This is in contrast with
[9], where a more general high-order regularization framework is presented that can also
achieve the much more challenging requirement of criticality of order higher-than two,
using novel optimality conditions that employ the same accuracy requirement on all criti-
cality orders. In particular, if the approach in [9] is applied to finding second-order critical
points, the calculation of the criticality measure in [9, (2.6)], and the subproblem solu-
tion, require the (exact) global solution of trust-region (quadratic, possibly nonconvex)



OPTIMIZATION METHODS & SOFTWARE . 3

subproblems, and it cannot enforce required accuracies on first- and second-order condi-
tions separately. This measure is related to the left-most eigenvalue of the Hessian only at
points that are exact first-order critical points (as detailed in [9, (2.7)-(2.9)]). The aim here
is to use the criticality measures (1) that are standard and practical, and inexact variants of
(1) for the model minimization, in order to present a dedicated high-order regularization
algorithm with a simple analysis, that can achieve the sharp and best known evaluation
complexity bounds for first- and second-order criticality under minimal requirements on
both the objective and the algorithm.

In Section 2, we define terminology and propose our new algorithm, while in Section 3,
we provide a convergence analysis that indicates an improved complexity bound. We
provide further comments and perspectives in Section 4.

2. Aregularized pth-order model and algorithm

Let p > 2. Consider the optimization problem
min f(x), (3)
xeR"

where we assume that f € CPL(RM), namely, that:

e f is p-times continuously differentiable;
e f is bounded below by fiow
o the pth derivative of f at x, the pth-order tensor

p _
Vaf () = |:8x-

is globally Lipschitz continuous, that is, there exists a constant L > 0 such that, for all
x,y € R”,

IVEF () = VEFWD I < (0 — DILix — yll. (4)

In (4), || - [lp) is the tensor norm recursively induced by the Euclidean norm || - || on the
space of pth-order tensors, which is given by

def
T = max Tvis. .5V, (5)
1T = 2y [T
where T[v1,. .., ;] stands for the tensor of order p — j > 0 resulting from the application

of the pth-order tensor T to the vectors vy, .. ., vjl. Let Ty(x,s) be the Taylor series of the
function f(x + s) at x truncated at order p

p
e 1_j i
Tp(e9) 0+ TV, ©6)
=t7

where the notation T[s}/ stands for the tensor T applied j times to the vector s.
We shall use the following crucial bounds.
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Lemma 2.1 (See Appendix A.1): Let f € CP1(R"), and Ty(x, s) be the Taylor approxima-
tion of f (x + s) about x. Then for all x,s € R",

L
fx+s) < Tp(x,s) + 1—) IIs|[PFY, @)
[VAf(x+ ) — ViTp(x, 91y < Lis|? (8)
and
IVEf (x4 9) = VITp(09)llp) < (0 — DLIsIP 9)

In order to describe our algorithm, we define the regularized Taylor series model

o

m(x, s, o) def Tp(x,s) + Py IIs[|P+1, (10)
whose gradient and Hessian are
Vim(xs,0) = VT, (xs) + a||s||Pﬁ (11)
and
V2m(x,5,0) = V2Tp(x,5) + I%v} (s, (12)
where
V2 (IsIPY) = 0+ 1) [0 = DIsIPss” + sl 1. (13)
Note that
m(x,0,0) = Tp(x,0) = f(x). (14)

For the objective function f, we define first- and second-order criticality measures as

X1 L V@) (15)
and

def .
Xf2(x) = max {0, —kf(x)} = max {O, — \fyrﬁlfl Vif(x) [ylz} (16)
where A7 (x) def Meft [Vﬁf (x)]. Similarly, for the model (10), we consider the measures

def
Am1(%5,0) = |Vim(xs o) (17)
and

Am,2(%,5,0) def max {O, —Am(x, s,a)} = max {0, - Hnﬁin1 Vszm(x, s,cr)[y]z} (18)
y =

where A, (x,s,0) def )qeft[me(x, s,0)].
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The minimization algorithm we consider is now described in detail in Algorithm 2.1.
Note that if the second-order conditions are removed-namely, the conditions for i = 2
in (20) and (22)-then this method reduces to the ARp algorithm in [2]. Furthermore, the
high-order regularization algorithm in [9] for criticality of order possibly larger than two
uses a combined, different measure in place of (20), and subproblem solves that require
global model minimization (albeit over a ‘small’ neighbourhood) instead of the local and
inexact common conditions (22).

Algorithm 2.1: ARp

Step 0: Step 0: Initialization. An initial point xy and an initial regularization parame-
ter op > 0 are given, as well as an accuracy levels €; and €. The constants 6, 7y,
N2, V1> V2> ¥3 and omip are also given and satisfy

0 >0, omin€ 0,00, 0<n<m<l and O0<y; <1<y <ys.

(19)
Compute f(xp) and set k = 0.
Step 1: Test for termination. Evaluate {Vjcf (xk)}izzl. If
Xfitxk) <€ fori=12, (20)

terminate with the approximate solution x, = xx. Otherwise compute derivatives
of f from order 3 to p at xy.

Step 2: Step calculation. Compute the step s by approximately minimizing the model
m(x, s, o) with respect to s in the sense that the conditions

m(Xg, Sk, 0x) < m(xg, 0, 0%) (21)
and
Xm,i (> Sk 0%) < OllsellP ™, (1=1,2) (22)

hold.
Step 3: Acceptance of the trial point. Compute f(xx + sx) and define

o fOa) — f(xk + se)

K = . (23)
Ty (x, 0) — Tp (x> St)
If px > 11, then define xx1; = xx + si; otherwise define x4 = x.
Step 4: Regularization parameter update. Set
[max(omin, ¥10k), 0k] i pic = M2,
Ok+1 € | [0k 20%] if p € [1,1m2), (24)

[V20%, V30%] if px < 1.

Increment k by one and go to Step 1 if px > n; or to Step 2 otherwise.

Each iteration of this algorithm requires the approximate minimization of m(xy, s, o),
and we note that conditions (21) and (22) are always achievable as they are satisfied at a
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second-order critical point of m(x, s, 0'). Indeed, existing algorithms, such as the standard
second-order trust-region method [10, Section 6.6] and ARC [4] will find such a point
as the regularized Taylor model is both sufficiently smooth and bounded from below.?
Moreover, this approximate minimization does not involve additional computations of f nor
its derivatives at points other than xy, and therefore the precise method used, and the resulting
effort spent, in Step 2 have no impact on the evaluation complexity.®> Finally note that the
second condition in (22) disappears if Aleft(V,% Ty(x,5)) > 0.

Iterations for which px > n; (and hence xx1; = xx + sx) are called ‘successful’ and we

denote by Sk def {0 <j < k| pj = n} the index set of all successful iterations between 0
and k. We also denote the complement, Uy, of Sk in {0,...,k}, that corresponds to the
index set of ‘unsuccessful’ iterations between 0 and k. Note that, before termination, each
successful iteration requires the evaluation of f and its first p derivatives, while only the
evaluation of f is needed at unsuccessful ones.

3. Complexity analysis

As it is typical for a complexity analysis of (regularization and other) methods, we proceed
by showing lower bounds on the Taylor model decrease and on the length of the step at each
iteration. The proofs of the next three lemmas is very similar to corresponding results in
[2] and hence we defer the proofs to the appendix (but still include them for completeness,
as the algorithm has changed).

Lemma 3.1: The mechanism of Algorithm 2.1 guarantees that, for all k > 0,

Ok

sellPFL, 25
+1||k|| (25)

Tp (xi, 0) — Tp (k> s5) = P

and so (23) is well-defined.
We next deduce a simple upper bound on the regularization parameter oy.

Lemma 3.2: Letf € CPY(R"). Then, for all k > 0,

L 1
O'kfamaxdéfma)({a —)/3 (p+ )}

> 26
° p(d—mn) (26)

Our next move, very much in the line of the theory proposed in [2,5], is to show that
the step cannot be arbitrarily small compared with the gradient of the objective function
at the trial point xj + s.

Lemma 3.3: Letf € CP'(R™). Then, for all k > 0,

1
gl = (HLE L) ? @)
M=\Tro10: )~

Next we show that the step cannot also be arbitrarily small compared to the second-
order criticality measure (16) at the trial point x; + sg. This is the crucial novel ingredient
of the paper, that is essential to the improved second-order complexity results.



OPTIMIZATION METHODS & SOFTWARE . 7

Lemma 3.4: Let f € CP'(R"). Then, for all k > 0,

1

sl = ( X2k + sx) )pl 08)
N -DL+6+poy)

Proof: Using (10) and the fact that min,[a(z) + b(z)] > min,[a(z)] + min,[b(2z)], we find
that

Af(xk + sk)

= min Vif(x + s0)[y)°
llyll=1

o
= min <V)2¢f(xk +5t) = Vi Tp (e sk) — IT"lvszusknP“ + Vim( sk ok)) y)?

min (—VZ|lsllP*!) [y)?

. 5 o2 24 %k
> min (fo(xk + sk) — Vi Tp(xk,Sk)) -+ P+

~yl=t
+ ||rrﬁin1 VZm(xy, sk o) [y]°.
y =

Considering each term in turn, and using (5) and (9), we see that

min (Vif(xk + sx) — Vssz(onSk)) [}’]2

Iyli=1
> min  (V2f(xk +sk) — V2T (xk50)) 1, 32]
yrl=lyzli=1
> —  max |(VafCu +si) — VT 50) [y p2|
Iyli=lyzli=1

= —[IV2f Gk + s) — Ve Ty (i sl
> —(p— DL||slIP~",

and using (13), we find that VZ(||sg[[PT)[y]* = (p + D[(p — DlIsllP>(s{»)* + llskllP~*
lylI*], and so

”%131 (_vsz(”5k||p+1)) [)/]2 = - ||1}1\|3=X1 V52(||sk||P+1)[y]2 = —p(p+ Dlsel?~t

Recalling (18), we have miny =1 V2m(xk, sk, %) [¥]* = Am(xk» sk» 0%). This, and the last
two displayed equations imply that

—(xc+ 50 < (0 — DLIskl?™" + porllselP ™" — min{0, A (oo sk 00} (29)
As the right hand side of (29) is nonnegative, the bound (29) can be re-written as

max{0, —As(xk + s} < [(p — DL + po] lIsklIP~" + max{0, — A (X, sk, 0%)}.
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Combining the above with (16) and (18), and with (22) with i = 2, we conclude

X2k + 51 < ((p — DL+ po) lIskl? ™" + xom,2 (ks 51> 0%)
< ((p — DL+ 6 + pop)llslIP~",

and so (28) follows. [ |

We now bound the number of unsuccessful iterations as a function of the number of
successful ones and include a proof in the Appendix.

Lemma 3.5 ([5, Theorem 2.1]): The mechanism of Algorithm 2.1 guarantees that, if

Ok < Omax> (30)
for some omax > 0, then
1 1 x
k+1 < S <1+|°gy1|>+ log<0ma>. (31)
log y» log v o)

Using all the above results, we are now in position to state our main evaluation
complexity result.

Theorem 3.6: Let f € CP1(R™). Then, given €; > 0 and €; > 0, Algorithm 2.1 needs at
most

_ptl _pl
\‘KS(f(xO) _ﬁOW) max {61 ? )62 r }J + 1

successful iterations (each involving one evaluation of f and its p first derivatives) and at most

_ptl_ptl log 1| 1 (o
_ P ) p—1 1 | gV 1 max 1
LKS(f(xO) Jiow) max{el “ } J( - log y» Jr10%)’2 8\ o -

iterations in total to produce an iterate x such that ||Vif (x| < €1 and )»leﬂ(Vf/f (x¢)) >
—e, where omay is given by (26) and where

+1
ol P

110min

1 ptl
max{(L+9 + Omax) ? ,((P— DL+06 +pamax)1”1 } :

Proof: At each successful iteration k before termination, either the first-order or the
second-order approximate optimality condition must fail (at the next iteration), namely,

Xf1(Xkt1) > €101 Xf2(Xky1) > €2, (32)
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and we also have the guaranteed decrease

1110min |

ot Is Pt (33)

F) = f(rg1) = m(Tp(xk, 0) — T (ks 5)) >

where we used (23), (25) and (24). For any successful iteration for which the first condition
in (32) holds, we deduce from (33), (27) and (26) that

pt1

p+1
== def 1710min 1 P 4
> ¥4 . 3
f(’:k) f(xk 1) K’lel where K1 = p 1 <L 2] Umax) ( )

Similarly, for any successful iteration for which the second condition in (32) holds, we
deduce from (33), (28) and (26) that

ptl

as i 1 =
x) — f(x, > kye? " where i, & 71 Tmin ( ) . (35
Fx) — flxrg1) > K26, 2 p+1 \p=DLT 0+ pomm (35)

Thus on any successful iteration until termination, we can guarantee the minimal of the
two decreases in (34) and (35), and hence, since {f (xx)} decreases monotonically,

ptl ptl
. . 1
f(x0) — f (Xk41) = min{k1, k2} min {61" €5 } - |Skl.

Using that f is bounded below by fi, we conclude

ptl _pHl
|Sk| < £G0) = fiow maxle ? e P7T
~ minfky, £} ! 2

until termination, from which the desired bound on the number of successful iterations
follows. Lemma 3.5 is then invoked to compute the upper bound on the total number of
iterations. [ |

Observe that we may modify the algorithm to seek only first-order points by restricting
(22) to i = 1. The corresponding complexity is then

_ptt
o(a7)

which coincides with the bound in [2]. Moreover, the same complexity result holds
if, by chance, Meft(Vif (xk)) > —e; for all iterations. By contrast, if €; is so large that
||V;f (x|l < € at every iteration, the complexity is

_ptl
(")

to find a point with a sufficiently large leftmost eigenvalue.



10 (&) C.CARTISETAL.

4. Final comments

Our goal has been to devise a simple algorithm that can be guaranteed to find an approx-
imate first- and second-order critical point in fewer evaluations than the best-known
current champions and with the simplest requirements on the problem and the algorithm.
The new algorithm we have designed finds such a point in at most

_ptl _ptl
—1
O(max{e1 P et })

function and derivative evaluations under suitable differentiability and Lipschitz conti-
nuity conditions. When p = 2, we recover the standard best bound (2), while for p = 3,
this improves to O(max{e, 3, €, 2}) function and derivative evaluations, and approaches
O(max{e, L € 1}) evaluations as p increases to infinity. Of course, this comes at an
increased cost of requiring derivatives of order up to p, and of needing to approximately
solve a potentially harder step subproblem. Note though, that the conditions (21) and (22)
for model minimization are only local ones, and that the improved second-order approx-
imate criticality result is achieved under the same problem assumptions as the first-order
one (in [2] and here). Furthermore, the approach here offers a simple alternative to the
more generally applicable approach in [9].

In practice, the test (20) for termination in Step 1 of Algorithm 2.1 would be arranged
to check one of the pair of required inequalities, and only to check the other if the first
holds (the order is immaterial). One could imagine a variant of the algorithm in which
failure of one (but not both) of (20) might influence the requirement for the next step cal-
culation/model minimization. Specifically, if xs,1(xx) > €1, one might simply require that
Xm.1 (Xk> Sk> 0%) < 0||sk||P rather than (22) as this alone would aim to improve first-order
criticality. However, though this decoupling is possible both in practice and in the analy-
sis, it is not as straightforward as in the case of say, trust-region methods [14], as the lower
bounds on the step in (27) and (28) depend on the objective’s gradient and Hessian value at
the next trial point/iterate, not the current x;. Also, one might modify the ARp algorithm
to check the optimality measures (20) at every trial point, not just successful ones. This
may allow earlier termination but possibly at an unsuccessful step and at increased first-
and second-derivatives evaluation cost.

Extending the approach here to the constrained case, even convex constraints, seems
challenging as the connection between model eigenvalues and function eigenvalues in a set
is no longer straightforward. Another aspect for future work is quantifying the cost of the
subproblem solution in a similar vein to recent works [1,13], where there is particular inter-
est due to large scale applications, in quantifying the number of derivative actions required
per iteration as derivatives cannot be stored/called explicitly. More generally, finding effi-
cient ways to solve higher order polynomial models would bring ARp methods closer to
practical use.

Notes

1. Note that || - [;;; = || - II, the usual Euclidean vector norm.

2. When p is even, m(x, s, o) is smooth everywhere but at the origin, but a step from s = 0 in the
steepest-descent/eigen direction will move to a region for which the model is always smooth.

3. We implicitly assume here that derivatives at x; can be stored explicitly.
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Appendix
A.1 Proof of Lemma 2.1
As in [8], consider the Taylor identity

1 1
o) — () = ——— / (1 -6 P (&) — ¢®(0)] de (A1)
k-1 Jy

involving a given univariate C* function ¢ («) and its kth-order Taylor approximation

k i
n(@) =Y 6707

i=0

expressed in terms of the value ¢© = ¢ and ith derivatives @, i = 1,.. ., k. Then, picking ¢ (o) =
f(x+ as) and k = p, the identity

! 1
f (-6 de =, (A2)
0
(4), (5) and (A1) imply that, for all x,s € R”,
L +1
fx+5) < Tp(x,s) + » lIsIl?

(8, (2.8) with Ly, = (p — 1)!L] since 7,(1) = T)(x, s), which is the required (7).
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Likewise, for an arbitrary unit vector v, selecting instead ¢ (o) = V.f(x + as)[v] and k = p—1,
it follows from (A1) that

(Vif(x +5) — ViTp(x,9)[v]

1 1
= / (1 — E)P"2(VEf(x + &) — VEF (o) [s]P 2 [v] d& (A3)
P-2!'Jo

since 7,1 (1) = Vsl Tp(x, s)[v]. Thus, using the symmetry of the derivative tensors, picking v to max-
imize the absolute value of the left-hand side of (A3) and using (A2), (5) and (4) successively, we
obtain that

IVAf(x+8) — VT 9) I

1 1 p-1
- - _ p—2 P N p—l
TP ’/0 (1 — &P 2(VEf(x + £5) — VEf(x) [v] [” ”] lIs|IP~! deg

p—1
_ g2 -
S - 2)' [/ (-5 dS] max |(V B (x+&s) — VEF ()] [” d Il
1 , .
(P— D! elo) I ll= ”WPH— ’(fo(x—i—és) Vf(x))[wl,...,wp]’ IIsl]
1
= o s, IVEf G £9) = Vaf @l lsll™
< Llis|?

which gives (8).
Finally, for arbitrary unit vectors v; and v,, choosing ¢ (&) = V2f(x + as)[v1, v2] and k = p—2,
the identity 7, (1) = Vsz Tp(x,5)[v1, v2] and (A1) together show that
(Vif(x +5) — VZTy(x,5) [v1,v2]
1 ! p—3 P P p—2
= m/{) (1= &P (Vaf(x + &) — Vif(x) [vi, v2][s}P7~ d§. (A4)

As before, picking v; and v, to maximize the absolute value of the left-hand side of (A4),

IV2f(x + ) — VETp(x,9) 2

p-2
(p_3)| / (1= EP 3 (VEf (x + £5) — VEF(x) [v1,v2] [” ”} Isl1P~2 de

3
- 3)' [/ 2 dg] o]

1
max
(p —2)! sE[o 1] lwy [|=-=llwpll=1

p—2
(VEf(x + &s) — VEf(x) [v1, 2] [” ”] [IslIP—2

|G+ 89 = VAT w5172

1 . , o
= =21 B IV G489 = Vaf Dl g sl

< (- DL|s|I”~!

again using (4), (5) and (A2), which provides (9).
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A.2 Proof of Lemmas in Section 3
Proof of Lemma 3.1: (See [2, Lemma 2.1]) Observe that, because of (21) and (10),

_ - _ _ % p+1
0 < m(xx, 0,0%) — m(xk, Sk, %) = Tp(xk, 0) — Tp (x> 5k) P41 llskll
which implies the desired bound. Note that s; # 0 as long as we can satisfy condition (21), and
so (25) implies (23) is well defined. |

Proof of Lemma 3.2: (See [2, Lemma 2.2]) Assume that
L
o> LD
p(1—m2)
Using (7) and (25), we may then deduce that
- [f ek + sx) — Tp (ks 10| < Lp+1) <1
[Ty (xk, 0) — Tp (xk> 1)1 P ok

(A5)

lox — 1]

and thus that px > ;. Then iteration k is very successful in that px > 1, and o4 < of. As a
consequence, the mechanism of the algorithm ensures that (26) holds. |

Proof of Lemma 3.3: (See [2, Lemma 2.3]) Using the triangle inequality, (8), (11) and (22) fori = 1,
we obtain that

Sk
X Gk + 5K) < IVaf (e + s1) — Vi TpGo sl + HVSI Tp (%K ) + 0k||5k||pm H

+ okl skll?
= || Vaf(xk +s6) — V! Ty (x> s 117 + Xm,1 (ks Sk %) + 0l sielIP
< LlIskll? 4 Xm,1 (k> sk 0%) + ollsklIP
< [L+46 +ox] Isell?
and (27) follows. |

Proof of Lemma 3.5: The regularization parameter update (24) gives that, for each k,

y10j < max([y10j,0min] < 0j41, j€ Sk, and 20 < 0j41,  j € Uy
Thus we deduce inductively that

S U
00)/1\ k\yz\ kl < oy
We therefore obtain, using (30), that
Omax
o

|Skllog y1 + 1Uk| log y2 < log <7> ,
0

which then implies that

1 1 x
Ul < 15287 4 L o <“ma )
logy, logy, 00

since y, > 1. The desired result (31) then follows from the equality k + 1 = | S| 4 |[Uy| and the
inequality y; < 1 given by (19). |
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