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GLOBAL CONVERGENCE OF A CLASS OF TRUST REGION
ALGORITHMS FOR OPTIMIZATION USING INEXACT
PROJECTIONS ON CONVEX CONSTRAINTS*

A. R. CONN', NICK GOULD?!, A. SARTENAERS, AND PH. L. TOINTY

Abstract. A class of trust region-based algorithms is presented for the solution of nonlinear
optimization problems with a convex feasible set. At variance with previously published analyses
of this type, the theory presented allows for the use of general norms. Furthermore, the proposed
algorithms do not require the explicit computation of the projected gradient, and can therefore
be adapted to cases where the projection onto the feasible domain may be expensive to calculate.
Strong global convergence results are derived for the class. It is also shown that the set of linear and
nonlinear constraints that are binding at the solution are identified by the algorithms of the class in
a finite number of iterations.
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1. Introduction. Trust region methods for nonlinear optimization problems
have become very popular over the last decade. One possible explanation of their
success is their remarkable numerical reliability associated with the existence of a
sound and complete convergence theory. The fact that they efficiently handle non-
convex problems has also been considered an advantage.

As an integral part of this growing interest, research in convergence theory for
this class of methods has been very active. First, a substantial body of theory was
built for the unconstrained case (see [19] for an excellent survey). Problems involving
bound constraints on the variables were then considered (see [1], [9], and [21]), as
well as the more general case where the feasible region is a convex set on which the
projection (with respect to the Euclidean norm) can be computed at a reasonable cost
(see [4], [20], and [29]). The studied techniques are based on the use of the explicitly
calculated projected gradient as a tool to predict which of the inequality constraints
are binding at the problem’s solution. Moreover, trust region methods for nonlinear
equality constraints have also been studied by several authors (see, e.g., [5], [8], [25],
and [30]).

This paper also considers the case where the feasible set is convex. It presents
a convergence theory for a class of trust region algorithms with the following new
features.

e The theory does not depend on the explicit use of the projection operator
in the Euclidean norm, but allows for the use of a uniformly equivalent family of
arbitrary norms.

e The gradient of the objective function can be approximated if its exact value
is either impossible or too costly to compute at every iteration.
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e The calculation of the “projected gradient” (with respect to the chosen
norms) need not be carried out to full accuracy.

o When the feasible set is described by a system of linear and/or nonlinear
(in)equalities, conditions are presented that guarantee that the algorithms of the class
identify, in a finite number of iterations, the set of inequalities that are binding at the
solution. We note that this description of the feasible set does not need its partition
into faces.

In this sense, we see that our theory applies to problems similar to those considered
in [4], [9], [20], and [29], although in a more general setting.

An attractive aspect of this theory is that it covers the case where a polyhedral
norm is chosen to define an analog of the projection operator, allowing the use of
linear (or convex) programming methods for the approximate calculation of the pro-
jected gradients. This type of algorithm should be especially efficient in the frequent
situation where the feasible set is defined by a set of linear equalities and inequalities,
and where a basis for the nullspace of the matrix of the active constraints is cheaply
available. In network problems, for example, this can be very cheaply obtained and
updated using a spanning tree of the problem’s underlying graph (see [17] for a de-
tailed presentation of the relevant algorithms). Other examples include multiperiodic
operation research models resulting in staircase matrices.

The problem and notation are introduced in §2, together with a general class
of algorithms. The convergence properties of this class are then analyzed in §3. A
particular practical algorithm of the class is discussed in §4. The identification of the
active constraints is presented in §5. Section 6 presents an analysis of the conditions
under which the whole sequence of iterates can be shown to converge to a single limit
point. Additional points and extensions of the theory are discussed in §7. A glossary
of symbols can be found in Appendix B. All the assumptions used in the paper are
finally summarized in Appendix C.

2. A class of trust region algorithms for problems with convex feasible
domain.

2.1. The problem. The problem we consider is that of finding a local solution
of

(2.1) min f(z)
subject to the constraint
(2.2) z € X,

where z is a vector of R™, f(-) is a smooth function from R"™ into R and X is a
nonempty closed convex subset of R™, also called the feasible set. We assume that
we can compute the function value f(z) for any feasible point . We are also given a
feasible starting point z, and we wish to start the minimization procedure from this
point.

If we define £ by

(2.3) LY XN{zeR|f(z) < f(zo)},

we may formulate our assumptions on the problem as follows.
AS.1. The set L is compact.
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AS.2. The objective function f(z) is continuously differentiable and its gradient
V f(z) is Lipschitz continuous in an open domain containing L.

In particular, we allow for unbounded X, provided the set £ remains bounded.

We will denote by (:,-) the Euclidean inner product on R™ and by || - |2 the
associated £2-norm.

We recall that a subset K of R™ is a cone if it is closed under positive scalar
multiplication, that is, if Az € K whenever z € K and A > 0 (see [26, p. 13]). Given
a cone K, one can define its polar (see [26, p. 121]) as

(2.4) K°¥ {v e R"|(y,u) <0,Vu € K}

and verify that K° is also a cone, and that (K°)° = K when K is a nonempty closed
convex cone.

Given the closed convex set X, we can define Px(z), the projection of the vector
z € R™ onto X, as the unique minimizer of the problem

(2:5) min [ly — 2.

This projection operator is well known and has been much studied (see, e.g., [33]).
We will also denote by N(z) the normal cone of X at = € X; that is,

(2.6) N(x)déf{yeR"I(y,u—-w)SO, Yu € X}.

The tangent cone of X at x € X is the polar of the normal cone at the same point;
that is,

(2.7) T(z) ¥ N(z)° = cl{A\(u — z)|A > 0 and u € X},

where cl{S} denotes the closure of the set S. We will also use the Moreau decompo-
sition given by the identity

(2.8) z = Pr(,) (z) + Py (y) (z),

which is valid for all z € R™ and all y € X (see [22]). This decomposition is illustrated
in Fig. 1. In this figure and all subsequent ones, the boundary of the feasible set X is
drawn with a bold line.

We conclude this subsection with a result extracted from the classical perturbation
theory of convex optimization problems. This result is well known and can be found
in [14, pp. 14-17] for example.

LEMMA 2.1. Assume that D is a continuous point-to-set mapping from S C Rt
into R™ such that the set D(e) is conver and nonempty for each € € S. Assume also
that one is given a real-valued function F(y,e€), which is defined and continuous on
the space R™ x S and convez in y for each fizred €. Then, the real-valued function F.
defined by

def .
2.9 F.(e) = f F(y,
(2.9) (= of Fl €)
and the solution set mapping y. defined by

(2.10) y(€) & {y € D(e)|F(y,¢) = Fu(€)}

are both continuous on S.
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F1G. 1. The normal and tangent cones at y, and the corresponding Moreau decomposition of =
(translated to y).

2.2. Defining a local model of the objective function. The algorithm we
propose for solving (2.1) subject to the constraint (2.2) is iterative and of trust region
type. Indeed, at each iteration, we define a model of the objective function f(z), and
a region surrounding the current iterate, say zx, where we believe this model to be
adequate. The algorithm then finds, in this region, a candidate for the next iterate
that sufficiently reduces the value of the model of the objective. If the function value
calculated at this point matches its predicted value closely enough, the new point is
then accepted as the next iterate and the trust region is possibly enlarged; otherwise
the point is rejected and the trust region size decreased. With each iteration of our
algorithm will be associated a norm: we will denote by || - ||(x) the norm associated
with the kth iteration.

‘We now specify the conditions we impose on the model of the objective function.
This model, defined in a neighbourhood of the kth iterate x, is denoted by the symbol
my, and is meant to approximate the objective f in the trust region

(2.11) By ¥ {z e R ||z — o1y < 1Ak},

where v; is a positive constant and Ag > 0 is the trust region radius. We will assume
that my is differentiable and has Lipschitz continuous first derivatives in an open set
containing By, that

(2.12) mi(zk) = f(zk),

and that g ef Vmy(zy) approximates V f(z) in the following sense: there exists a
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nonnegative constant k; such that the inequality

(2.13) llexlim < K1k

holds for all k, where the error e; is defined by e def gr — Vf(zx) and where the
norm | - ||(x) is any norm that satisfies

(2.14) [z, 9) | < 2l k) 1l

for all z,y € R™. In particular, one can choose the dual norm of || - ||(x) defined by

| {z, ) |
2.15 Iyl % sup .
(2.15) s o#0 |2l (x)

Condition (2.13) is quite weak, as it merely requires that the first-order informa-
tion on the objective function be reasonably accurate whenever a short step must be
taken. Indeed, one expects this first-order behaviour to dominate for small steps.

Clearly, for the above conditions to be coherent from one iteration to the next,
we need to assume some relationship between the various norms that we introduced.
More precisely, we will assume that all these norms are uniformly equivalent in the
following sense.

AS.3. There exist constants 01,03 € (0,1] and 02,04 > 1 such that, for all k&; >0
and ko >0,

(2.16) oullzll k) < l2llks) < o2/l (ry)
and
(2.17) o3|zl k) < lzllks) < oallzll gy

for all x € R™.

If (2.15) is chosen, then (2.17) immediately results from (2.16) with o3 = 1/02
and 04 = 1/07.

We also note that (2.16) and (2.17) necessarily hold if the norms || - ||(,) and
|| - ll{xy) are replaced by the £2-norm.

We finally introduce, for given k and for any nonnegative ¢, the quantity ay(t) > 0
given by

def .
(2.18) ok(t) = | min_ (g, d)|,
rp+deX
ldllxy <t

that is, the magnitude of the maximum decrease of the linearized model achievable
on the intersection of the feasible domain with a ball of radius ¢ (in the norm || - {|(x))
centred at xj.

We note here that ay(t) can be defined using the notion of support function of
the convex set {d|zx +d € X and ||d||(x) < t}. The properties that follow can then
be derived in this framework. We have, however, chosen to use the more familiar
vocabulary of classical optimization in order to avoid further prerequisites in convex
analysis.

We then have the following simple properties.

LEMMA 2.2. Forallk >0,
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(1) the function t — oy (t) is continuous and nondecreasing for t > 0,
(2) the function t — ai(t)/t is nonincreasing for t > 0,
(3) the inequality

ag(t
(219) 4D < | Pre (-0l

holds for all t > 0.

Proof. The first statement is an immediate consequence of the definition (2.18)
and of Lemma 2.1 applied to the optimization problem of (2.18). In order to prove
the second statement, consider 0 < t; < t5 and two vectors d; and ds such that

(2:20) ak(t) = —(gk,d1), |ldillxy <t1, zx+d1€X,
and
(2.21) ai(tz) = —(gr,d2), |dallx) <t2, zx+dz€X.

We observe that the point zy + (t1/t2)d2 lies between z, and zy + da, and therefore
we have that z + (t1/t2)ds € X. Furthermore,

t
_1d2

(2.22) :

t1
=24 <t
o= ey <t

and the point zp + (t1/t2)ds thus lies in the feasible domain of the optimization

problem associated with the definition of a(t;) and d;. As a consequence, we have
that

(2.23) ax(ty) , 1 |<gk,t—1d2>

1 _ag (tz)
ti T 1 ta

= raant

and the second statement of the lemma is proved.
The third statement is proved as follows. Applying the Moreau decomposition to
—gk, we obtain that, for any d such that x5 +d € X and (gx,d) <0,

(2.24)
(ks d) = — (Pr(z)(=9k), d) — (PN(z1)(—9k), Pr(z)d) > = (Pr(z)(—gk), d),

where we used the fact that d € T(xx) and the fact that the tangent cone is the polar

of the normal cone to derive the last inequality. Taking absolute values and applying
(2.14) thus yields that

(2.25) | {9k, @) | < ||dll (k) | Pr(or) (—gr)ll{x)-

We then obtain (2.19) by applying this inequality to any solution d of the optimization
problem associated with the definition of ay(t) in (2.18) and using the fact that
ldllgy <t 0O

2.3. A class of trust region algorithms. We are now ready to define our first
algorithm in more detail. Besides x; as used in (2.13), it depends on the constants

(2.26) O<pu <p2<l, p3e(0,1], pge(0,1),

(2.27) O0<wvs < <, Vs € (0, 1],
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(2.28) O<m<m<l,
and
(2.29) 0<m < Y2 < 1<7s.

ALGORITHM 1.
Step 0. Initialization. The starting point zg is given, together with f(zo) and an
initial trust region radius Ag > 0. Set k = 0.
Step 1. Model choice. Choose my, a model of the objective function f in the
trust region By centred at zy, satisfying (2.12) and (2.13).
def

Step 2. Determination of a generalized Cauchy point (GCP). If ay, = (1) =0,
stop. Else, find a vector s{ such that, for some strictly positive t5 > ||sg||(k),

(2.30) z + s € X,

(2.31) ”35”(1@) S VzAk,

(2.32) {gk, 85 ) < —pao(te),

(2.33) mk(xk + sf) < mk(mk) + (gk, sf) ,
and either

(2.34) tr > min[vg A, v4)

or

(2.35) m(zk + 5% ) > mu(@) + p2 (9k, S5 ) -

Set the GCP
(2.36) z =z + 5.

Step 3. Determination of the step. Find a vector s such that

(2.37) Tk + s € X N By
and
(2.38) my(zk) — mi(zk + 5k) > palme(zr) — me(zf))-

Step 4. Determination of the model accuracy. Compute f(zx + sx) and

_ _f(@k) = f(zx + sx)
(2.39) Pl = (k) — ma(er + %)

Step 5. Trust region radius updating. In the case where

(240) Px > M,
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set

(2.41) Tk+1 = Tk + Sk

and

(2.42) Apy1 € [Ax,13Ak]  if pr > 72,
or

(243) Agt1 € [728k, Ax] if pr < 72

Otherwise, set

(2.44) Tk41 = Tk
and
(2.45) Akt1 € [110k, 72k

Step 6. Loop. Increment k& by one and go to Step 1.

Of course, this only describes a relatively abstract algorithmic class. In particular,
we note the following:

1. We have not been very specific about the model my, to be used in the trust
region. In fact, we have merely stated that its value should coincide with that of the
objective at the current iterate, and that its gradient at this point should approxi-
mate the gradient of the objective at the same point. We will also impose additional
necessary assumptions on its curvature in order to derive the desired convergence re-
sults. This still remains very broad and requires further specification for any practical
implementation of the algorithm.

One very common model choice for a twice differentiable f is to use a quadratic
of the form

(2.46) mi(zk + 8) = f(zk) + (VS (@), 5) + 5 (s, Hies) ,

where Hy, is a symmetric approximation to V2 f(zx). In particular, Newton’s method
corresponds to (2.46) with the choice of Hy = V2 f(xy).
Another interesting choice is

(2.47) mi(zk + 8) = f(zk + 5),

that is, the model and the objective must coincide on X N By. In that case, pg will
always be exactly one, and the trust region size Ay may be assumed to be very large.
We then obtain a convergence theory of an algorithm which is no longer a trust region
method in the classical sense. In particular, if the step sy, is determined by a linesearch
procedure (see [1] and [29]), the present theory then covers both linesearch and trust
region algorithms in a single context.

2. When k = 0 or x, # xx—1 or Ax < Ag_1, the definition of the model my at
Step 1 and the condition that (2.13) be satisfied may require the computation of a
new sufficiently accurate approximate gradient gy.
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3. We now briefly motivate the conditions (2.30)—(2.35). Our main idea is to
avoid the repeated computation of the projection onto the feasible set X within the
GCP calculation, which is a convex nonlinear program. Instead, we allow the repeated
solution of convex linear programs. Furthermore, these linear programs need not be
solved to full accuracy. These two relaxations may indeed allow for a substantially
reduced amount of calculation. We have in mind the particular case where X is a
polyhedral set and || - ||(x) is polyhedral for all k.

Condition (2.30) is imposed because we want our algorithm only to generate
feasible points. This may be essential when some constraints are “hard,” for instance,
when the objective function is undefined outside X.

Condition (2.31) simply requires the step to be inside a ball contained in the trust
region defined by (2.11). This is intended to leave some freedom for the calculation
of si in Step 3, even when the GCP is on the boundary of that smaller ball.

Condition (2.32) introduces the desired relaxations, while relating the definition
of wf to that of a point along the projected gradient path

(2.48) .’l:k(e) = Px(.’l:k — Ogx) (0 >0).

Indeed, it can be shown that, if u3 = 1 and || - [|(x) = || - |2, then z§ achieves the
same reduction in the linearized model as that obtained by the unique point z(6x) on
the projected gradient path (2.48) having length #y, if such a point exists. Condition
(2.32) with 3 < 1 can therefore be interpreted as a weakening of the condition (for
example, required in [9], [21], and [29]) that z{ should be on the projected gradient
path. This weakening is of great practical interest when the projection onto the
feasible domain X is not readily computable.

An example is shown in Fig. 2 using the ¢,,-norm, where the set of admissible
steps s{ is represented by the shaded area, and where (2.32) with u3 = 1 is achieved
for the step di(tx).

Conditions (2.33) and (2.35) are in the spirit of the classical Goldstein condi-
tions for a “projected search” on the model along the approximation of the projected
gradient path implicitly defined by varying t;. This projected search is similar to that
introduced in [29] and modified in [20]. Condition (2.34) completes (2.33) and (2.35)
by allowing the search to terminate with a point that sufficiently reduces the model
my, while having a length comparable to the trust region radius.

We note here that the value of t; is never used by Algorithm 1 except in the
definition of sg. It is unnecessary to explicitly define its numerical value, provided
its existence is guaranteed for the computed s{. We note also that condition (2.32)
implies that both s{ and the denominator of (2.39) are nonzero.

The vector z{ in (2.36) is called a GCP because it plays a role similar to that
of the GCP in [4], [9], [20], and [29].

At this stage, it is far from obvious how a vector s satisfying the conditions of
Step 2 can be computed. The existence and computation of a suitable step will be
addressed in §§4 and 7.1.

4. Again, much freedom is left in the calculation of the step sy in Step 3, but this
fairly broad outline is sufficient for our analysis. However, this freedom is crucial in
practical implementations, as it allows a refinement of the GCP step based on second-
order information, hence providing a possibly fast ultimate rate of convergence.

5. Only a theoretical stopping rule has been specified at the beginning of Step 2.
(This criterion will be justified in §3.) Of course, any practical algorithm in our class
must use a more practical test, which may depend on the particular class of models
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F1G. 2. An illustration of condition (2.33) using the £oo-norm.

being used. The present hypothesis is, however, natural in our context, where we want
to analyze the behaviour of the algorithm as k tends to infinity. We will therefore
assume in the sequel that the test at the beginning of Step 2 is never triggered.

6. From the practical point of view, it may be unrealistic to let the trust region
radius Ay grow to infinity, and most implementations do impose a uniform upper
bound on these radii. This is coherent with (2.42), where a strict increase of Ay is
not required.

7. The condition (2.45) may seem inappropriate when ||sx ||(x) is small compared
with the trust region radius Ag. Analogously to the observation in [29], this condition
may be replaced by the more practical

(2.49) Agy1 € [min(yol|skll (k) Y1Ak), Y20%]

for some 7o € (0, 1] without modifying the theory presented below.

8. The algorithm necessarily depends on several constants. Typical values for
some of them are 3 = 0.1, uo = 0.9, uy = 1, v; = 1, v3 = 1075, vy, = 0.01, n; = 0.25,
N2 = 0.75, 71 = 0.01, vo = %, and 3 = 2. Suitable values for the remaining constants
will only become clear after extensive testing.

We call an iteration of the algorithm successful if the test (2.40) is satisfied, that
is when the achieved objective reduction f(zx) — f(zx + sk) is large enough compared
to the reduction my(zr) — mg(xk + sk) predicted by the model. If (2.40) fails, the
iteration is said to be unsuccessful. In what follows, the set of indices of successful
iterations will be denoted by S.
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3. Global convergence for Algorithm 1.

3.1. Criticality measures. If we are to prove that the iterates generated by
Algorithm 1 converge to critical points for the problem (2.1)—(2.2), we clearly must
specify how we will measure the “criticality” of a given feasible point. We say that a
feasible point z, is critical (or stationary) if and only if

(3.1) — Vf(zs) € N(z4).

We propose to use, as a measure of criticality, the quantity

def .
(3:2) ole] ¥ | min (Vf(z),d)],
lldll ey <1

which can be interpreted as the magnitude of the maximum decrease of the linearized
objective function achievable in the intersection of X with a ball of radius one (in the
norm || - ||(x)) centred at z. Observe that ax[z] reduces to ||V f(z)||2 when X = R™
and |- flgey = | -z

LEMMA 3.1. Assume that AS.2 holds. Then, for all k > 0, ax[] is continuous
with respect to its argument.

Proof. The continuity of ay|[-] with respect to its argument is a direct consequence
of Lemma 2.1 and of the continuity of V f(z). 0

We now show that all the norms || - ||y are formally equivalent.

THEOREM 3.2. Assume that AS.2 and AS.3 hold. Then there exists a positive
constant ¢; > 1 such that

1
(33) o % 2] < ak,[2] < cro, [2]
forallz € X and all ky > 0 and kg > 0.
Proof. We first observe that, using assumption AS.3,
(34) ldlixy =1 =01 < ||d]l2 < 02

The lower (respectively, upper) bound in this last inequality represents the smallest
(respectively, largest) possible distance (induced by ||-||2) between z and the boundary
of any ball, ||d||(xy = 1, for k > 0. The ball {x +d | ||d||2 < 02} then contains all the
balls of the form

(3.5) ldllx <1,
while the ball {z + d | ||d||2 < o1} is contained in them all. Now consider
def . def .
(3.6) Qmax = | nin (Vf(z),d)| and omin = | min (Vf(z),d)|-
ldllz<o2 lldllz<e1
Because of the second part of Lemma 2.2 (with zx = x, gr = Vf(z) and ||-||(x) = ||-||2),
we deduce that
o2
(3.7 Omax < ——Qmin.
01

Having established this property, we now return to the proof of Theorem 3.2 itself. If
o, [x] = ag,[z], then (3.3) is trivially satisfied. We thus only consider the case where,
say,

(3.8) a, (2] < ak,|z]-
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In this situation, we will show that both d; and d3, two vectors satisfying the relations

(3‘9) Ak, [.’L‘] =- <Vf(:lf), dl) 3 "dlll(k1) <1, z+d1€X,
and
(310) Ak, [.’L'] =- (Vf(.’l:), d2) b "d2”(k2) <1, z+d2€X,

are such that
(3.11) o1 < "d1||2 < o2 and o1 < ”d2"2 < o3.

We note that the two upper bounds in these inequalities immediately result from
AS.3 and (3.9)—(3.10). We therefore only consider the case where one or both lower
bounds in (3.11) are violated. Assume, for instance, that ||d1||2 < o1. This solution
of the minimization problem associated with ay, [z] is therefore in the interior of all
the possible balls of the form (3.5). The only binding constraint at this point must
be z +d € X, and this is still true if the ball defined by || - ||(x,) is replaced by that
defined by || - ||(x,)- But this implies that (3.8) cannot hold, which is impossible. The
case where ||dz2||2 < o1 is entirely similar. The inequalities (3.11) are therefore valid,
and we obtain that

(3.12) Omin < 0k, [T] < 0max  and  omin < g, [z] < Amax.

Combining these relations with (3.7) and (3.8), one deduces that

(o4 (o4
(3.13) ok, [2] < 0y [2] < Qmax < ﬁamm < ;j—akl [z]

and (3.3) is proved with ¢; e oy /o1 0
The fact that ax[z] can now be used as a criticality measure results from the
following lemma.

LEMMA 3.3. Assume that AS.1-AS.3 hold. Then, x, is critical if and only if
(3.14) akz.] = 0.
Proof. Consider first the minimization problem of (3.2) where we choose || ||(x) =

I - |l2, and let us denote the analog of (3.2) by as[z].
The criticality conditions for this problem can be expressed as

(3.15) 0€2{d+Vf(z)+ N(z+d),
(3.16) z+deX,

(3.17) ldll2 <1,

and

(318) ¢ (I3 —1) = 0.

Assume now that ag[z.] = 0. Then the choice d = 0 is a solution of the minimization
problem. The relation (3.1) then follows from (3.15).
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Assume, on the other hand, that (3.1) holds. Then the conditions (3.15)—(3.18)
are satisfied with d = 0 and ¢ = 0. It is then easy to verify that

(3.19) azlz.] =0

follows.

As a consequence, z, is critical if and only if (3.19) holds. But Theorem 3.2 and
the fact that the £2-norm can be considered as one of the (k)-norms then yield the
desired result. 0

Lemmas 3.1 and 3.3 and Theorem 3.2 have the following important consequence.

COROLLARY 3.4. Assume that AS.1-AS.3 hold and that the sequence {xy} is
generated by Algorithm 1. Assume furthermore that there exists a subsequence of
{zx}, {zx,}, say, converging to z. and that

(3.20) lim oy, [zx,] = 0.
11— 00

Then x. is critical.

We note that, if formally equivalent, the criticality measures depending on k often
differ from the practical point of view, when used in a stopping rule. If the problem’s
scaling is poor, a scaled measure is usually more appropriate. This scaling can be
taken into account in the definition of the iteration-dependent norms.

On the other hand, if the only first-order information we can obtain is g (under
the proviso (2.13)), then ai[z] is unavailable, and one is naturally led to use

def .
(3.21) ar = ag(l) =| min (gx,d)],
Tp+deEX
lldllry<1

which represents the amount of possible decrease for the linearized model in the in-
tersection of the feasible domain with a ball of radius one. Clearly, o = ag[zk] when
gr = V f(xr), but this need not be the case in general. The value oy, was used in the
“theoretical stopping rule” in Step 2 of Algorithm 1.

The replacement of ax[zk] by ay has a price, however. It may well happen that
an iterate xy is a constrained critical point for the model my, although z; is not
critical for the true problem. In that case, Algorithm 1 will stop at the beginning
of Step 2. The model my should therefore reflect the noncriticality of zx. The
discrepancy between oy and ag[zk] cannot be arbitrarily large, however, as is shown
by the following result.

LEMMA 3.5. Let i € X be an iterate generated by Algorithm 1. Then

(3.22) lalzk] — axl < llexl|x)-

Proof. Define d}, and dy, as two vectors satisfying

(323)  oulod = — (Vi@ ), il <1z +dp € X,
and
(3.24) ax = — {9k, dk) , ”dk"(k) <1, xx+dxe€X.

Assume first that ag[zk] > ax. Then we can write that
0 < oglzk] — ax = (gk,dx) — (Vf(zr),d})
(3.25) = (gk, dx, — di) + (ex, dk)
< (gk, dx — di) + |lexll k)
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where we used the inequality (2.14). But the definitions of oy, di, and dj imply that
(3.26) (9K, di) = —ak < (gk, dk)

and hence (3.22) follows from (3.25). On the other hand, if ax[zx] < o, then a
similar argument can be used to prove (3.22), with (3.25) replaced by

(3.27) 0 < ak — o[zk] < (Vf(zk), df — di) + llell g
and (3.26) by
(3:28) (Vf(@K),di) = —o[zk] < (Vf(zk),dx). O

The bound (3.22) will be used at the end of our global convergence analysis.

3.2. The model decrease. The traditional next step in a trust region-oriented
convergence analysis is to derive a lower bound on the reduction of the model value
at an iteration where the current iterate xj is noncritical. This lower bound usually
involves the considered measure of criticality (o in our case), the trust region radius
Ay, and the inverse of the curvature of the model my, (see [9], [19], [21], [23], and [29]
for examples of such bounds). To define this notion of curvature more precisely, we
follow [29] and introduce, for an arbitrary continuously differentiable function g, the
curvature at the point £ € X along the step v, as defined by

(3.20) wi(a7,0) & 2 [a(z +v) - a(z) — (Va(2),0)].
”U”(k)

If we assume that q is twice differentiable, the mean-value theorem (see, e.g., [16,
p. 11]) implies that

1 1 v2
(3.30) wi(q,z,v) = 2/ / Ty <v, ql(lw —; 7'17'21))1)> dr dry.
o Jo v“(k)
It is also easy to verify that, if ¢ is quadratic and || - ||(xy = || - ||2, then wk(q, z,v) is

independent of x and of the norm of v, and reduces to the scaled Rayleigh quotient of
V2q with respect to the direction v. We note that the Rayleigh quotient has already
been used for similar purposes in the context of convergence analysis, namely, in [7],
[28], and [29)].

We then obtain the following simple result.

LEMMA 3.6. If AS.1-AS.3 hold, then there exists a finite constant co > 1 such
that

(331) wk(f’ .’l!k,S) <c

for all k > 0 and all s such that z, + s € L.
Proof. The Lipschitz continuity of V f(z) implies that

(3.32) |f(zx + 8) = f(zx) = (VF(@r),8) | < 3Lsllsli3,
where Ly is the Lipschitz constant of V f(z) in the norm || - ||2. We may then deduce
from (3.29) that

2
(3.33) wk(f, Tk, 8) < wa’
lls (k)
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which gives (3.31) with c; = max[1,0%Ly], by using AS.3. n]

We are now in position to state the main result of this section.

THEOREM 3.7. Assume that AS.1-AS.3 hold. Consider any sequence {zy} pro-
duced by Algorithm 1, and select a k > 0 such that i is not critical in the sense that
ar, > 0. Then, if one defines

(3.34) WG 9 wi(mg, Tk, 8$)  if 5§ satisfies (2.35),
0 otherwise,

one obtains that
(3.35) wg >0.

Furthermore, there exists a constant c3 € (0,1] such that

(3.36) my(xk) — mi(zx + sx) > czay min [1, Ay, ——a—k—c‘]
1+ wy

for all k > 0.

Proof. Let us first consider the case where ¢, > 1. In this case, we obtain from
(2.33), (2.32), the first statement of Lemma 2.2, and the definition (3.21) that
(8.37) mi(zk) — mi(zk + 5§ ) > papson(te) > prpson(l) = pipusag.

Assume now that ¢, < 1. We first note that, because of (2.32), the second part of
Lemma 2.2, (3.37), and (3.21), we have that

c
9k, S a(t o1
(3.38) | (g, 5%) | > s k( k:)z'u3 k( )=uaak-
tk ty 1
Combining this inequality with (2.33), we obtain that
c
ks S
(3.39) my(zk) — mi(Tk + 85 ) > i &t—,c"ltk > p1p3okti.

Now, if condition (2.34) is satisfied, we can deduce, by using (3.39), that
(3.40) my(zx) — m(zk + sf) > p1psag min[vsAg, vg).

On the other hand, if s{ satisfies (2.35), we observe that

(3.41) W > 20— p2) {50 | 201 — i) g oF) |

“ NsCllwy  lsglly = te tk

where we used the definition of w{ and (2.35). Hence (3.35) is proved and, using
(3.38), we have that

(9 (677
3.42 tr > 2us(l — — > 2u3(1 — —_—
(342) % = 2p3( uz)wg 2 2ps(1 = p2) 7 e
Substituting this bound into (3.39) then yields that

c 2 of
(3.43) my(zk) — mi(zx + 85 ) > 2p1u3(1 — p2)

1+wg”
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The inequality (3.36) now results from (3.37), (3.40), (3.43), (2.38), and v4 < 1, with
(3.44) €3 = pip3pe minfvs, vg, 2u3(1 — p2)] < 1. 0

We end this subsection by stating an easy corollary of Theorem 3.7, giving a lower
bound on the decrease in the objective that is obtained on successful iterations.
COROLLARY 3.8. Under the assumptions of Theorem 3.7, one obtains that

. a
(3.45) f(zk) — f(Tk+1) = mesox min [1, Ag, '—ka]
1+ wg
fork e S.
Proof. The inequality (3.45) immediately results from (3.36), (2.39), (2.40), and
(2.41). 0

3.3. Convergence to critical points. This section is devoted to the proof of
global convergence of the iterates generated by Algorithm 1 to critical points.

For developing our convergence theory, we will need to introduce additional as-
sumptions on the curvature of the models my. These assumptions, and the rest of
our convergence analysis, will be phrased in terms of the quantity

(3.46) Br=1+ max [max[wic, |w; (M, 5, si)|]] .

We note that [ only measures curvature of the model along the sf and sy vectors.
We also observe that the sequence {8} is nondecreasing by definition.

We first recall two useful preliminary results in the spirit of [29].

LEMMA 3.9. Assume that AS.1-AS.3 hold and consider a sequence {z\} of iter-

ates generated by Algorithm 1. Then there exists a positive constant cq4 > 1 such that,
for all k >0,

(3.47) |f (xk + sk) — mr(zk + sk)| < caBrAL.

Proof. We observe that
|f (ke + sk) — mi(ax + s6)| <1V F(zk) = gior sk) |
+ 3lI8klFy [k (f, s 8) — Wi (i, 2, 58)|
< llexllx Iswllcx)
+ 3l Iy [lwr (f, @k, s8)] + |wk (mg, 2k, 58)],

(3.48)

where we used the definition (3.29), (2.12), and the inequality (2.14). But ||sg|x) <
v1Ag, and hence we obtain from (3.48), (2.13), (3.46), and Lemma 3.6 that

(3.49) |f (@x + k) — mk(ax + s)| < k1 AF + Svi(ca + Br)AS,
which then yields (3.47) with
(3.50) ca=2 (Cz + ﬂ) max [1, 11/12] .

141 2

LEMMA 3.10. Assume that AS.1-AS.3 hold and consider a sequence {zr} of

iterates generated by Algorithm 1. Assume furthermore that there exists a constant
e € (0,1) such that

(3.51) ar > €
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for all k. Then there exists a positive constant cs such that

(3.52) Ap> 2
Bk
for all k.
Proof. Assume, without loss of generality, that
caffoAo
3.53 €< ———,
(3.53) Y1e3(1 — n2)

where v, and 7, are defined in the algorithm (see (2.29) and (2.28)). In order to
derive a contradiction, assume also that there exists a k such that

1-—
(3.54) BrAg < nesl = m)
Cq
and define r as the first iteration number such that (3.54) holds. (Note that r > 1
because of (3.53).) The mechanism of Algorithm 1 then ensures that

(3'55) /61'-1Ar—1 < ,Br% < MG <e€
1

b
Cq

where we used the relations 3,1 < 3, (2.45), (3.54) with k =7, c3 <1, and ¢4 > 1.
Combining the inequalities (3.51), (3.36), € < 1, B._1 > 1, and (3.55), we now obtain
that

(3.56) my_1(xr—1) — Mpr_1(Tr—1 + Sp—1) > czemin [1, Ay, ] = c3eAp_1.

£
ﬂr—l
The relations (2.39), (3.47), (3.56), and the middle part of (3.55) together then imply
that

(3.57)

'f(wr—l + 37’—1) - mr—l(xr—l + sr—l)l < c4,3r—lA'r—1

-1 =
|Pr 1 | |mr_1(fl7r—1) - m,._l(:zzr_l + Sr—l)l - Cc3€

<1-mn.

Hence p,—1 > 72, and thus A, > A,_;. However, we may deduce from this last
inequality that

(3.58) frrdr < o, < BB0LZ)
4

which contradicts the assumption that r is the first index with (3.54) satisfied. The
inequality (3.54) therefore never holds, and we obtain that, for all k,

(3.59) ety > 8 =m2)
Cq
The inequality (3.52) then follows from (3.59) by setting
1—
(3.60) cs = ——————7103(0 772)6. o
4

We now formulate our first assumption on the model’s curvatures.



GLOBAL CONVERGENCE OF A CLASS OF TRUST REGION ALGORITHMS 181

AS.4. The series

(3.61) i L

=5 Br

is divergent.

As shown in [29], this condition is necessary for guaranteeing convergence to a
stationary point. It is clearly satisfied in the common case where quadratic models
of the form (2.46) are used, whose Hessian matrices Hy are uniformly bounded. This
last assumption obviously holds when f(z) is twice continuously differentiable over
the compact set £ and Hy = V2 f(xy).

Before proving one of the major results of this section, we recall the following
technical lemma, due to Powell [24] (proofs can also be found in [9] or [32]).

LEMMA 3.11. Let {Ax} and {Bk} be two sequences of positive numbers such that
BrkAx > c5 for all k, where cs is a positive constant. Let € be a positive constant, S
be a subset of {1,2,...}, and assume that, for some constants y2 < 1 and y3 > 1,

(3.62) Agt1 <30, fork €S,
(3.63) Apt1 S 12lk fork ¢S,
(3.64) Brk+1 2 Br for all k,
and
€
(3.65) Z min [Ak, —] < 00.
keS B
Then
(3.66) i 1w
‘ P .

Using this lemma, we now show the following important result.
THEOREM 3.12. Assume that AS.1-AS.4 hold. Then, if {zx} is a sequence of
iterates generated by Algorithm 1, one has that

(3.67) lim inf o, = 0.
k—o0

Proof. Assume, for the purpose of obtaining a contradiction, that there exists an
€ € (0,1) such that (3.51) holds for all & > 0. Corollary 3.8 and the fact that the
objective function is bounded below on £ imply that

(3.68) mese Yy min [1, Ay, i} <) [f(@k) — Fl@rg)] < oo

kes Br kes

Thus, because of Lemma 3.10 and the inequalities € < 1 and §; > 1, the sequences
Af and (i then verify all the assumptions of Lemma 3.11, which then guarantees that

(3.69) — < oo.
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This last relation clearly contradicts AS.4, and hence our initial assumption must be
false, yielding (3.67). O

This theorem has the following interesting consequences.

COROLLARY 3.13. Assume that AS.1-AS.4 hold. Assume furthermore that {zy}
is a sequence of iterates generated by Algorithm 1 that converges to x,, and that

(3.70) lim |lex|{x = 0.
k—oo

Then z, is critical.

Proof. This result follows directly from (3.70), Lemma 3.5, Theorem 3.12, and
Corollary 3.4. O

COROLLARY 3.14. Assume that AS.1-AS.4 hold. If {z\} is a sequence of iterates
generated by Algorithm 1 and if S is finite, then the iterates xx are all equal to some
z. for k large enough, and . is critical.

Proof. If § is finite, it results from (2.44) that zj, is unchanged for k large enough,
and therefore that = x, = x4 for k sufficiently large, where j is the largest index
in 8. The relations (2.45) and (2.29) also imply that the sequence {Ax} converges to
zero. Hence (2.13) ensures that (3.70) holds. We then apply Corollary 3.13 to deduce
the criticality of z.. O

If we now assume that S is infinite, we wish to replace the lim inf in (3.67) by a
true limit, taken on all successful iterations, but this requires a slight strengthening
of our assumption on the model curvature.

AS.5. We assume that

(3.711) Jim By (f(zx) = f(zri1)] = 0.

As discussed in [9], this assumption is not very severe, as we always have that
(3.71) holds with the limit replaced by the limit inferior. Also, AS.5 is obviously sat-
isfied when using a model with bounded curvature, as is assumed in [20], for example.

THEOREM 3.15. Assume that AS.1-AS.5 hold. Then, if {zx} is a sequence of
iterates generated by Algorithm 1 and if the set S is infinite, one has that

(3.72) lim oy = 0.

k— o0
kes
Proof. We proceed again by contradiction and assume that there exists an €; €
(0,1) and a subsequence {m;} of successful iterates such that, for all m; in this
subsequence,

(3.73) A, > €1.
If we define
(3.74) s < max [1 - El—,cl - 1} ,
1
where c; is given by Theorem 3.2, and if we choose
(3.75) &€ (0 ——61——)
. 2 ) 2(06 x 1) ’

Theorem 3.12 then ensures the existence of another subsequence {¢;} such that

(3.76) ap>e€ form; <k<{ and oap <es.
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We now restrict our attention to the subsequence of successful iterations whose indices
are in the set

(3.77) K¥{kesS|mi<k<t},

where m; and £; belong, respectively, to the two subsequences defined above. Applying
Corollary 3.8 for k € K, we obtain that

(3.78) F(ox) — F(@es1) > micaca min [Ak, Zi] ,

where we used the inequalities e < 1 and 8y > 1. But AS.5 then implies that

(3.79) lim fAx =0,
kek

and hence, using (3.78), that
(3.80) f(@k) = f(@k41) = meseaAg
for k € K sufficiently large. As a consequence, we obtain, for ¢ sufficiently large, that
|zm, — ze.llz < Yk, lze+1 — zell2
<o T, P

<er Y, Olf (zx) — f(@rt1)]
< c7[f(mmi) - f(mffz' )]’

where the sums with superscript (K) are restricted to the indices in K, and where

(3.81)

(3.82) o & T2
M1C3€2

Because of Lemma 3.1 and because the last right-hand side of (3.81) tends to zero as
i tends to infinity, we deduce that

(3.89) [y am] = am o]l < gy

for i sufficiently large. We note now that (3.79), B > 1, and (2.13) imply that g,,, is
arbitrarily close to V f(zm,,), and hence Lemma 3.5 gives that

€
(384) |ami — Qm; [xmi” < m

for ¢ large enough. We observe also that, because of (2.13) and (2.42),
(3.85) llee llie;) < K1le, < K1V3A,,

where k; is the largest integer in X that is smaller than £;. As before, we now deduce
from (3.79), Bk > 1, Lemma 3.5, and (3.85) that

(3.86) g, — agfze ]| < 5(—6:—1_,_?)
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for large i. Hence, using Theorem 3.2, we obtain that

€1
3.87 Qm, [Te,] — o, [me,]] < Jxe,] < o
680 lamlo] —au ] < o] < o fon, + 5]

for i sufficiently large. Using the triangular inequality together with (3.84), (3.83),
(3.87), and (3.86), we obtain that, for large enough 4,

(3.88) O, — 0 < |, — oy, | < cgoy, + %61.
We then deduce from (3.76) and (3.75), that, for large enough ¢,
(389) Qm,; < Oy, (Cﬁ + 1) + %61 < €1,

which contradicts (3.73) and proves the desired result. 0

As above, we can obtain conclusions about convergent subsequences where the
first-order information is asymptotically correct. If S is finite, the convergence of the
iterates to a critical point results from Corollary 3.14. Hence, we now restrict our
attention to the case where S is infinite.

COROLLARY 3.16. Assume that AS.1-AS.5 hold. Assume furthermore that S is

infinite, that {zk,} is a convergent subsequence of the successful iterates generated by
Algorithm 1, and that

(3.90) Jim [l k) =0.

Then ., the limit point of {xk,}, is critical.

Proof. The proof of this result is entirely similar to that of Corollary 3.13 except
that we have to consider only the successful iterates. 0

Finally, we are interested in what can be said on the criticality of limit points of
{zx} if we do not assume (3.70).

COROLLARY 3.17. Assume that AS.1-AS.5 hold, that {zy,} is a subsequence of
successful iterates generated by Algorithm 1, and that {zx,} converges to z.. Then

(3.91) lim sup a, [z.] < limsup |lex, ||k,

1—00 1—00
Proof. If S is finite, then the result immediately follows from Corollary 3.14 and

Lemma 3.3. Assume, therefore, that S is infinite. Because of Lemma 3.1, Lemma, 3.5,
and Theorem 3.15, we have that

lim sup o, [z.] = lim sup o, [z, ]

1—00 1—00

(392) < lim sup |aki [$kz] - akil
1—00

< limsup llex, Il s - 0
11— 00

Keeping in mind that the dependence of ||- ||x,) on k;, and hence on i, is irrelevant
because of Theorem 3.2, Corollary 3.17 thus guarantees that all limit points are as
critical as the scaled accuracy of gi as an approximation to V f(zy) warrants.
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4. A model algorithm for computing a generalized Cauchy point. A
major difficulty in adapting the framework given by Algorithm 1 to a more practical
setting is clearly the definition of a practical procedure to compute a GCP satisfying
all the conditions of Step 2.

As indicated already, such procedures have been designed and implemented in the
case where the projected gradient path defined by the classical £3-norm is explicitly
available (see [1] and [29], for example).

We now consider the more general case presented in §§2 and 3, and we wish
to find, at a given iteration, a GCP satisfying (2.30)-(2.35). The difficulty is then
to produce a point that is not too far away from the unavailable projected gradient
path. This cannot be done without considering the particular geometry of this path,
which may closely follow the boundary of the feasible set. As a consequence, linear
interpolation between two points on the projected gradient path is often unsuitable,
and a specialized procedure is presented in this section.

For the sake of clarity, in this section we will drop the subscript k, corresponding
to the iteration number.

4.1. The RS Algorithm. We first define the following restriction operator as-
sociated with the feasible set X and a centre x € X. This operator is defined as

def
4.1 Ra: — i -
(4.1) [y] arg e [Ia:n,lyl]ln X Iz = yll2

for any y € R"™, where [z,y] is the segment between z and y. The definition of R;[y]
uses the £3-norm, but any other norm can be used because the associated minimization
problem is unidimensional. The action of the restriction operator (4.1) is illustrated

in Fig. 3. It should be noted that computing R,[y] for a given y is often a very simple
task.

Fi1G. 3. The restriction operator with centre x.

The GCP Algorithm relies on a simple bisection linesearch algorithm on the re-
striction of a piecewise linear path with respect to a given center, called the RS
Algorithm (Restricted Search Algorithm). Because of the definition of the restriction
operator, this last algorithm closely follows the boundary of the feasible domain, as
desired. It finds a point z, = z + z in R,[z!,zP,z%], the restriction of a nonempty
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piecewise linear path consisting of the segment [z!, zP] followed by [P, z*], where 2!,
zP, and z* are defined below. The restriction is computed with respect to the centre
x, and the resulting vector z is such that (2.33) and (2.35) hold with s{ = z. The RS
Algorithm can be applied under the conditions that (2.35) is violated at R,[x'] and
that (2.33) is violated at R,[z“]. It therefore depends on the three points x!, 2P, and
z* defining the piecewise linear path, the centre x, and on the current model m (and
hence on its gradient g). It also depends on an arbitrary bijective parametrization of
the path [z!, 2P, 2%]. For example, one can choose the parameter to be the length of
the arc along the path measured in the £3-norm. More formally, if

(4.2) 6p = ||z — 22 and &, =8, + ||z* — zP||2,

we can define

(4.3) o(6) & e+ (A=)t if 6 < by,
‘ 6i__66px“ +(1- gg:)wp if 6> 6,

for any 6 € [0,6,]. The inner iterations of Algorithm RS will be denoted by the
index j.

RS ALGORITHM.

Step 0. Initialization. Set lg = 0, ug = 6y, and j = 0. Then define §y = %(lo +ug).

Step 1. Check the stopping conditions. Compute z; = Rg[z(6;)], using (4.1) and
(4.3). If

(4.4) m(z;) > m(z) + p1 (9,2 — =),
then set
(4.5) lj+1 = lj and Ujy1 = 5]',

and go to Step 2. Else, if

(4.6) m(z;) <m(z) + pz (9,25 — @),
then set
(4.7) lj+1 = 5j and Uj41 = Uy,

and go to Step 2; else (that is, if both (4.4) and (4.6) fail), set z. = =; and STOP.
Step 2. Choose the next parameter value by bisection. Increment j by one, set

(4.8) 8 = 1(l; +uy),
and go to Step 1.
The fact that a vector z, has been produced by the application of the RS Algo-

rithm on the path [z!,zP,z%] with respect to the centre z and the model m will be
denoted by
(4.9) z, = RS(z, m, 2!, zP, z*).

We have the following simple result.
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LEMMA 4.1. Assume that the RS Algorithm is applied on a piecewise linear path
[z}, zP, 2% satisfying the conditions stated in the paragraph preceding its description,
with centre x and model m. Then this algorithm terminates with a suitable vector
T, = ¢ + 2z at which (2.33) and (2.35) hold in a finite number of iterations.

Proof. We first note that (2.35) is violated at R;[z'] and that (2.33) is violated at
R, [z"]. As a consequence, the validity of the result directly follows from the inequality
p1 < p2, the continuity of the model m on the restriction of the path [z!, zP, %], and
from the fact that the length of the interval [I;, u;] tends geometrically to zero, while
its associated arc on the restricted path always contains a fixed connected set of
acceptable points. 0

4.2. The GCP Algorithm. We now describe the GCP Algorithm itself. It
depends on the current iterate £ € X, on the current model m and its gradient g, on
the current norm || - ||, and also on the current trust region radius, A > 0. Its inner
iterations will be identified by the index i. (Also recall that all subscripts k have been
dropped, yielding, for instance, a(t) instead of ay(t) and « instead of oy.)

GCP ALGORITHM.

Step 0. Initialization. Set i =0, lop = 0, 2} = 0, and ug = vpA. Also choose 2% as
an arbitrary vector such that ||z%| > 12A and an initial parameter ¢y € (0, 2A].

Step 1. Compute a candidate step. Compute a vector z; such that

(4.10) llz:l| < ti,
(4.11) T+ € X,
and

(4.12) (9,2i) < —psa(ti).

Step 2. Check the stopping rules on the model and step. If

(4.13) m(z + z;) > m(z) + pa (9,2:) ,
then set

(4.14) w1 =, 2 =%
and

(4.15) Lyi=bL, 2, =12,

and go to Step 3. Else, if

(4.16) m(z + 2;) < m(z) + p2 (g, 2;)
and

(4.17) t; < min[uzA, vy,

then set

(4.18) Uil = Uiy Zh =2
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and

(4.19) liy1 =1t Zy1 = %,

and go to Step 3. Else (that is, if (4.13) and either (4.16) or (4.17) fail), then set
(4.20) ¢ =z + 2

and STOP.

Step 3. Define a new trial step by bisection. We distinguish two mutually exclusive
cases.

Case 1. z}, = 2z} or 2%, = z¥. Set
(4.21) tiv1 = %(li.q.] + ’u,;+1),

increment 7 by one and go to Step 1.
Case 2. 2!, # 2} and 2% | # 2§. Define

(4.22) 2P =max |1 21l P

. +1 — ’ "Zl “ i+1

i+1

set
(4.23) z¢ = RS(z,m, $é+1’$€+1v$?+1)
where
(4.24) wﬁ+1 =z+ zﬁ+17 i =420, T, =T+ 2,
and STOP.

The actual value of 2§ is irrelevant in practice: this quantity is merely used to
detect if 2}, ; has been updated in (4.14) at least once.

Figure 4 shows the situation at a given iteration of the GCP Algorithm in the
case where || - ||(x) = || - [loo. In particular, the use of the point x? as defined in Step 3
(Case 2) is illustrated. The symbols z7, zf, t!, t*, z,1, Cy, and Cyu are not yet defined,
but will be introduced in the proof of Theorem 4.5 below.

We note that linear interpolation between !, = Rg[z!,,] and z¥,; = Ry[z¥,]
cannot generally be used in Step 3 (Case 2), because the geometry of the boundary of
the feasible domain may imply that the (unknown) projected gradient path consider-
ably departs from the segment [z}, ,z¥,,]. This is the reason why a call is made to
the RS Algorithm, which closely follows this boundary.

We emphasize that this GCP Algorithm is only a model, intended to show feasi-
bility of our approach, but is not optimized from the point of view of efficiency. Many
additional considerations are possible and indeed necessary before implementing the
algorithm, including

e the details of the all-important solver used to determine z; in Step 1,

e a suitable choice of tg,

e more efficient techniques for simple models (e.g., linear or quadratic), and
also for specific choices of the norm || - ||.
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boundary of the ball
of radius t*

t‘u

the path R,[z!, z?, z%]

boundary of the ball
of radius ¢!

Fi1G. 4. A “restricted path” with the £oo-norm.

The solver used in Step 1 obviously depends on X and the norm ||-||. For example,
Step 1 reduces to a linear programming problem if X is polyhedral and a polyhedral
norm is used; the classical projected gradient may also be obtained when the £3-norm
is used and pz = 1.

If we denote by

(4.25) z€ = GCP(z,m, || - ||, A)

the fact that the vector € has been obtained by the GCP Algorithm for the point ,
the model m, the norm || - ||, and the radius A, we then replace Step 2 of Algorithm 1
by the simple call

4.3. Properties of the GCP Algorithm. We now wish to show that the GCP
Algorithm converges to a point satisfying (2.30)—(2.35) and terminates in a finite
number of iterations.
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The first result shows that, if a step z satisfies (2.32), then all prolongations of
this step, that is, all vectors of the form 72 with 7 > 1, also satisfy the same condition.
LEMMA 4.2. Assume that there exists at > ||z|| such that

(4.27) (9,2) < —paa(t)
for some z #0. Then

(4.28) (9,72) < —psa(rt)
for T > 1.

Proof. Using successively (4.27), the inequality 7 > 1, and the second part of
Lemma, 2.2, we obtain that

(4.29) (9,72) < —',U,3’Tt9% < —/,1137'th_—7:2,

yielding the desired bound. 0

We are now in the position to prove that the GCP Algorithm is correctly stated,
finite, and coherent with the theoretical framework presented in §§2 and 3.

LEMMA 4.3. The GCP Algorithm has well-defined iterates.

Proof. We have to verify that all the requested conditions for applying the RS
Algorithm are fulfilled when a call to this algorithm is made. We first note that
the RS Algorithm can only produce a feasible point because of the definition of the
restriction operator. We also note that the mechanism of the GCP Algorithm ensures
that the piecewise path to be restricted is nonempty, that (2.33) is always violated
at R,[z¥,,] = z¥,,, and, similarly, that (2.35) is always violated at Ry[z} ;] =}, ;.
The RS Algorithm is therefore applied in the appropriate context. O

We now prove the desirable finiteness of the GCP Algorithm at noncritical points.

THEOREM 4.4. Assume that o > 0. Then the GCP Algorithm terminates with a
suitable € in a finite number of iterations.

Proof. Assume that an infinite number of iterations are performed. We first
consider the case where

(4.30) 2t =2 foralli>0.

In this case, the mechanism of the GCP Algorithm implies that

(4.31) t: < (3)'2A.

Hence we obtain that

(4.32) l|z:]| < t; < min {1, ?_(_1_:1#_1)_@9_]

for all ¢ > 14, say, where L,, is the Lipschitz constant of the gradient of m with respect
to the norm || - ||. For all ¢ > 0, we have that

(4.33) m(@ + z;) — m(z) — p1 (g, z:) < (1= m1) (g, 2) + 3Lmllil?,

where we have used Taylor’s expansion of m around z and the definition of L,,. But
the second part of Lemma 2.2 implies that

(4.34) # > 9_11_) —
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for all ¢ > 4y, and hence that
(4.35) a(t:) > allz||

for i > ,, because of the inequality t; > ||2;||. Condition (4.12) then gives, for such %,
that

(4.36) (9,2:) < —pzalt;) < —psallz|.

Introducing this inequality in (4.33), we obtain that

(4.37)  m(z+2z) —m(z) - pi{g, z) < —(1 = m)paallzill + 3 Lmll2l?
for ¢ > 4;. Using (4.32), we now deduce that

(4.38) m(z + 2z;) —m(x) — p1(g9,2;) <0

for all ¢ > i;. As a consequence, (4.13) is always violated for sufficiently large ¢, and
(4.30) is therefore impossible.

We thus consider the case where 2z = 2§ for all i. This implies that (4.13) is
always false and that the algorithm either stops through (4.20) (in which case the
convergence is clearly finite) or uses (4.19) at each iteration. But the effect of (4.19)
is that !; tends to v, A as i grows, and therefore (4.17) must fail for sufficiently large
i because v3 < vp. The algorithm then terminates with (4.20) after finitely many
iterations.

We conclude from these two arguments that, for the algorithm to be infinite, one
must have that 2z}, # 2} for some i, > 0 and also that 2% # 2§ must be defined
for some i3 > 0. But, because the mechanism of the algorithm guarantees that the
sequence {l;} is nondecreasing and that the sequence {u;} is nonincreasing, Case 2 in
Step 3 therefore occurs for i = max(i1,i2). The RS Algorithm is thus used in (4.23),
and Lemma 4.1 again ensures finite temination. 0

THEOREM 4.5. The call (4.26) can be used as an implementation of Step 2 of
Algorithm 1.

Proof. We have to verify the compatibility of the GCP Algorithm with the con-
ditions of Step 2 in Algorithm 1, that is, we have to check that the step sf = a:f — Tk
produced by (4.26) does indeed satisfy the conditions (2.30)-(2.35). All these condi-
tions except (2.32) are clearly enforced by the mechanism of the GCP and RS Algo-
rithms. We can therefore restrict our attention to the verification of (2.32) for the
two different possible exits of the GCP Algorithm and their associated s§ = z{ — xy.
Dropping again the subscripts k, we have to verify that (4.27) holds with z = € —z.

The first case is when the GCP Algorithm terminates using (4.20). Then (4.12)
ensures that (4.27) holds for z = z;.

The second and last case is when the algorithm terminates through (4.23). The
condition (4.12) again ensures that, in this case, (4.27) holds for z = 2} ; for some
tl, 1 > |lzt1]l, and for z = 2%, for some t¥,, > ||z ||. For clarity of notations, we
drop the subscript ¢ + 1 below.

We analyze the situation in the plane H containing z, z', and z*, and define, for
t > 0, the convex sets
(4.39) H, ¥ {z +z € H|(g,2) < —ma(®)},

(4.40) S ¥ {z+zeHlz+2€X and ||2|| <t},
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and

(4.41) C, ¥ H,n S,
For a given t > 0, H; is the half-plane of all vectors x + z € H such that z satisfies
(4.27), irrespective of the constraints ¢ > ||z|| and x + z € X, while C} is the subset
of H, for which these constraints hold.

We again distinguish two cases. The first case is when

(4.42) N2 > fl2*]-
Using the first part of Lemma 2.2, we deduce that
(4.43) (9.2%) < —pza(t*) < —psa(t'),

and therefore, using the inequality ¢ > ||z!|| > ||2*||, that the complete segment
[x!, %] belongs to the convex set Cyu. Hence (4.27) holds for ! at every point of the
segment [z!,z%] = R,[z!, 2P, z%].

The more complicated second case is when (4.42) fails. The proof proceeds by
showing the existence of a continuous feasible path between x! and z*, depending on
the parameter ¢, such that, for each point on this path, there is a t € [t!,*] for which
(4.27) holds at this point. To find this path, we first define, for all ¢ € [t!,t¥],

(4.44) ; < arg min ||y — 2¥||2,
yeCy

that is, the projection of z* onto the convex set C;. We note that both z! and z,
belong to Cy, and hence that the segment [z!,z,] lies in C,;. We also note that
7% = T4 € Ciu. Finally, z; clearly belongs to C; for all t € [t!,t*] because of (4.44).
Furthermore, this set of ; determines a continuous path, as can be seen by applying
Lemma 2.1 to the minimization problem (4.44). The desired path from z! to z* then
consists of the segment [z!, z,:] followed by the path determined by x; for ¢ € [t!,t%].

To complete the proof of the theorem for this second case, we use the path just
obtained to show that (4.27) holds for some t at every point of R.[z!,zP,z%]. We
observe here that this restriction belongs to the plane H. We successively consider
three parts of the restricted path, and show the desired property for each part in turn.
This restricted path is that used by the GCP Algorithm. A case where || - || = | - |0
is illustrated in Fig. 4.

The first part of the restricted path consists of the segment [z!,z"] (where z" =
R, [zP]) which is the restriction of the segment [z', zP]. Using Lemma 4.2 and the fact
that 2P is a multiple of 2!, we deduce that, for each point y € [z!,z"], there exists a
t such that (4.27) is satisfied at this point for z = y — z. We also note that the same
argument implies the existence of tP > ||2?| = ||z*|| such that (4.27) also holds at 2”.

The second part of the restricted path consists of the segment [xf,z%], where
zf = R[zf] is the first feasible point on the segment [zP,z*]. (Note that [zf,z%]
may be equal to [zP, z*] when z? is feasible or may be reduced to the point z* if this
is the only feasible point in [zP,2%].) The segment [zf, 2] is also contained in X and
is therefore equal to its restriction. Because (4.27) holds with ¢ = min[t?, t*] both for
zP and 2%, it must also hold, with the same ¢, for all z such that z = y — x where
y € [zf,z%] C [P, z¥].

The third part of the restricted path consists of the restriction of the segment
[xP, 2f]. If 2P is feasible, then the path reduces to zf = z?, and the desired property
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results from the analysis of the first part of the restricted path. Assume, therefore,
that zP is not feasible. Then the restriction of [zP,z7] lies on the intersection of the
boundary of X with H. It can therefore be viewed as the prolongation (as defined
before Lemma, 4.2) of a part of the path from 2! to z* defined by the segment [z!, z,]
followed by {z|t € [t!,t*]}. Lemma 4.2 then guarantees the existence, for each point
y = x + z on the restriction of [zP, z], of a ¢ such that (4.27) holds for z. This finally
completes the proof. O

The proof of this last theorem also shows that the path used by the GCP Al-
gorithm is not the only possible one. This can be seen, for example, by choosing
Il -1l = Il - ll2, in which case the projected gradient path (see [29]) is also acceptable
(in the sense that each of its points satisfies (4.12)) and may be different from the
restricted path used by the GCP Algorithm.

5. Identification of the correct active set. In this section we consider the
case where the convex set of feasible points X is defined as the intersection of a finite
collection of larger convex sets X;, that is,

(5.1) X = ﬁ X;.
i=1

AS.6. We assume that, for all 4 € {1,...,m}, the convex set X; is defined by
(5.2) X, = {z € R"|h;(z) > 0},

where the function h; is from R"™ into R and is continuously differentiable.

We will be interested in the behaviour of the class of algorithms presented in §2
as the iterates {z\} approach a limit point z.. More precisely, if we define the active
set at the point z € X by

(5.3) A(z) ={i € {1,...,m}|hi(z) =0}

(note that A(z) may be empty if X has a nonempty interior that contains ), the
question we wish to analyze can then be phrased as “Is A(zy) = A(z.) for k large
enough?”

We temporarily restrict ourselves to the case where only inequality constraints
are present. This is indeed the case where the constraints identification problem is
most apparent. We will discuss the introduction of linear equality constraints in §7.2.

5.1. The assumptions. Clearly, our present assumptions are too general for
such an analysis, and we need to strengthen them both from the algorithmic and the
geometric point of view.

We first state precisely the additional conditions that are required in Algorithm 1.
The idea is that the active constraints at the GCP z{, indexed by A(z¢), should
be a good estimate of the constraints active at the limit point x, when k is large
enough, as in [4] and [9]. The test which ensures that the GCP asymptotically picks
up the correct active constraints is motivated as follows. Assume that an iterative
procedure is used to solve the linearized problem associated with ax(tx) in (2.18).
When a step 3§ satisfying condition (2.32) is obtained in the course of this iteration,
we investigate if the correct active set has been found. If the current step 3 does
not approximately minimize the linearized model with respect to the constraints in
Ay + §,€), we anticipate that this is because the correct active set has not yet
been determined. Consequently, additional constraints may need to be considered,
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for otherwise, the minimizer may be too far away—at infinity in the case of purely
linear constraints. We may then choose to continue our iterative procedure. On
the other hand, if .§f approximately minimizes the linearized model with respect to
this restricted set of constraints, we may hope that the correct active set has been
identified. In the worst case, this may result in finally solving the linearized problem
exactly: at the solution 3¢, we know that (2.32) obviously holds, but also that this
step solves the relaxed version of the same problem where all constraints that are not
in A(zk, +8Y) have been discarded. This technique motivates our next assumption, in
which we require not only that (2.32) holds at sf, but also that this step approximately
minimizes the linearized model with respect to the constraints in A(z§).

More precisely, if the quantity af(t) is defined, for a given mg and for all t > 0,
by

(5.4) of (1) €| min (g, d)|,
zp+dexC
lldllay <t

where

(5.5) xX€ N x,
i€A(z$)

we can then formulate our assumption as follows.

AS.7. For all k sufficiently large, there exists a strictly positive t > ||s§ [|(x) such
that

(5.6) (gr, s ) < —msof (t)

for some constant uz € (0,1].
We note that, because X C X kc s

(5.7) af (1) 2 ax(t)

for all t > 0, and hence condition (5.6) is stronger than (2.32): it can therefore replace
this condition, for large k, in the formulation of Algorithm 1. (This is the reason why
the constant p3 has been reused in (5.6).)

We also note that it is always possible to satisfy AS.7 and (2.32) together because
equality holds in condition (5.7) if z{ is chosen as the minimizer of the linearized
problem associated with the definition of ak(t) in (2.18) (see our motivation for AS.7
above).

Once the correct active constraints have been identified by the GCP, one must
then make sure they are not dropped at Step 3 of Algorithm 1. This is ensured by
the following condition.

AS.8. For all k sufficiently large,

(5.8) A(x$) C A(zk + sk)-

In a way entirely similar to that used in the proof of Lemma 2.2, one can deduce
the following properties of af (t) as a function of t.
LEMMA 5.1. Forallk >0,
1. the function t — af(t) is continuous and nondecreasing for t > 0,
2. the function t — af (t)/t is nonincreasing for t > 0.
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By analogy with (3.21), we can also define
(5.9) of Eal(1).

Using this quantity, we obtain the following counterpart of Theorem 3.7 and Corol-
lary 3.8.

THEOREM 5.2. Assume that AS.1-AS.3 and AS.7 hold. Consider any sequence
{zx} produced by Algorithm 1 and assume that af > 0 for a k sufficiently large. Then
there exists a constant cs € (0,1] such that

c
(5.10) mi(zx) — mi(zk + sk) > csafy min [1, Ay, ﬁ%’?] ,

for all k sufficiently large. Furthermore, one has that

C
(.11 @x) = Flor) 2 mesa min |1, A 2
+ wy

for all k € S sufficiently large such that af > 0.

Proof. The proof is entirely similar to those of Theorem 3.7 and Corollary 3.8, with
all oy, being replaced by akc, Lemma 2.2 replaced by Lemma 5.1, and the references
to (2.32) by references to (5.6). O

We note that we can then pursue the development of §3.3, using af instead of
ag, and deduce a counterpart of Theorem 3.12.

THEOREM 5.3. Assume that AS.1-AS.4 and AS.7 hold. Then, if {xx} is a
sequence of iterates generated by Algorithm 1, one has that

(5.12) lim inf af =0.

Let us now examine the geometry of the feasible set. We will use the strong
constraint qualification based on the independence of the constraint normals at the
limit points of the sequence of iterates {x)} generated by Algorithm 1. We first define
L to be the set of all limit points of this sequence. Clearly, L is compact because of
AS.1.

AS.9. For all z, € L, the vectors {Vh;(z+)}icA(s,) are linearly independent.

Assumptions AS.6 and AS.9 imply that the normal cone at any z, € L is poly-
hedral and of the form

(5.13) N@z)=SyeRMy=— > AVhi(z.),\ > o} )
i€A(z4)

We complete our assumptions by requiring Dunn’s nondegeneracy condition [13]
at every limit point x, € L. Before stating this condition, we recall that the relative
interior of a convex set Y (denoted ri[Y]) is its interior when Y is regarded as a
subset of its affine hull, that is, the affine subspace with lowest dimensionality that
contains Y (see [26, p. 44] for further details). Using this concept, we now express
our condition as follows.

AS.10. For every limit point z, € L, one has that

(5.14) — Vf(z.) € ri[N(z,)).
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As discussed in [3], this last condition can be viewed as the generalization of the
strict complementarity assumption used in [9] and [18]. It was also used in [2] and
in (3] in a similar context. As in [2] and [3], we note that AS.9, AS.10, and (5.13)
together imply the existence of a unique set of strictly positive multipliers. Thus, for
every T, € L,

(5.15) Vi@)= > AVhi(z.)

i€A(z)

for some uniquely defined A; > 0.

We finally assume that the gradient approximations are asymptotically exact.
AS.11.

(5.16) lim ||ex||x = 0.
k—o0

This assumption is not the weakest one for obtaining the results on constraint
identification presented below, but its presence simplifies the exposition. A weaker
requirement will be discussed in §7.

We note that none of the above assumptions requires the feasible set to be poly-
hedral, or even that it has quasi-polyhedral faces (cf. [3]).

5.2. Connected components of limit points. Using the assumptions pre-
sented in the preceding subsection, we examine the properties of the unique connected
component of limit points of L containing a given z, € L, which we denote by L,.
We first show the following remarkable fact.

LEMMA 5.4. Assume that AS.1-AS.10 hold. Then, for each connected component
of limit points L., there exists a set A(L,) C {1,...,m} such that

(5.17) A(z,) = A(L,)

for all x, € L,.
Proof. Consider two limit points z.,y« € L. such that

(5.18) A(z,) # Alys)

and assume, without loss of generality, that there exists j € {1,...,m} such that
J € A(ys) but j & A(z.). Because of the path-connectivity of L., we know that there
exists a continuous path z(t) such that

(5.19) 2(0) =z, 2(1)=wy. 2(t) €L, Vte]|0,1].

Using the continuity of z(-) and h;(-), the condition (5.18) and the definition of j also
ensure the existence of ¢} € (0,1] such that

(5.20) R A=) Vte[0,ty) and je A(z(ty)).

Let us also consider a sequence {¢;} in the interval [0,t,.) converging to ¢, and such
that A(z(t;)) is constant, and equal to A_ say, for all j. Equation (5.15) implies that
(5.21) VIG(E)) = Y A () Vhi(z(t;))

i€EA_

for all t; and for some uniquely defined A; (¢;) > 0. We now wish to show by contra-
diction that the sequences {\; (¢;)} are bounded for all ¢ € A_. Assume indeed that
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the sequence of vectors {\~(¢;)} is unbounded, where these vectors have {A; (t;)}ica_

for fixed j as components. In this case, we can select a subsequence {t;} C {t;} such
that

A7 (te)
1A= (te)ll2

where \° is normalized and has at least one strictly positive component. We then
obtain from (5.21) that

(5.22) IA"(te)ll2 — oo and — A%,

Vf(z(te)) _ Ai (te) ,
(5:23) Pl ~ 2 Ptz )
which gives in the limit that
(5.24) 0= XVhi(z(t+)),

1€EA_

using the continuity of 2(-), Vf(-), and Vh;(-). If we now define
(5.25) Ap € A((ty),

we note that (5.20) and the fact that the set {x € R"|A(z) 2 A_} is closed ensure
that A_ C A,. Therefore, because of AS.9 and the fact that z(t;) € L, we may
deduce from (5.24) that all the components of A° are zero, which we just showed to
be impossible. Hence the sequence {\~(t;)} must be bounded, as well as the sequences
of its components. From each of these component’s sequences, we may thus extract
converging subsequences with limit points \;. Using the continuity of 2(-), Vf(-),
and Vh;(-), and again taking the limit in (5.21) for these subsequences, we obtain
that

(5.26) VE(z(t4)) = D A Vhi(2(t4))-
i€A_

On the other hand, (5.15) implies that

(5.27) VF(2(t4) = D N Vhi(z(t+))

i€A4

for some uniquely defined set of A7 > 0. But the fact that A_ C A, ensures that
(5.26) and (5.27) cannot hold together. Our initial assumption (5.18) is thus impos-
sible, which proves the lemma. 0

We now define the distance from any vector x to any compact set Y by

(5.28) dist(z, V) % min ||z — yll2,
yey
and the neighbourhood of any compact set Y of radius § by
(5.29) N(Y,6) ¥ {z € R|dist(z,Y) < 6}.
After showing that different active sets cannot appear in a single connected component

of limit points, we now show that connected components of limit points corresponding
to different active sets are well separated.
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LEMMA 5.5. Assume that AS.1-AS.10 hold. Then there exists a ¢ € (0,1) such
that

(5.30) dist(z., L) > ¢

for every z. € L and each compact connected component of limit points L, such that
A(L,) # A(zy).
Proof. Consider any z, € L. To this x., we can associate the sets

(5.31) D; ¥ {z e L]i € A(z)}

for i ¢ A(z.). For each z. € L., there is only a finite number of such sets, and each
of them is compact. Because of Lemma 5.4, the sets D; and L, are disjoint for all
i & A(z.). From the compactness of L, we then deduce the existence of ¥ > 0 such
that

(5.52) 28 g 2B e — ol 2

(Without loss of generality, we may assume that ¢ < 1.) Hence the distance from .
to any L, C L such that A(L,) contains some index j ¢ A(z.) is bounded below by
1, which then implies the desired result. ]

We next show that, for k large enough, every iterate xx lies in the neighbourhood
of a well-defined connected component of limit points, and also that all constraints
that are not binding for this component are also inactive at x.

LEMMA 5.6. Assume that AS.1-AS.10 hold. Assume also that the sequence {z\}
is generated by Algorithm 1. Then there exist a § € (0,3%), ¥ € (0,1), and a ky >0

such that, for all k > k;, there exists a compact connected component of limit points
L., C L such that

(5.33) zk € N(Luk, 6)
and
(5.34) A(z) C A(L«k) for allz € N(Lug,6) N L.

Proof. Because of the bounded nature of the sequence {z} (ensured by AS.1),
we may divide the complete sequence into a number of subsequences, each of which
converges to a given connected component of limit points. For k large enough, xj
therefore lies in the neighbourhood of one such connected component, say L,;. The
inclusion (5.33) then follows for § small enough and for k sufficiently large. We
then obtain (5.34) by using (5.32) and imposing the additional requirement that
6<y/4. 0

‘We now prove that, if an iterate xj, is close to its associated connected component
of limit points, but z{ has an incomplete set of active bounds, then af is bounded
away from zero by a small constant independent of k.

LEMMA 5.7. Assume that AS.1-AS.11 hold. Then there exists ko > ki (where k;
is as defined in Lemma 5.6 with § < %) such that, if there exists j € {1,...,m} with

(5.35) j€A(Lk) and j ¢ A®S)
for some k > ks, then

(5.36) af > e,
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for some e, € (0,1) independent of k and j.
Proof. Consider, for a given z, € L with A(z,) # 0 and a given i € A(z.), the
quantity

(5.37) (@) ¥ min  (Vf(z.),d)],
zatdeX (g
lldll ey <1/2

where X{;, is defined by

ef
(5.38) Xy & N x.
je{l,..m\{i}

a.i(Z«) is the magnitude of the decrease obtained by minimizing the linearized objec-
tive from z, in a ball of radius } (in the norm || - ||(x)) when dropping the ith (active)
constraint. Because of AS.9 and AS.10, one has that

(5.39) oui(24) >0

for all choices of z, € L and ¢ € A(z.). Lemma 2.1 and the continuity of Vf also
ensure that a.;(z.) is a continuous function of z.. We first minimize a.;(x.) on the
compact set of all z, € L such that ¢ € A(z.). For each such set, this produces a
strictly positive result. We next take the smallest of these results on all 7 such that
i € A(z4) for some z, € L, yielding a strictly positive lower bound 2e,. In short,

(5.40) min min o, (z.) > 2e,
1 T
for some ¢, > 0.
Now consider k£ > k;. Then, by Lemma 5.6, we know that we can associate with

xj, a unique connected component of limit points L., such that (5.33) holds. We then
choose a particular .k € L.t NN (zx,6), for which we have that

(5.41) {zw +d € Xyllldllky < 33 C {zr +d € Xgyllldllxy < 1}

for all i € {1,...,m}, where we used the inequality § < 3. Observe also that (5.38)
implies that

(5.42) Xy € X7

for all i ¢ A(zS).

Given a k > k; and such that zj, satisfies (5.35), we now distinguish two cases.
The first is when of > @.;(Z.), in which case (5.36) immediately follows from (5.40).
The second is when af < a.;(z.x). If we define d$ and d. as two vectors satisfying

(5.43) of =—(gr,d), ldCley S L, @ +df € XY,
and
(5.44) 0 (@ak) = = (VI (@ak)de),  Nldullk)y < 35 Tuk + da € X(ay,
we can write that
0 < auj(Tur) — o = (gk,dF ) — (VF(Tuk), du)
(5.45) = (gr,df — du) + (96 — Vf(zar), du)
< <gk7dkc - d*> + %”gk - Vf(w*k)”[kb
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where we used the inequality (2.14). Now combining (5.41), (5.42), and the definitions
of af , df, and d., we obtain that

(5.46) (gr,dF) = —af < (gk,du).

Substituting this last inequality in (5.45), using AS.11 and the Lipschitz continuity
of Vf (reducing § if necessary), we can find kp > k; sufficiently large such that

(5.47) 0 < 0 (Tuk) — 0f < €4

when k > k2. The inequality (5.36) then follows again from (5.40). 0

5.3. Active constraints identification. We now wish to show that, given a
limit point z,, the set of active constraints at z., that is A(L.), is identified by
Algorithm 1 in a finite number of iterations.

We first show that, if the trust region radius is small and the correct active set
is not identified at z{ (k large enough), which implies, by Lemma 5.7, that (5.36)
holds, then the kth iterate is successful.

LEMMA 5.8. Assume that AS.1-AS.9 hold. Assume furthermore that (5.36) holds
and

(5.48) BrAr < M
4

for some k > ko. Then iteration k is successful (k € S) and Ag41 > Ag.
Proof. We first observe that (2.28) and the inequalities ¢4 > 1 and cg < 1 imply
that

(5.49) M <1.
Cq

Using Theorem 5.2, (5.36), (5.48), (5.49), and the inequalities €, < 1 and B > 1, one
then deduces that

(5.50) f(ack) - mk(xk + sk) > cgeAg.

But this last inequality, Lemma 3.9, and (5.48) then ensure that

caBrA
(5.51) ok — 1) < S8k <,
C8€x
Hence py > 712, and the conclusion of the lemma follows. ]

We also need the result that the gradient projected onto the tangent cone at a
point y having the correct active set goes to zero as both this point and the iterates
tend to a connected component of limit points.

LEMMA 5.9. Assume that AS.1-AS.11 hold. Consider any subsequence whose
indices form K C N such that

(5.52) lim dist(zg, L«) =0
keEK
k—o0

for some connected component of limit points L.,

(5.53) lim ”yk - xk||(k) =0
keK

k—o0
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for some sequence {yx}kek such that yr € X, and
(5.54) A(ye) = A(L+)
for allk € K. Then one has that

(5.55) lim Pr,)(—gx) = 0.
k—o0

Proof. We first note that Lemma 2.1 and the continuity of the constraints’ normals
imply the continuity of the operators Pr(.y and Py .) as functions of {y|A(y) = A(L.)}
in a sufficiently small neighbourhood of L.. We also observe that the Moreau decom-
position of —gj, gives that

(5.56) — gk = Pr(y,)(=9k) + Pn(y)(—9k)-

Equations (5.54) and (5.56), limits (5.52) and (5.53), and assumptions AS.10 and
AS.11 then give (5.55) by continuity. 0

Among the finitely many active sets {A(z4)}z.eL, we now consider a maximal
one and denote it by A.. This is to say that A, = A(z,) for some z, € L and that

(5.57) A & Alys)

for any y. € L. We are now in the position to prove that A, is identified at least on
a subsequence of successful iterations.

LEMMA 5.10. Assume that AS.1-AS.11 hold and that the sequence {xy} is gen-
erated by Algorithm 1. Then there exists a subsequence {k;} of successful iterations
such that, for i large enough,

(5.58) A(zg,) = Ax.

Proof. We define the subsequence {k;} as the sequence of successful iterations
whose iterates approach limit points with active set equal to A,; that is,

(5.59) {k;} < {k € S|A(Lu) = AL},

and assume, for the purpose of obtaining a contradiction, that

(5.60) A(zy;41) # Ax

for all j large enough. Assume now, again for the purpose of contradiction, that
(5.61) A, C A(zf)

for such a j. Using successively AS.8, (5.60), and Lemma 5.6, we then deduce that,
for j sufficiently large,

(5.62) Av C A(Lur,11),

which is impossible because of (5.57). Hence (5.61) cannot hold, and there must exist
a p; € Ay = A(Luyx,) such that p; ¢ A(.'z:g]) for j large enough. From Lemma 5.7, we
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then deduce that (5.36) holds for all j sufficiently large. But Theorem 5.2 and the
inequalities €, < 1 and Bk, > 1 then give that

(5.63) Bi; [f (k) — f(zr;41)] = Mmcsex min(Bi; A, 4],
for j large enough, and thus, using AS.5, that
(5.64) lim By, Ag; = 0.

j—oo

The inequality Bx; > 1 and (2.11) then give that

1
(5.65) ||8k]. "(kj) Sy, < —2-5 < %
for j larger than j; > 1, say. But this last inequality and Lemmas 5.5 and 5.6 imply
that zx, 41 cannot jump to the neighbourhood of any other connected component of
limit points with a different active set, and hence z, 1 belongs to N'(L., §) again for
some L, such that A(L,) = A,. The same property also holds for the next successful
iterate, say Tx;4q, and we have that A(L.x;4q) = A.. Therefore, the subsequence
{k;} is identical to the complete sequence of successful iterations with k > k;,. Hence
we may deduce from (5.64) that
(5.66) lim BeAg = 0.

k-~ 00

keS

In particular, we have that

2
08715*(1 772)
. L — =~ =7
(5.67) BrAr < 2k

for all k € S sufficiently large. But the mechanism of the algorithm and (5.66) also
give the limit

(5.68) lim Ay =0.

As a consequence, we note that, for k large enough, z, xf, and xj, + si all belong to
N (L., ) for a single connected component of limit points L..

We also note that Lemma 5.8, the fact that (5.36) now holds for k € S, and (5.66)
together imply that

(5.69) keSS = Agp1 > Ay

for k large enough.

We can therefore deduce the desired contradiction from (5.69) and (5.68) if we
can prove that all iterations are eventually successful.

Assume, therefore, that this is not the case. It is then possible to find a subse-
quence K of sufficiently large k& such that

(5.70) k¢S and k+1€S.

Note that, because of (2.45) and the nondecreasing nature of the sequence {3}, one
has that

(5.71) By < l,@k+1Ak+1 < cgmex(l —7m2)
"M 2c4
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for k € K sufficiently large, where we used (5.67) to deduce the last inequality. Now,
if one has that

(5.72) A(z) C A(Ly),

then Lemmas 5.7 and 5.8 together with (5.71) and (2.29) imply that k € S, which
contradicts (5.70). Hence (5.72) cannot hold, and AS.8 together with Lemma 5.6 give
that

(5.73) Az + s) = A(z) = A(Ly)

for all k € K sufficiently large. Observe now that, since k ¢ S, one has that xp 1 = x%
because of (2.44), and hence, using (2.12), that

Mp41(Th1 + Sk41) — Mi(Tk + 8k) = Mpy1(Tk + Sp+1) — Me(Tk + Sk)
1 2
= (gk+1, 8k+1) = (gks k) + S lllskr1lGos1y@h1 (M1, Tk, k1)
(5.74) — skl frywn (me, i, 55)]
1 1
> (gk+1 — Gk» Sk+1) + (— Gk, Sk — Sk41) — §VfﬂkAi - §Vfﬂk+1Aﬁ+1~

But, using successively the identity z = k1, the Cauchy-Schwarz inequality, AS.3,
(2.11), (2.13), and (2.45), we have that

(Gk+1 = Gk Sk+1) = (g1 — VI (@k), $k4+1) + (VF(Tk) — ks Sk+1)

(€k+1, Sk+1) — (€ks Sk41)

75 > — |lex+1ll g+ llse+illerr) — llewllpetylisesll o)
(5:75) > — liskellgesn) [llewsilliers + oulles ]

> — 1 Apt1 [K1Dk41 + 04k1A%]

>

— l/lK,lA%_'_l [1 + %‘11]
for all k € K, and also that

(— ks Sk — 8k+1) = (Pr(oxtsr) (—9k) Sk — Sk+1) + (PN (zptsr) (—9k)s Sk — Skt1)

> = |1Pr(zxtsn) (—ge)llkillsk — sk+1llce)
(576) - <PN(wk+sk)(_gk)a PT(mk+sk)(3k+1 - 3k)>

> — || Prox+se) (=96l sk — sk+1llcr)

> — (02 + 7)1 Prise+on) (= 96) Ik v1 Bkt
for all k € K, where we have used the Moreau decomposition of —gj, the fact that
Skr1 — Sk € T(zk + sk), (2.14), the fact that the cone T'(zy + s) is the polar of
N(zk + sk), (2.11), AS.3, and (2.45). Using (2.45) again, (5.74), (5.75), (5.76), and
the nondecreasing nature of {3}, we also deduce that, for such &,

Mi4+1(Th+1 + k1) — Me(Tk + k)
(5.77) A SYAVES] ["91(1 + 2) Ay + (02 + 1) | Prizerse) (—9r) 11
+501+ ;llf)ﬁk+1Ak+1] .
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We now observe that, because of (2.37) and (5.68), we have that ||sk||(x) tends to zero
when k tends to infinity. Now applying Lemma 5.9 using (5.73) (with yx = zx + si)
to the subsequence k € K, we deduce from (5.77), (5.55), (5.68), and (5.66) that

(5.78) Mi+1(Tht1 + Skt+1) — Mi(Tk + Sk) > — a6 Apyy

for k large enough in K. On the other hand, we can also apply Theorem 5.2 to
iteration k£ + 1 and obtain

(5.79) F(@k+1) — Mk41(Thot1 + Sk41) > Ca€aliya,

where we used (5.66), the inequalities €, < 1 and Sk+1 > 1, and the fact that (5.36)
holds for all sufficiently large k € S. Hence we obtain that

fxr) — mu(zk + 58) = f(Trs1) — Mrg1(Trgr + Skg1) + Mag1 (Teg1 + Sk41)

(5.80) ~ m(@k + o)

for all k € K sufficiently large. But then, using the definition of pg, Lemma 3.9, and
(5.71), one obtains that

204

5.81 -1 <
(5.81) e =11 < =4

BrAk <1 —n

and hence that py > 79 for all £ € K large enough. But this last inequality implies
that k € S, which contradicts (5.70). The condition (5.70) is thus impossible for k
sufficiently large. All iterates are eventually successful, which produces the desired
contradiction.

As a consequence, (5.60) cannot hold for all j, and we obtain that there exists a
subsequence {k,} C {k;} such that, for all p,

(5.82) A = A1) = Al 1)

where k, + ¢ is the first successful iteration after iteration k,. The lemma is thus
proved if we choose {k;} = {k, + ¢}. O

The last step in our analysis of the active set identification is to show that, once
detected, the maximal active set A, cannot be abandoned for sufficiently large k. This
is the essence of the final theorem of this section.

THEOREM 5.11. Assume that AS.1-AS.11 hold and that the sequence {z} is
generated by Algorithm 1. Then one has that

(5.83) A(z,) = As
for all z, € L, and

for all k sufficiently large.
Proof. Consider {k;}, the subsequence of successful iterates such that (5.58) holds,
as given by Lemma 5.10. Assume furthermore that this subsequence is restricted to
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sufficiently large indices, that is, k; > ko for all i. Assume finally that there exists a
subsequence of {k;}, say {k,}, such that, for each p, there is a j, with

(5.85) Jp € A(.’l)kp) = A, and Jp o4 A((L‘kp+1).

Now Lemma 5.6, (5.57), and (5.58) give that A(L.k,) = A.. Using this observation
and AS.8, we obtain that

(5.86) Jp € A(Lur,) and jp & A(f)
for all p. But Lemma 5.7 then ensures that
(5.87) afp > €

for all p. Combining this inequality with Theorem 5.2 and the relations €, < 1 and
Bk, > 1, one obtains that, for all p,

(5.88) Bie, [f (k) — f(Tky+1)] = mcses min[B, A, €]
Using AS.5, we then deduce that
(589) pllrnolo ,kaAkp =0.

Theorem 5.2 and the inequalities €, < 1 and S, > 1 then imply that

(5.90) f(xk,) — my, (Tk, + sk,) > ceuDk,

for all p sufficiently large. On the other hand, we have that, for all k,
f(zi) — mi(@e + sk) < gk, sk) | + BellsklFy)

(5.91) < ak(lIskllry) + Beri AR

ak(llskllx)) 2A2
< W)ELIQA]Q + ,Bkl/lAk,

where we used (3.29), (3.46), (2.18), and (2.11). Combining (5.90) with (5.91) taken
at k = kp, applying the third statement of Lemma 2.2, and dividing both sides by
Ay,, we obtain that

(5.92) cses < V1| Priay,) (—9k,)l1ky) + Br, Vi Dk, -

Assuming that the sequence {zj,} converges to some z, in some L, (or taking a
further subsequence if necessary), using (5.89) and Lemma 5.9 (with K = {k,},
yr = = and A(L,) = A.), we deduce that (5.92) is impossible for p large enough. As
a consequence, no such subsequence {k,} exists, and we have that, for large 4,

(5.93) Ax C A(k,+1) € A(Luk;+1),

where we used Lemma 5.6 to deduce the last inclusion. But (5.93) and the maximality
of A, impose that

(5.94) Ay = A1) = A(Lsk,+1)
for i large enough. Hence we deduce that, for sufficiently large 4,
(5.95) A@rirg) = As,

where k; + ¢ is the index of the first successful iteration after iteration k;. Hence
k; + g € {k;}. We can therefore repeatedly apply (5.95) and deduce that

(5.96) {ki} = {k € S|k is sufficiently large },

and also that A(zx) = A, for all k € S large enough, hence proving (5.84). Moreover,
A, is then the only possible active set for the limit points, which proves (5.83). 0
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6. Convergence to a minimizer. The purpose of this section is to analyze
conditions under which the complete sequence of iterates produced by Algorithm 1
can be shown to converge to a single limit point. By Corollary 3.16 and AS.11, this
limit point is, of course, critical. We will assume in this section that there are infinitely
many successful iterations. Indeed, the convergence of the sequence of iterates is trivial
if all iterations are unsuccessful for sufficiently large k.

We define C, as the set of feasible points whose active set is the same as that of
all the limit points, that is,

(6.1) C, ¥ {z € X|A(z) = A.}.
We also define V(z) as the plane tangent to the constraints indexed by A.,, that is
(6.2) V(z) ¥ {z € R"J,(z)z = 0},

where J,(z) is the Jacobian matrix whose rows are equal to {Vh;(z)T }ica. -

As we wish to use the second-order information associated with the objective
function, we must clearly assume that it exists.

AS.12. The objective function f(-) is twice continuously differentiable in an open
domain containing X.

We can now prove that if the model curvature along successful steps is asymptot-
ically uniformly positive and if a limit point is an isolated local minimizer, then the
complete sequence of iterates converges to this single limit point. In the statement
of this result we use the second-order sufficiency condition that the Hessian of the
objective is positive definite on the tangent plane to the constraints at the solution
(see, e.g., Theorems 6.1 and 6.2 in [4]), which guarantees the isolated character of the
minimizer.

THEOREM 6.1. Assume that AS.1-AS.12 hold, that the sequence {zy} is generated
by Algorithm 1, and that the set S is infinite. Assume also that there is an € > 0 such
that

(6.3) lim inf wy (M, Tk, Sk) > €
keSS

k—o00

and that, for some x, € L, V2 f(x.) is positive definite on the corresponding tangent
plane V(z.). Then

(6.4) lim ) = z,.
k—o0

Proof. We first observe that z, is a critical point because of AS.11 and Corol-
lary 3.16. We consider {zx,}, a subsequence of successful iterates converging to .
We now choose §; > 0 small enough to ensure the following two conditions. The first
is that we can define Z(z), a matrix whose columns form a continuous basis for the
tangent plane V(z). The existence of such a basis is ensured in a sufficiently small
neighbourhood N (z.,61) of z. by assumptions AS.6 and AS.9. The second condi-
tion is that Z(z)TV2f(z)Z(z) (that is, VZf(z) restricted to the subspace V(z)) is
uniformly positive definite in M(z.,81) N C..

‘We now introduce

def €01
(6.5) b = yr— <
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and define fp to be the largest value of the objective such that the level set

(6.6) P Y {2 € N(24,6:) N Culf(2) < fp} C N(z4,64),

which is possible because the positive definiteness of Z(x)T V2 f(z)Z(z) in N(z.,61)N
C. guarantees the strict convexity of f(z) in this set.

‘We then use Theorem 5.11 and choose 3; such that k;, > 0 is sufficiently large to
guarantee that, for all i > i,

(6.7) zi, €P,

and also, for all k € S with k > k;,,

(6.8) zy € Cy

and

(6.9) wk(Mk, Tk, Sk) > 3€.

We note that, for k > 0,

(6.10) sk € T(zk)-
Because of (6.8) and Lemma 5.9 with y;, = z, we deduce that
(6.11) I1Prz,) (—g6)ll iy < 6+

for all k € S larger than k;, > k;,, say.
Now consider
(6.12) 0> Mi; (xki + ski) = Mk, (Tk,) = (gki» Sk:) + %Hski “%ki)wki (Mky> Thy Sk )

where the equality results from (3.29) and the inequality from the definition of the
step sk;. Using successively (6.12), (6.9), the Moreau decomposition of —gi,, and
(6.10), we then deduce that

-2 <gkg’3ki) < é ‘(PT(ka,-)(_gki)skeH
W, (M, Thy Sk, ) 18k llks) ~ € ll sk ll e

for ¢ > i3. Hence, using (2.14) and (6.11),

(613) ”'ski”(ki) <

4 46,
(6.14) lskllomsy < 2P, (=gk)llma < ——

for i > i5. Using this last relation, the equivalence of norms, and the triangle inequal-
ity, we obtain that, for such i,

40
(6.15) Zki+1 — @xll2 < lIsk:ll2 + [Tk — Zsll2 < [—6—2 + 1] 6x = 61.

We now observe that k; € S implies f(zx,+1) < f(zr;) < fp. Hence zg,41 € P
and all conditions that were satisfied at x), are again satisfied at the next successful
iteration after k;. The argument can therefore be applied recursively to show that

(6.16) T4 EP C N(:E*, 61)

for all j > 1. Since §; is arbitrarily small, this proves the convergence of the complete
sequence {zy} to z,. O
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7. Discussion and extensions. The purpose of this section is to further dis-
cuss aspects of the theory presented above, from the point of view of both practical
implementation and interesting theoretical extensions.

7.1. Simple relaxation-based tests for inexact projections. A computa-
tional difficulty in the framework of Algorithm 1 is the practical enforcement of condi-
tion (4.12) in the GCP calculation. Indeed, although the left-hand side can be readily
calculated for any vector z, the right-hand side contains the quantity «(t;), which
may not be available. However, an upper bound on a(t;) can often be derived in the
following way.

Assume, for example, that we have computed a candidate for the GCP step, say
z;, such that

(7.1) lzll <ti and |{g,2:)|= e(]zl)-

The last of these conditions says merely that z; minimizes the linearized model in a
“ball” of radius ||2;||. The aim is then to verify that z; satisfies (4.12), i.e., that 2;
gives a large enough reduction of this linearized model compared to that obtained
by the minimizer in a ball of radius ¢; > ||z;||. Using the definition of a(¢;) and the
second part of Lemma 2.2, it is easy to see that

(7.2 a(t) <1821

and (4.12) can thus be guaranteed by checking the stronger condition

(73) (g, zi) < _lll3til (g, 2:) |,
el

which is equivalent to verifying that

(7.4) ll2:ll > psts.

The situation described by (7.1) is far from being unrealistic. It may arise, for
example, if a(t;) is computed by an iterative method starting from z and ensuring
(7.1) at each of its iterations.

Another interesting case is when X is polyhedral and | - ||(x) is the infinity norm
for all k. We then find a vector z; satisfying (4.12) by applying a simplex-like method
to the linear programming problem (2.18). Using the fact that the current iterate is
feasible and adding slack variables if necessary, this problem can then be rewritten
(again dropping the k’s) as

(7.5) min (g, d)

subject to the constraint

(7.6) Ad=0
and the componentwise inequalities
(7.7) I<d<u

for some constraint matrix A and some vectors of lower and upper bounds ! and w,
depending on the value of ¢ in (2.18) (or, equivalently, of ¢; in (4.12)). If we use a
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simplex-based method for solving this problem, we calculate, at each iteration of this
method, an admissible iterate d; and an associated admissible basis B,. It is then
easy to compute

(7.8) me=g%5,B;' and pg = max(0,mede; —g;) (=1,...,n),

where gp, is the basic part of g, and e; is the jth vector of the canonical basis of
R"™. Remarkably, m, and the vector uy (whose components are the pg;) provide an
admissible point for the problem

(7.9 max — (Al,m) — (u — 1, u) + (g,1)
subject to

(7.10) TA-p<g

and

(7.11) u>0.

But this problem is the dual of problem (7.5)—(7.7) after the change of variables d' =
d—1. As a consequence, we can use the weak duality theorem for linear programming
(see, e.g., [17, p. 40]) and deduce that (Al, g + (u ~ I, ue) — (g, 1) is an upper bound
on the value of a(t;) in (4.12). We may then stop our simplex-based algorithm as
soon as

(712) [{gode) | > s_minm [{ALm,) + (u— L, ar) — (g 1)],
since this condition implies

(7.13) | {g,de) | > mza(ts),

thus ensuring (4.12) for z; = d,. This technique therefore allows for the inexact
solution of the linear program implicit in (2.18).

We also note that the use of interior point methods for linear programming (see,
e.g., [27]) seems quite attractive for solving the same problém in the case where ||-|| is a
polyhedral norm and X is polyhedral. These algorithms indeed provide a sequence of
feasible approximate solutions together with an estimate of the corresponding duality
gaps, which can then be used to stop the process as soon as condition (4.12) is satisfied.

7.2. Constraint identification in the presence of linear equations. We
now consider the case where the feasible domain X is defined not only by a set of

convex inequalities (as in AS.6) but also by a set of independent linear equations of
the form

(7.14) pi(z)=0, i=1,...,q,

where each of the p; is an affine function from R™ into R.

We first observe that identifying the active p; at the solution is trivial: they are
all active by definition. The only remaining question is then to examine whether their
very presence can upset the theory developed in §5. We also note that representing
an equation by two inequalities of opposite sign does not fit with this theory, because
AS.9 is then automatically violated. We therefore need to discuss this case separately.
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The simplest way to exploit the identification theory for inequalities is to eliminate
the linear equations and view Algorithm 1 as restricted to the affine subspace, say W,
where the equations (7.14) hold. We therefore consider the reduction of the original
problem to W as follows. Assume that Z is an n X n — ¢ matrix whose columns form
an orthonormal basis of the linear subspace parallel to W. The problem can now be
rewritten as

(7.15) min f(y) ¥ £(Zy)

subject to the constraints

(7.16) hi(y) € hi(Zy) >0 (i=1,...,m),

where y € R"77 (see [15, p. 156] for an introduction to the variable reduction tech-
nique). The idea is to show that, if an adapted version of AS.6-AS.11 holds for the
problem including the constraints (7.14), then AS.6-AS.11 hold for problem (7.15)-
(7.16). The theory of §5 then applies without any modification.

Assumptions AS.6—-AS.8 and AS.11 need not be modified for handling the con-
straints (7.14). Therefore, they also hold for problem (7.15)—(7.16). Assumption AS.9,
however, requires the following modification.

AS.9b. For all z, € L, the vectors {Vh;(z.)}ica(z,) and {Vp;(z.)}{_, are linearly
independent.

The formal expression of AS.10 is unchanged, but AS.6 and AS.9b imply that the
normal cone N(z.) is now defined by

(7.17) N((I:*) = {y (S Rnly = — Z )\thz(.’L‘*) - Z&ini(w*),)\i > 0}

i€A(xx) i=
instead of (5.13).
Defining z.. ez v, and A(y,) def A(zy), we first note that AS.9 holds for problem

(7.15)—(7.16) as a consequence of AS.9b.

THEOREM 7.1. Assume that AS.9b holds. Then the vectors {Vh;(y.)}
linearly independent.

The proof of this result belongs to the folklore of mathematical programming,
and an easy proof is given in the Appendix A.

Similarly, AS.9b and AS.10 with (7.17) imply that AS.10 holds for problem (7.15)—
(7.16), as expressed in the following proposition.

THEOREM 7.2. Assume that AS.9b and AS.10 hold with (7.17). Then

(7.18) — Vi) €[N (y)],

where

i€A(ya) are

(7.19) N(y,) & {z ER™z=— 3 ANVhi(y) A 2 0} .

The proof of this result can also be found in Appendix A.

The conclusion of this simple reduction exercise is that all the conditions required
for the theory of §5 to hold are satisfied for problems (7.15)—(7.16). The presence of
equality constraints therefore does not affect the identification of active inequality
constraints in a finite number of iterations of Algorithm 1.
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7.3. Constraint identification without linear independence of con-
straint’s normals. One may note that AS.9 is a rather strong constraint qualifi-
cation and wonder if it can be weakened without affecting the result that “the correct
active set” is identified in a finite number of iterations.

In order to answer this question, we first note that Algorithm 1 and the GCP
and RS Algorithms do not depend in any way on the particular parametrization
(description) of the feasible set X that is used. The constraints functions h; were
indeed introduced only in AS.6 and play no role in the theoretical algorithm. As a
consequence, one can clearly add redundant constraints of the form

(7.20) ri(z) >0 (i=1,...,m,)
to the set {h;}*, without modifying the result that the algorithm will identify the
correct active constraints in the set {1,...,m}.

Identification of the active redundant constraints in {r;};~; will then depend on
the existence, for each of these constraints, of a set A; C {1,...,m} such that
(7.21) {z € X|A(z) = A;} C {z € X|ri(z) = 0}.

If this property holds for r;, and if A; = A., then the activity of r; will clearly be
detected in a finite number of iterations.

For example, if r;(x) is a multiple of h;(z), say, and if j € A,, then r; is identified
as an active constraint in a finite number of iterations. Another example is given by
the problem

(7.22) minz +y
subject to
(7.23) hi(z,y) =2 >0, ho(z,y)=y>0, ri(z,y)=z+4y>0.

In this case, the constraint r; is active if and only if both h; and hg are active
(A1 = {1,2}). It is therefore detected as an active constraint in a finite number of
iterations because the activity of hy and hs is also.

On the other hand, if we consider the problem

(7.24) miny
subject to
(725) hl(m’y) =Yy—- x2 > 0 and 1‘1(117, y) =Y > 0?

we note that the activity of 1 at the solution may not be detected in a finite number
of iterations. This is because there is no subset A; C {1,...,m} = {1} such that
(7.21) holds.

The above arguments show that a weak active constraint identification is possible
without the assumption of linear independence of the constraints’ normals. In order to
avoid this assumption and to obtain this identification property more directly, several
researchers have used a purely geometrical description of the feasible domain for some
less general cases (see [3], [4], and [31]). It would be quite interesting to develop such
a geometric theory in our framework. This approach seems indeed possible, because a
specialization of our identification results to linear inequalities shows that the correct
active face of the corresponding convex polytope is identified by Algorithm 1 in a finite
number of iterations. This geometric rephrasing of nonlinear constraint identification
results is the subject of ongoing research.
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7.4. A further discussion on the use of approximate gradients. The tech-
nique for handling inexact gradient information, as proposed in §2.2, is identical to
that analyzed by Toint in [29], but is quite different from that proposed by Carter in
[6] for the unconstrained case, where he only requires that, for all k£ > 0,

(7.26) 1 D; Texllz < 7l Dg T gkll2

for some 7 € [0,1 — 72) and some symmetric positive definite scaling matrices Dy,
such that the norms ||D;T(:)||]2 do satisfy AS.3. Convergence is proved under this
remarkably weak condition by using the property that

D—T
(7.27) lim (1—pg) < lim !T’“ eellz__ —
Ar—0 Ar—0 ”Dk gk"2 cos Uy, Ax—0 cos Vg

where 9Jj is the angle between Dgsy and —D;Tgk. The next step in Carter’s de-
velopment is to show that ¥) tends to zero when the trust region radius Ay tends
to zero, for a large class of trust region schemes applied on unconstrained problems.
The relation (7.27) then implies that pi > 7, for small enough Ag, and hence the
kth iteration is successful, the trust region radius increases, and the algorithm can
proceed.

This line of reasoning unfortunately does not apply to constrained problems,
where it may well happen that the negative gradient and its approximation both
point outside the feasible domain. As a consequence, if xj lies on the boundary of
X, the accuracy level 7 requested for ey may depend on ¥y, which can be bounded
away from zero as it depends on the angle of D,'C'Tg,c with the plane tangent to the
constraint boundary at zx. For example, if one considers the problem

(728) min —2(L‘1 - 2:1!2

with the constraints

(7.29) 21 <0 and =z, <3,

and if one assumes that Dy = I, zy is the origin, and mg(s) = —2s; — Bs2 for some
B > 0, then it is not difficult to verify that

(7.30) T<(1—1m2)cos < (1 —1n2)8/V/4+ 52

is required in (7.26) for the iteration to be successful with A1 > Ay, and this value
depends on the geometry of the feasible set at xj, (see Fig. 5, where the shaded area
corresponds to all steps that produce a model decrease).

A fixed value, as used in [6], is therefore insufficient to cope with a possibly com-
plex geometry of the feasible set X, and an adaptive scheme, such as that suggested by
(2.13), is necessary. Furthermore, our purposely broad assumptions (2.37) and (2.38)
are too loose to guarantee a well-defined (isotonic, for example) behaviour of ¥ as Ay
tends to zero. Finally, Carter also exploits in his theory the fact that the problem is
unconstrained, and thus that || D, T g||2 can be viewed as a criticality measure for the
problem at hand. When constraints are present, this is not the case anymore, and the
lack of relation between a criticality measure and the right-hand side of (7.26) makes
the direct adaptation of this criterion to the constrained framework quite difficult.

Condition (2.13) also differs from the more abstract condition used by Moré in
[19], namely that e should tend to zero for a converging sequence of iterates. This
condition is related to (3.70) and (3.90) in our analysis.
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\ z, = (0,3)

=V f(zx)
sk =(0,1) 7 —9k

zr = (0,0)

F1G. 5. The impact of the feasible set geometry on the angle ¥.

One attractive feature of Carter’s condition (7.26) is the fact that the accuracy
requirement is relative to the size of the approximating vector g, and hence also to

the size of the true gradient V f(zx), as can be seen as follows. From (7.26), we have
that

-7 -7 -7
(731) ”_I;k gk ll2 < “_I;k ex||2 <14 T!?k 9kll2 ,
1D~V f (k) |2 1D~ V£(zi)ll2 1D "V f(zi)ll2
and hence, using the fact that v € [0, 1),
_ 1 -
(7.32) 1Dz T grllz < T 1Dk TV f (k) 2,

yielding the desired inequality.
It is important to note that our condition (2.13) can be made relative as well, in
the form of the criterion

(7.33) llexllk) < min[xky Ak, k2] l|gk |l k]

where k2 € [0,1). This relative criterion does in fact imply (2.13). This implication
is based on the following simple result.

LEMMA 7.3. Assume that AS.3 and (7.33) hold. Then there exists a constant
cg > 0 such that

(7.34) llgxlik) < co

for all k > 0.
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Proof. Because of (7.33), we have that

1
(7.35) gl < IV F(@r)lim + llexlln < 0—3||Vf(wk)l|2 + K2||gkl %1
and hence the compactness of £ implies that (7.34) holds with

l max|[Vi@)|s. O

(736) ©= 0'3(1 - K,2) €L

As a result of this lemma, we obtain from (7.33) that
(7.37) llexllix) < co minfki Ak, k2] < cor1Ag,

and (2.13) therefore holds with k; replaced by cgk;. The theory developed in this
paper is therefore also valid when condition (7.33) is imposed instead of (2.13).

We end this subsection by noting that AS.11 can be omitted without altering
the constraint identification result of Theorem 5.11 in the case where the complete
sequence of iterates converges to a single limit point z., and where the model’s gra-
dients g converge to a well-defined limit g, such that —g, belongs to the relative
interior of the normal cone at x,. This amounts to replacing AS.11 by the following.

AS.11b.

(7.38) lim z4 = .
k—o0
and
(7.39) klinolo gk =9« and — g, €ri[N(z.)].

The theory of §5 must then be adapted accordingly. In particular, the proof of
Lemma 5.7 is modified by replacing V f(z«) by g« in (5.37); the minimum over z.
then disappears from (5.40) and the rest of the proof follows.

The second crucial adaptation is the observation that Lemma 5.9 merely requires
that

(7.40) lim lex|py =0,

k— o0

which is weaker than (AS.11). Condition (7.40) fortunately holds whenever Lemma 5.9
is used: it is ensured by (5.68) and (2.13) in the proof of Lemma 5.10 and by (5.89)
and (2.13) in the proof of Theorem 5.11 since B¢ > 1 for all k.

Assumption AS.11b seems natural if the correct active set is to be identified at
all, since the vectors g should clearly provide some consistent first-order information
for this property to hold.

7.5. An extension to noisy objective function values. We note that (2.12)
(specifying that the model and function values should coincide at the current iterate)
is not used anywhere in the convergence theory of §3, except in Lemma 3.9. This leaves
some room for a further generalization of Algorithm 1, where not only gradient vectors
are allowed to be inexact, but also where the objective function values themselves are
not known exactly.

Indeed, define the quantity Ej by

def flzx) — my(zg)
(7.41) By = mi(zk) — mi(zk + sk)
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E;, is therefore a measure of the uncertainty of the objective function value relative
to the predicted model decrease for the current step si. Clearly, if |Ey| is of the order
of one or larger, then the predicted model reduction is comparable to the uncertainty
in the objective, and the step sj is then likely to be completely useless: the algorithm
might as well stop at . Conversely, if |Eg| is small, then the predicted model
reduction is significant compared to the uncertainty in the objective value, and the
algorithm may proceed.

This argument is very nicely supported by the theory, as can be seen as follows.
We first note that the term |f(zx) — mi(zk)| now appears in the right-hand side of
(3.48) and (3.49), so that (3.47) becomes

(7.42) |f (@ + sk) — mu(@x + sk)| < |f(2x) — m(zr)| + cabr.
We then use this inequality instead of (3.47) to obtain that
(7.43) (pres = 1] < 2B, |+ o1 Brt

3

instead of (3.57), and the right-hand side of this inequality is smaller than 1 — 7,
provided that we assume the bound

(7.44) |Ex| < 36(1 —12)
for all k and for some ¢ € [0,1), and provided that (3.53) is replaced by

A
(7.45) €< — (lc“_ﬂ =
and (3.54) by
(7.46) By, < 1l _212)(1 —9.,
One then can deduce (3.52) with
(7.47) o5 = 71e3(l —0712)(1 - ¢)€.

The rest of the global convergence theory of §3 then follows as before. Hence we
conclude that, provided the relative uncertainty on the objective value Ej satisfies
the typically very modest bound (7.44) (|Ex| < 0.1 for ¢ = 0.8 and 7, = 0.75),
Theorems 3.12 and 3.15 still hold.

8. Conclusions and perspectives. In this paper, we have presented a class of
trust region algorithms for problems with convex constraints that uses general norms,
approximate gradients, and inexact projections onto the feasible domain. We have
proved global convergence of the iterates generated by this class to critical points.
Identification of the final set of active inequality constraints in a finite number of
iterations is also shown under slightly stronger assumptions. Interestingly, this theory
does not assume the locally polyhedral character of the constrained set.

We have also considered practical implementation issues, including an explicit
procedure for computing an approximate generalized Cauchy point. Application of
these ideas to problems whose linear constraints represent the flow conservation laws
in a network is presently being studied.
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Appendix A. Proof of Theorems 7.1 and 7.2. Considering the variable
reduction introduced in §7.2, we first note that

(A1) Vi(y)=ZTVf(z) and Vhi(y) = ZTVh(z).
A.1. Proof of Theorem 7.2. Assumption AS.10 with (7.17) yields that
g
(A.2) V@)= > ANVhi(z.)+ Y &Vpi(z.)
i€A(zx) i=1

for some \; > 0 and &; # 0. Applying ZT to both sides of this relation and noting
that ZTVp;(z.) = 0 by definition, we obtain the desired conclusion. O

A.2. Proof of Theorem 7.1. Assume that

(A.3) Z ¢:iVhi(y,) = 0.

Premultiplying by Z and using (A.1), we obtain that

(A.4) > 6i2Z"Vhi(z.) =0.

Assume, furthermore, for the purpose of contradiction, that

(A.5) > ¢l - 22T)Vhi(z.) #0.

i€A(zx)

Since I — ZZ7T is the orthogonal projection onto the subspace spanned by the vectors
{Vpi(z«)}, we can write that

q
(A.6) > 6l - 22T)Vhi(x.) =Y x:Vpi(x.)
i€A(z) i=1
for some Y;, not all x; being zero. Adding (A.4) to (A.6), we obtain
q
(A7) > $iVhi(z.) - Y xiVpi(x.) =0,
1€EA(xx) i=1

which contradicts AS.9b. Hence (A.5) does not hold, and

(A.8) > 6l - 2ZT)Vhi(z.) =0.
i€A(zy)

Summing (A.4) and (A.8), and using assumption AS.9b, we deduce that ¢; = 0 for
all i € A(z.), which yields the desired conclusion. O
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Appendix B. Glossary.

Symbol

I lwys - Nliwg
ag(t

(o7
0]

c
g

ag[z]

Bk

Y1,72,73
6

Ag
m,n2

K1

Hi1, B2

U3

Ha

V1

va

V3, V4

Pk
01,02,03,04

¥

wk(g, z,v)

C9

C

C.
dist(z,Y")
Dy

€k

Ej,

Definition

§2.2
(2.18)

(3.21)
(5.4)

(5.9)
(3.2)

(3.46)

(2.42), (2.43), (2.45)
Lemma 5.6

(2.11)

(2.40), (2.42), (2.43)
(2.13)

(2.33), (2.35)
(2.32)
(2.38)
(2.11)
(2.31)
(2.34)
(2.39)
(2.16), (2.17)

Lemma 5.5

(3.29)

(3.34)

(5.3)

(5.57)

(2.11)

Theorem 3.2, (3.3)
Lemma 3.6, (3.31)
Theorem 3.7, (3.44)
Lemma 3.9, (3.50)
Lemma 3.10, (3.60)
(3.74)

(3.82)

Theorem 5.2, (5.10)
Lemma 7.3, (7.36)
(a.41)

(6.1)

(5.28)

after (7.26)

after (2.13)

(7.41)

after (2.1)
after (2.12)
(AS.6), (5.2)
after (2.46)
after (6.2)
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Purpose

iteration dependent norm and its dual

the magnitude of the maximum linearized model
decrease achievable in the intersection of X and a ball of
radius t centred at

ag(1)

the magnitude of the maximum linearized model
decrease achievable in the intersection of X,f and a ball
of radius t centred at xj

g (1)

the magnitude of the maximum linearized objective
decrease achievable in the intersection of X and a ball of
radius 1 centred at z

monotonically increasing upper bound on the model’s
curvature along relevant directions (at iteration k)
contraction/expansion factors for trust region updating

the trust region radius

model accuracy levels

the model’s gradient accuracy relative to the trust region
radius

Goldstein-like constants for the projected search

the relative projection accuracy

model value relaxation w.r.t. value at the GCP

outer trust region radius definition parameter

inner trust region radius definition parameter
minimum steplength condition parameter

ratio of actual (function) to predicted (model) decrease
constants in the uniform equivalence of the norms || - ||( k)
and || - || %)

lower bound on the distance between connected
components of limit points

the curvature of the function ¢ from z along v

= wi(mk, Tk, s$)

the active set at =

the maximal active set at limit points

the trust region at iteration k

uniform equivalence constant for ay[z]

uniform upper bound on wg(f, z, s)

model decrease parameter

upper bound on the model’s gradient norm

set of admissible GCP steps of length at most ¢

set of feasible points with active set equal to A«

the distance from z to the compact set Y

symrnetric positive definite scaling matrix at iteration k
difference between the model’s and the objective’s
gradients

uncertainty of the objective value relative to the
predicted model decrease

the objective function

the gradient of the model at iteration k, taken at x,
inequality constraint functions

symmetric approximation to the objective’s Hessian at xj,
the Jacobian matrix of the h; restricted to rows whose
index is in A, taken at x
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Symbol

Lux
L,

N(z)
N(Y,6)
Di

Px

7;
ri(Y)
R[]

Ry[z!, 2P, ¥

V(z)

zx(0)
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Definition

Lemma 5.6
Lemma 5.7
(2.4)

before (AS.9)
(2.3)

after (3.32)
after (4.32)
§5.2

Lemma 5.6

Lemma 5.5, (5.30)
§2.2

(2.6)

(5.29)

(7.14)

before (2.5)
(7.20)

before (5.14)
(4.1)

§4.1
(2.30)—(2.35)
(2.37)-(2.38)
end of §2.3
before (2.30)
2.7

(6.2)

§7.2

§4.2

§4.2

§4.2

§4.2

§4.2

§2.2
(2.48)
(2.36)
(4.44)
3.1)

after (2.2)
(5.1), (5.2)
(5.5)

§7.2

before (6.5)

Purpose

cone and its polar
set of all limit points

the intersection of the feasible domain with the level set
associated with f(zo)

the Lipschitz constant of the objective’s gradient

the Lipschitz constant of the model’s gradient

the connected component of limit points containing z«
the connected component of limit points associated with
T

cgnnected component of limit points not ¢containing .
the model of the objective at iteration k

the normal cone to X at the feasible point z
neighbourhood of a compact set Y of radius §

linear equality constraint functions

the orthogonal projection onto X

redundant inequality constraint functions

relative interior of the convex set Y’

the restriction operator

restriction of the path [z, z?,z%]

the step from zj, to the GCP

the step at iteration k

the set of indices of successful iterations

upper bound on the length of the GCP step

the tangent cone to X at the feasible point x

the linear subspace such that z + V(z) is the tangent
plane at x to the constraints indexed by A«

affine subspace determined by the linear equality
constraints p;

the iterate of Algorithm 1 at iteration k

the projected gradient path starting from xj

the Generalized Cauchy Point

the projection of z* on the convex set Ct

a critical point

the convex feasible domain

convex sets whose intersection is the feasible domain

relaxation of the feasible domain determined by the
constraints active at the GCP

matrix whose columns form an orthonormal basis of the
linear subspace parallel to W

matrix whose columns form a continuous basis for V (z)
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Appendix C. Summary of the assumptions.

AS.1. The set £ is compact.

AS.2. The objective function f(z) is continuously differentiable and its gradient Vf(z) is
Lipschitz continuous in an open domain containing L.

AS.3. There exist constants 01,03 € (0,1] and 02,04 > 1 such that, for all k; > 0 and k2 > 0,

a1llzllxy) < lzllrg) < o2ll2ll(ky) and osllzlik,] < lllk,y) < Fallzlliry)

for all z € R™.
AS.4. The series

s
k=0

is divergent.
AS.5. The limit

lim Bg[f(zk) — f(zr+1)] =0
k—o00
holds.
AS.8. For all i € {1,...,m}, the convex set X; is defined by
X; = {(IJ € Rnlh,'(.’l:) > 0},

where the function h; is from R™ into R and is continuously differentiable.
AS.7. For all k sufficiently large,

(gr>5E ) < —paag (t),

for some strictly positive ¢; > ||sf||(k) and some constant u3 € (0,1].
AS.8. For all k sufficiently large,

A(zf) C Ak + sx)-

AS.9. For all z« € L, the vectors {Vh;(zx)}ica(z,) are linearly independent.
AS.10. For every limit point z« € L,

—V f(z+) € ri[N(z«)]-
AS.11.

li =0.
Jim llex )

AS.12. The objective function f(-) is twice continuously differentiable in an open domain
containing X.

AS.9b. For all z. € L, the vectors {Vhi(z«)}ica(z,) and {Vpi(z«)}{_, are linearly indepen-
dent.

AS.11b.

lim zp =x«, lim g =g« and — g« € ri[N(z«)].
k—o0 k—o00
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