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Abstract. We present a filter line search method for solving general nonlinear and nonconvex
optimization problems. The method is of the filter variety but uses a robust (always feasible) sub-
problem based on an exact penalty function to compute a search direction. This contrasts traditional
filter methods that use a (separate) restoration phase designed to reduce infeasibility until a feasible
subproblem is obtained. Therefore, an advantage of our approach is that every trial step is com-
puted from subproblems that value reducing both the constraint violation and the objective function.
Moreover, our step computation involves subproblems that are computationally tractable and utilize
second derivative information when it is available. The formulation of each subproblem and the
choice of weighting parameter is crucial for obtaining an efficient, robust, and practical method. Our
strategy is based on steering methods designed for exact penalty functions but is fortified with a
trial step convexification scheme that ensures that a single quadratic optimization problem is solved
per iteration. Moreover, we use local feasibility estimates that emerge during the steering process
to define a new and improved margin (envelope) of the filter. Under common assumptions, we show
that the iterates converge to a local first-order solution of the optimization problem from an arbitrary
starting point.
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1. Introduction. This paper considers the general nonlinear optimization
problem

(1.1) mini%lize f(z) subject to c¢(z) >0,

TER™
where both the objective function f : R™ — R and the constraint function ¢ : R® —
R™ are assumed to be twice continuously differentiable. We seek a first-order KKT
point (z,y) that satisfies

(12) Rl = () 2700 = (0).

min [c(z), y

where g(x) := Vf(z) € R" is the gradient of the objective function, J(x) := Ve(z) €
R™*™ ig the Jacobian of the constraint function, y is the Lagrange multiplier vector,
and the minimum is taken componentwise. Our algorithm may easily handle con-
straints with general lower/upper bounds and handle equality constraints directly,
i.e., it does not replace them with pairs of inequality constraints. Problems of this
type arise naturally in many areas, including optimal control [2, 3, 6, 25, 32], resource
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allocation [1, 31], solution of equilibrium models [20, 38], and structural engineer-
ing [5, 34].

Popular methods for solving (1.1) can broadly be characterized as interior-point or
active-set methods. Interior-point algorithms [44, 46, 47] offer polynomial-time com-
plexity bounds in many cases and readily scale up to problems involving millions of
variables. Their main disadvantage is the inability to use effectively a good initial esti-
mate of a solution. In fact, many interior-point methods immediately move the initial
guess into the strict interior of the feasible region. It is from this interior location that
future iterates are forced to remain and it justifies the name “interior-point” methods;
more modern “infeasible” interior-point methods avoid this defect to some degree.

Active-set methods [10, 16, 27, 28, 29, 30, 37, 39] complement interior-point meth-
ods since they naturally utilize information derived from a good estimate of a solution.
In fact, if the optimal active set (the set containing those constraints satisfied as equal-
ities at a solution) was known in advance, then problem (1.1) could be solved as an
equality constrained problem and its combinatorial nature would be eliminated. It is
precisely this property that makes active-set methods widely used to solve the pre-
viously mentioned class of problems. The main weakness of active-set algorithms is
that each subproblem typically requires the solution of a linear or quadratic program,
which is often expensive when compared to interior-point methods that require a
single linear system solve per iteration.

In this paper we describe an active-set method that generates a sequence of it-
erates from the solutions of subproblems defined by local models of the nonlinear
problem functions. The subproblems are always feasible since they are based on an
exact penalty function. To ensure that these models result in productive steps, we use
steering techniques [11] to adaptively adjust the weighting (penalty) parameter. In
contrast to original steering methods, we use a step convexification procedure similar
to [7, 18] to avoid solving multiple quadratic programs during each iteration.

To provide convergence guarantees, we must include a mechanism for determin-
ing when one point is “better” than another. A merit (penalty) function or a filter
is among the most common tools used for this purpose. A merit function combines
the objective function and a measure of constraint violation into a single function,
whereby their individual perceived importance is determined by a weighting parame-
ter. The quality of competing points is then measured by comparing their respective
merit function values. A potential weakness is that the quality of iterates depends on
the value of the weighting parameter, which can make step acceptance sensitive to its
value. In part, filter methods surfaced to mitigate this parameter dependence. In the
context of nonlinear optimization, filter methods were introduced by Fletcher, Leyffer,
and Toint [22, 23] and have since been rather popular [13, 14, 15, 21, 24, 44]. A filter
views problem (1.1) as a multicriterion optimization problem consisting of minimiz-
ing the objective function and minimizing some measure of the constraint violation,
with certain preference given to the latter. Roughly, a trial iterate is then considered
acceptable if it has a smaller value of either the objective function or the constraint
violation compared to the previously encountered points. Consequently, it is often
the case that filter methods accept more iterates and perform better. It should be
mentioned, however, that every known provably convergent filter method has a weak
dependence between these two criteria that is embedded in the step acceptance crite-
ria. In fact, this observation partly motivated the work on flexible penalty methods
by Curtis and Nocedal [19]. They describe how a single element filter is essentially
equivalent to the union of points acceptable to the ¢;-penalty function defined over
an interval of weighting parameter values.
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A great disadvantage of filter methods is that they (traditionally) require the use
of a restoration phase. A restoration phase is (typically) entered when the subprob-
lem used to compute trial steps is infeasible; some algorithms, e.g., [46], enter the
restoration phase for additional reasons. When this situation occurs, the restoration
phase is triggered and a sequence of iterates focused on reducing the constraint vio-
lation is computed until the desired subproblem becomes feasible. During this phase,
the objective function is essentially ignored, which is highly undesirable from both a
practical and a computational perspective.

Our active-set method is globalized by using a filter but never needs to enter
a (traditional) restoration phase. This is accomplished by using subproblems that
are always feasible and, in certain instances, allow for the acceptance of iterates that
decrease both the exact penalty function and the constraint violation. In essence,
we replace an undesirable restoration phase with an attractive penalty phase. Thus,
we combine ideas from both filter and penalty methods to formulate a robust and
effective method; we believe this further builds upon the basic observations in [19].

This paper contains three main contributions. First, we present a filter method
that avoids a traditional and highly undesirable restoration phase. To this end, we
utilize subproblems based on exact penalty functions that are always feasible and
formed from models of both the objective function and constraint violation. Second,
our method incorporates second derivative information without requiring global mini-
mizers of nonconvex constrained subproblems (cf. [21]). Our step computation is most
similar to [28, 30], which was described in the context of line search and trust-region
penalty methods. Third, we use local feasibility estimates that emerge during the
steering step computation to define a new and improved margin (envelope) of the
filter. This allows us to define an adaptive and practical margin.

Our work is not the only method designed to resolve weaknesses in traditional
filter methods. Chen and Goldfarb [12] presented an interior point method that
uses two penalty functions to determine step acceptance: a piecewise linear penalty
function whose break points are essentially elements in the filter, and the ¢s-penalty
function. Under this scheme, a trial step is accepted if it provides sufficient reduction
for either penalty function.

The remainder of this paper is organized as follows. In section 2 we describe
the algorithm in detail, and in section 3 we prove that it is well-posed. We provide
convergence results in section 4 and conclude with final remarks in section 5.

2. A filter sequential quadratic programming method. In this section we
describe our new filter sequential quadratic programming method, FiSQP. The al-
gorithm is iterative and relies on computing trial steps from carefully constructed
subproblems. These subproblems and the resulting trial steps are explained in sec-
tions 2.1-2.6. In section 2.7 we introduce the filter construct and related terminology;
we emphasize that acceptability to the filter is only a necessary condition for accept-
ing a trial iterate. A full statement and description of the algorithm are given in
section 2.8.

Our step computation is based on the ¢;-penalty function

(2.1) ¢(z;0) := f(x) + ov(z),

where o is a positive weighting parameter and the constraint violation at x is de-
fined by
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(2.2) v(x) = ||[c(a:)]_||1 with [y]” := max(—y,0)

and where the maximum is taken componentwise.
We use linear and quadratic model approximations of the objective function f

given by
(2.3) 0/ (s;2) == f(z) + g(x)"s and
' g’ (s;2, M) =0 (s;2) + %STMS = f(z)+ g(z)Ts + %STMS

for a given symmetric matrix M € R™*™ and use a piecewise-linear approximation to
the constraint violation function v given by

0°(s;2) = ||[e(z) + J(a:)s]_Hl
to form the following linear and quadratic models of ¢:
(2.4) O (s;x,0) = (s;2) + ol (s;2) = f(2) + g(x)"s + o || [e(x) + T (z)s] ||,
(2.5) ¢®(s;2, M, 0) := ¢’ (s;2, M) + o (s; x)
= f(@) +9(@)Ts + 35" Ms + o ||[e(x) + T(x)s] ||, -

Using these models we may predict the change in v with the function

(26)  AP(si2) = £0;2) — (s;2) = | le@)] |, — et@) + T@)s) ||,
the change in f with the functions

(2.7a) A (i) =05 (0;2) — 0/ (s;2) = —g(x)Ts  and

(2.7b) Ag! (s;a, M) = ¢’ (0;2, M) — ¢ (s;2, M)

— A (s;2) — §s™Ms = —g(e)Ts — 45" M,
and the change in the penalty function ¢ with the functions
AL (s;2,0) == L2(0;2,0) — £9(s;2,0) = A (s;2) + o ALY (s; 1)
(2.8) =—g(@)"s + o (||le@) ™, — [Jle(x) + T(2)s]7],)
and
Ag?(s;x, M, 0) := q®(0;2, M, 0) — ¢°(s;2, M, 0) = AL®(s;2,0) — %STMS
(2.9) = —g(a:)Ts - %STMS +o (||[c(a:)]_ ||1 — H[c(x) + J(z)s]™ ||1) .

For the remainder of this section, let (z,yr) denote the current estimate of a
solution to (1.1).

2.1. The steering step s;. In order to strike a proper balance between reducing
the objective function and the constraint violation, we compute a steering step s; as
a solution to the linear program

(2.10) (migli]erliEe efr subject to cp+ Jps+r >0, r>0, ||s| < 0,
s,r)ERn+m

where ¢, = c(xg), Jr = J(Tk), Ok € [Omins Omax), ANA 0 < Opin < iy < 00. Prob-
lem (2.10) is equivalent to the nonsmooth problem

(2.11) mini}gﬂze 0°(s;xy) subject to |[|s . <
seR™
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since s solves (2.11) if and only if (s,r) solves (2.10), where r = max(—(cx + Ji$),0).
Since £Y(0;x) = v(zg), £¥ is a convex function, and s = 0 is feasible for (2.11), it
follows from (2.6) that A¢¥(sj;xx) > 0. The quantity ALV(sj;x) is the best local
improvement in linearized constraint feasibility for steps of size §j.

All methods for nonconvex optimization may converge to an infeasible point that
is a local minimizer of the constraint violation as measured by v. Points of this type
are known as infeasible stationary points, which we now define by utilizing the steering
subproblem.

DEFINITION 2.1 (infeasible stationary point). The vector x' is an infeasible
stationary point if v(z') > 0 and AL’(s';z") = 0, where s’ = argmin cpn £(s; ")
subject to [|s]| ., < ¢ for some d > 0.

2.2. The predictor step st. The predictor step is computed as the unique
solution to one of the following strictly convex minimization problems:

(2.12a) argmin fj, + gis + %STBks subject to ¢ + Jigs >0
seR™
Sp = i AL (53 2r) = v(zn),
(2.12b) argmin % (s; xy, By, o1), otherwise,
seR™

where o, > 0 is the kth value of the penalty parameter, fr = f(xr), gr = Vf(zk), cx =
c(xy), Jr = Ve(ay), By is a positive-definite matrix that we are free to choose such
that By, ~ V2,L(xy,yr), and the Lagrangian L is defined by L(x,y) = f(x) —c(z)Ty.
Analogous to the steering subproblem, the nonsmooth minimization problem (2.12b)
is equivalent to the smooth problem

(2.13) gg%{r}birgleiﬂz%g fu+gfs + %STBks + ogelr subjectto ¢+ Jys+7 >0, r>0,
which is the problem solved in practice. We use ¥, to denote the Lagrange multiplier
vector for the constraint ¢, + Jxs > 0 in (2.12a) and ¢ + Jps+7 > 0 in (2.13) (equiv-
alently (2.12b)). Possible choices for the positive-define matrix include (i) the trivial
choice By, = I, (ii) a scaled diagonal matrix based on the Barzilai-Borwein [4] method,
(iii) quasi-Newton updates such as BFGS [40] and L-BFGS [33], and (iv) modified
Cholesky factorizations [26, 43]. Moreover, relaxing the positive-definition assump-
tion on By may also be possible provided conditions such as those used in [18] are
enforced to ensure that sufficient descent directions are computed. Since this relax-
ation would introduce unnecessary complications into our algorithm and require the
use of an indefinite QP solver, we will assume throughout that By is a positive-definite
matrix.

The next result shows how convergence to KKT points may be deduced from the
predictor problem.

LEMMA 2.2. Suppose that x, satisfies

v(zy) =0 and
(214) 0 = argmin f(z.) + g(z+)"s + 3s"Bs subject to c(z.) + J(z:)s >0
seRn

for some positive definite matrix B, and let y. denote the associated Lagrange multi-
plier vector. Then, it follows that (z.,y«) is a KKT point for problem (1.1) as defined

by (1.2).
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Proof. Since B is positive definite, s = 0 is the unique solution to the optimization
problem in (2.14). It then follows from the first-order necessary optimality conditions
at s = 0 that

g(z) = J(z:)"y. and min (c(z.),y.) =0,

where y. is the Lagrange multiplier for the constraint c¢(z.) + J(z+)s > 0. It now
follows from Definition 1.2 that (x.,y.) is a KKT point for problem (1.1). O

2.3. The search direction si. The steering direction sj provides a measure
of local progress in infeasibility. Since we desire a search direction s, that makes
progress toward feasibility, we define

(2.15) sk = (1 — m)sy, + TS,
where 74, is the largest number on [0, 1] such that
(2.16) ALY (sp;ap) > AL (sg; x) > 0 for some n, € (0,1).

The next lemma shows that 7, > 0 when xj, is not an infeasible stationary point.
This is important since the step sy then has a significant contribution from s}, which
was computed from a subproblem that modeled both objective and constraint func-
tions; this contrasts traditional filter methods when restoration is entered since the
subproblem formulations then focus solely on the constraint violation.

LEMMA 2.3. If xi is not an infeasible stationary point as given by Definition 2.1,
then 1 > 0.

Proof. If v(zg) = 0, then A¢(sj;xr) = 0. It then follows from (2.12a) that
¢k + Jrst > 0, which in turn implies that A¢¥(s¥; ;) = 0. Thus, the choice 7, = 1
satisfies (2.15) and (2.16).

Now suppose that v(zy) > 0 and define

s(t) =1 —7)s; + 75},

so that lim, o s(7) = s;. It then follows from continuity of A¢¥(-;xx) and the fact
that AlY(s3; k) > 0 since zy, is not an infeasible stationary point by assumption that

h?(} AL (s(1);an) = AL (sy;ax) > 0.

Therefore, there exists 7/ > 0 such that
|AC (s(1); ) — ALY (ss k)| < (1 — nu) AL (sp; k) for all 7 € [0, 7]
since 1, € (0,1) in (2.16) and AlY(s7;xx) > 0. However, this implies that
AL (s(1); k) = oAU (s;ay)  for all 7€ [0,77],

which guarantees that ¢, > 7/ > 0. O
We now proceed to show that if A¢(s3;xr) > 0, then si is a descent direction
for v(-). We require the definition of the directional derivative of a function.
DEFINITION 2.4. The directional derivative of a function h(-) in the direction d
and at the point x is defined (when it exists) as

. h(z+td) — h(x)
[Dgh](x) := lt%l —
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We now show that the directional derivative is bounded by the negative of the
change in its model.
LEMMA 2.5. At any point x and for any direction d, it follows that

[Davl(z) < —AL(d; ),

where the function Dgv is the directional derivative of v in the direction d.
Proof. Since £V is a convex function and ¢(0;z) is finite, it follows from [42,
Theorem 23.1] that

O (td; ) — 0°(0; 2)
t

is monotonically nondecreasing with ¢, [D4£0"](0; z) exists, and
oiin. e 0(td; ) — £7(0; x)
(2.17) [Dgl’)(0;z) = t1r>1£ ; .

It then follows from [9, Lemma 3.1], (2.17), and the definition of A¢V that
[Davl(z) = [Dat”](0;2) < €°(d; x) — £°(0; ) = —AL°(d; @),

which is the desired result. O

Thus the search direction si is a descent direction for v when our infeasibility
measure is positive.

LEMMA 2.6. If Al%(sy;x) > 0, the direction sy is a descent direction for v at
the point xy, i.e.,

[Ds, v)(z1) < —AL(sg; k) < —nu ALY (si;21) < 0, where 0, is defined in (2.16).
Proof. Tt follows directly from Lemma 2.5, (2.16), and A¢V(s};xx) > 0 that
[Ds v](zr) < AL (sp3 k) < =LY (s}; ar) <0,

which implies that s is a descent direction for v at the point xy. 0
We now consider the case when our infeasibility measure is zero.
LEMMA 2.7. If Al%(s3;x) = 0, then one of the following must occur:

(1) v(zk) > 0 and x is an infeasible stationary point or

(i) v(xr) =0 and AL?(sp; 2, 0) > %szTBksg for all 0 < 0 < 0.

Proof. If v(xy) > 0, then by Definition 2.1, z is an infeasible stationary point
which is part (i). Now, suppose that v(z;) = 0. As in the proof of Lemma 2.3, it
follows that

(2.18) AL (sh o) =0, 7, =1, and s, =s%.
We may then use the definition of s} in (2.12a), (2.18), and (2.7b) to conclude that
0 < A¢?(sy; xx, Br,ox) = Aq? (sV; 2k, By) = AU (Vs a,) — %siTBksi,

which yields A¢/ (s7;xy) > %siTBksi. Combining this with (2.8) and (2.18), we have
that

AP (sg;ap, 0) = A (sp; 1) + o AL (s1; 1)
= Al (sp;mp) = AL (P 2p) > %ngBksg for all finite o,

which completes the proof. a
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2.4. Updating the weighting parameter. By design, the trial step s is a
descent direction for v when local improvement in feasibility is possible. Since the
weighting parameter provides a balance between reducing the objective function and
the constraint violation, it makes sense to adjust the weighting parameter so that s
is also a descent direction for ¢. This is accomplished by defining

(2.19)

o if AL (sp;xp, 0%) > orne ALY (53 28,
Ok+1=—

—alf (sysmp)
max {”k T Tines R0 (sprar)—no ALY (s5107)

otherwise

for some o,,. > 0 and 7, satisfying 0 < 7, <, < 1, where 7, is defined in (2.16).
LEMMA 2.8. If xi is not an infeasible stationary point, then the parameter up-
date (2.19) is well defined and ensures that

(2.20) A€¢(sk;xk, Okt+1) = Okr1Me AL (sh;25) >0 for all k > 0.

Proof. If A? (s xp, 0%) > kNe ALY(s3; x1), then the desired result immediately
follows from the update ox41 = or. Thus, for the remainder of the proof we assume
that

(2.21) A€¢(sk;xk,ok) < UkngAév(Sz;CCk).

Suppose, for a contradiction, that A¢V(s};xr) = 0. Since x) is not an infeasible sta-
tionary point by assumption, it follows that v(zy) = 0. Then, it follows from Lemma
2.7 and the fact that By is positive definite by assumption that A?(sg; g, o%) >
%siTBk sk > 0, which contradicts (2.21) since A¢?(s5; k) = 0. Thus, we conclude that
AL (s3;xr) > 0. Combining this with the choice 0 < 77, < 1, < 1 in (2.19) and (2.16)
we conclude that AlY(sg; k) > ALY (s3; 2k) > e ALY (s5; 2) > 0, and thus

(2.22) Ne ALY (55 x1) — ALY (si; x) < 0.
It then follows from (2.8), (2.21), (2.22), and the fact that o > 0 that

(2.23)
Aff(sk; xk) = Aéqb(sk; Tk, Uk) - UkAév(Sk; :Ek) < O [HUAZU(SZ; :Ek) - Af”(sk; :Ek)} <0.
Inequalities (2.22) and (2.23) imply that the penalty parameter update (2.19) is well-

defined and positive.
It now follows from (2.19) that

— A (515 2p)
Sk k) — Ne ALV (s5; xy)’

Ok+1 = Al

which may then be combined with (2.22) to yield
Op+1Me ALY (sg; xk) < Aéf(sk; zp) + op 1 AL (s k) = ALY (Sp; Tk, Opg1 )

which is the desired result (2.20). O

The next result will allow us to show that si is a descent direction for ¢ under
certain assumptions.

LEMMA 2.9. For any given value of the penalty parameter o, point x, direction
d, and positive-definite matriz B, it follows that

[Dad](z;0) < —AL?(d;x,0) < —Ag?(d; z, B, o).
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Proof. Linearity of the directional derivative, (2.7a), Lemma 2.5, (2.8), (2.9), and
the fact that By is positive definite by choice imply that

[Dad](x;0)
— [Daf)(@) + o[Dar)(x) = —g(x)d+ o[Dar)(x) < — A (ds ) — o AL (d; )
= —Al°(d;z,0) = —A¢®(d;x, B, o) — %dTBd < —A¢®(d;z, B, o),

which is the desired result. O

In most situations, we may now show that sy is a descent direction for the penalty
function.

LEMMA 2.10. If xy is neither an infeasible stationary point nor a KKT point for
problem (1.1), then the direction sy is a descent direction for ¢(x;ox41) at the point
Tk, 1.€.,

[Ds, @) (xk; 0p1) < —ALP (g3 Th, Ohp1) < 0.

Proof. If Al¥(si;xr) > 0, then x; cannot be an infeasible stationary point,
and it follows from Lemma 2.9, Lemma 2.8, and (2.20) that [Ds, ¢|(zk;or+1) <
—AL?(sy; Tk, 0k41) < 0, which is the desired result. Conversely, if A¥(s$;xx) = 0,
then v(zy) = 0 since xy, is not an infeasible stationary point by assumption. It now
follows from Lemma 2.9, v(zy) = 0, Lemma 2.7, the fact that By is positive defi-
nite, and s} # 0 since x, is not a KKT point for problem (1.1) by assumption (see
Lemma 2.2), that [Ds, @|(zx;0x41) < —ALP(sp; g, 0ky1) < —%siTBksg < 0, which
completes the proof. O

2.5. The accelerator step sj;. To improve performance, we compute an ad-
ditional “acceleration” step; here we consider a single (simple) possibility, but other
variants may be used [28].

Under common assumptions, the predictor step s7 will ultimately correctly iden-
tify those constraints that are active at a local solution of (1.1) [41]. A prediction
based on s}, is formulated by

(2.24) Ap = {i: [ep + Jpsh]i = 0}.
It is then natural to compute an accelerator step s¢ as the solution to

(2.25) mi;leiﬂg}lize q’ (s} + s; 2k, Hy,) subject to [Jxs]a, =0, |s], <68,

where 0; > 0 is the trust-region radius, Hj is the exact second derivative of the
Lagrangian V2,L(xk,yx), and yy is a suitable Lagrange multiplier vector such as
those from the predictor subproblem. (In fact, our global convergence analysis allows
for any symmetric bounded sequence {Hy}, but here for concreteness we simply use
Hy = V2,L(xy,yr).) We note that subproblem (2.25) may be solved, for example,
with the projected GLTR algorithm. (See [17, section 7.5.4] and the notes at the end
that describe how to cope with the affine constraints [Jxs].4, = 0.) It can be shown
that if ¢x + Jxs > 0 is feasible, o is sufficiently large, and xj is “close enough” to
a solution of (1.1) that satisfies certain second-order sufficient optimality conditions,
then s + s{ is the solution to

(2.26) misrlei&ize qf(s;xk, Hy) subject to ¢ + Jis >0,

which is the traditional SQP subproblem. However, our method of step computation
is robust, whereas the generally nonconvex subproblem (2.26) introduces many points
of contention such as multiple solutions, unboundedness, and inconsistent constraints.
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2.6. The Cauchy steps szf and szd’. Since the matrix By is positive definite
by construction and the exact second derivative matrix Hy, is generally an indefinite
matrix, they may differ dramatically. To account for this when assessing overall step
acceptance, we define and use a Cauchy-f step szf and a Cauchy-¢ step szd’ as follows.

Given the search direction sy, we define the Cauchy-f step as

(2.27) szf = aisk, where a£ = argmin ¢/ (asy; zx, Hy).
0<a<l1
Similarly, we define the Cauchy-¢ step as
(2.28) 524) = afsk, where ocf := argmin q¢(o¢sk;a:k,Hk,crk+1).
0<a<1

The step size ozf may be found efficiently by examining the piecewise quadratic func-

tion q?(asy; xx, Hy, opy1) segment by segment between each derivative discontinuity.

2.7. The filter. The global convergence proof for our method is driven by main-
taining/updating a filter Fj, during each iteration. A filter is defined as follows, where
R+ denotes the positive real numbers.

DEFINITION 2.11 (filter). A filter is any finite set of points in RT x R.

The initial filter is defined to be Fy = () and then sequentially updated in a
manner that guarantees that Fj, C {(v;, f;) : 0 < j < k}. The decision to add certain
ordered pairs to the filter depends on the concept of trial points being acceptable to
the filter, which we now define.

DEFINITION 2.12 (acceptable to Fy). We say that the point x is acceptable to
Fi if its associated ordered pair (v(z), f(z)) satisfies

(2.29) v(z) < max {v; — @ AL (55 x), Pvi}  or
f(z) < fi —ymin {v; — @in, AL (s3;2;), foi}

for all 0 < i < k such that (vi, f;) € Fr. and some constants {n,, 5,7} C (0,1).

The first inequality in (2.29) ensures that the constraint violation has been suffi-
ciently reduced. We note that previous filter methods have not used the first quantity
in the max on the right-hand side. Our improved condition takes advantage of the
information supplied by the steering steps s;. Previous filter methods may easily have
requested a decrease in the constraint violation that was unreasonable. In these cir-
cumstances, the trust-region radius would be decreased until the subproblem became
infeasible and then a feasibility restoration phase would be entered. Our modified
definition provides a practical target constraint violation based on local information
derived from the steering step s;. The second inequality in (2.29) guarantees that the
objective function is sufficiently smaller at the point x than at points z; whose or-
dered pair is in the current filter F;. These two conditions provide a so-called margin
around the elements of the filter.

Note that Definition 2.12 does not require and does not imply that the current
vector zy, is in Fj, when determining acceptability. During our search for an improved
estimate of a solution to (1.1), it often does not make sense to accept a new point
unless it is acceptable to the current filter and better than the current point xj. This
leads to the following definition.

DEFINITION 2.13 (acceptable to Fj augmented by xr). We say that x is ac-
ceptable to Fi augmented by xy, if x is acceptable to Fi as given by Definition 2.12
and (2.29) holds with i = k.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/10/14 to 130.246.132.177. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

A FILTER METHOD WITH UNIFIED STEP COMPUTATION 185

In the next section we present our main filter SQP method. Each iteration requires
the search for a new point that must satisfy a subset of specified conditions. We stress
that the updated point x is not necessarily acceptable to Fj. Moreover, the vector
Zr+1 being acceptable to Fj (possibly augmented by xj) is a necessary, but not
sufficient, condition for adding the ordered pair (vg+1, fr+1) to the filter Fj. Details
of how we update Fj are described in the next section.

2.8. The algorithm. Our method is formally stated as Algorithm 1. Every
iteration begins by computing the set of trial steps {s{, st} as described in sections 2.5
and 2.3. Once these trial steps are computed, we seek a step length oy such that for
some 8 € {s}, si} the step x + axsy satisfies one of four possible sets of conditions.
Which sets of conditions we seek to satisfy depends on whether the algorithm is in
filter mode (roughly a traditional filter strategy) or penalty mode (our alternative to
a traditional restoration phase). We now discuss these two modes in detail.

In filter mode, we perform a backtracking line search until we find a pair (o, §x)
with 8, € {sg,s}} that forms a v-pair or an o-pair, or a pair (as, sx) that forms a
b-pair. We discuss these in turn.

A v-pair is defined as follows.

DEFINITION 2.14 (v-pair). The pair («,s) constitutes a v-pair if T + as is
acceptable to Fy augmented by xi and

(2.30) A (s 21) < VAL (sk;21) for some 7, € (0,1).

A v-pair (ag, ) earns its name since the step xp + oSy is acceptable to the
current filter augmented by zj, but the step s did not predict sufficient decrease in
f as measured by (2.30); we say that k is a v-iterate since the focus of the iteration is
on reducing the constraint violation v. In this case, we choose to add the pair (v, f)
to the filter Fy.

An o-pair is characterized as follows.

DEFINITION 2.15 (o-pair). The pair («,s) constitutes an o-pair if xx + as is
acceptable to Fy,

(2.31a) Aff(sk;xk) > Y Al (sg;xk) and
(2.31b) flak + as) < flan) —vrapf,

where 7, € (0,1) is the same constant used to define a v-pair, vy € (0,1), and
(2.32) pl = min [Aéf(sk; ar), Aq! (5575, Hy) | -

An o-pair (ag, §k) is so designated since xy + a8 is acceptable to the filter, sy
predicts decrease in the objective function as measured by (2.31a), and a sufficient
decrease in the objective is realized as given by (2.31b); we say that k is an o-iterate
since progress has been made on decreasing the objective function. In this case we do
not add any new entries to the filter.

The definitions of v- and o-pairs are natural in light of the mechanism of the
filter and are similar in spirit to conditions used by previous methods [13, 15, 21,
22, 24, 46]. As for these methods, these two sets of conditions are not sufficient
for ensuring convergence since previously added filter entries may prevent (block)
additional progress. In this situation, other filter algorithms typically decrease the
trust-region radius or perform backtracking until a restoration phase is triggered. To
prevent this undesirable situation we introduce the following definition of a b-pair.
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ALcORITHM 1. Filter sequential quadratic programming algorithm.

1: Input an initial primal-dual pair (zo, yo).

2: Choose {1y, Mo Mg, Tines B s Yos Vi V65 €3 C (0,1) and 0 < G < G < 00.

3: Set k < 0, Fo « 0, P-mode <« false, and choose o9 > 0 and &y € [dmin, Omax]-
4: loop

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

21:
22:
23:
24:
25:
26:
27:
28:
29:

30:
31:

32:
33:

34:
35:

36:

Compute sj as a solution of (2.10), and then calculate A¢¥(s};zy) from (2.6).
if Al”(s3;2r) =0 and v(zg) > 0, then
return with the infeasible stationary point xj, for problem (1.1).
Choose By, = 0 and compute s} as the solution of (2.12) with multiplier y}.
if Aq?(sh;xp,01) = v(xx) =0, then
return with the KKT point (xy,y?) for problem (1.1).
Compute s = (1 — 7)s; + 75t from (2.15) such that (2.16) is satisfied.
Compute the new weight ;41 from (2.19).
Choose df > 0 and then compute s{ as an (approximate) solution of (2.25).
Compute 524) from (2.28) and then calculate Aq¢(sz¢; Xy Hiy 0p41) from (2.9).
if P-mode then
for j=0,1,2,...do
Set oy, « &7,
for § € {s{,s,} do
if (g, §x) is a p-pair then
Set Fr+1 < Fr and go to line 21. > p-iterate
if i 4+ a8k is acceptable to Fi then
Set P-mode < false.
else
Compute st/ from (2.27) and then calculate Agf (s/; xy,, Hy) from (2.7b).
for 7=0,1,2,...do
Set oy, « &7,
for 3, € {s{,s,} do
if (g, k) is a v-pair then

Set Fr+1 + Fr U {(vk, fr)} and go to line 34. > v-iterate
if (ay, 81) is an o-pair then
Set Fr+1 < Fr and go to line 34. > o-iterate

if (v, sx) is a b-pair then
Set Fri1 « Fr U{(vk, fr)}, P-mode + true, and go to line 34.
> b-iterate
if (2.36) is satisfied then
Set ogt1 ¢ Ok+1 + Tine-

Set Tx41 < Tk + WSk, Yk+1 < Yrs Ok+1 € [Omin, Omax), and k < k + 1.

DEFINITION 2.16 (b-pair). The pair (o, s) constitutes a b-pair if

(2.33)
and

(2.34)
where

(2.35)

v(zg + as) < v(zk)

$(xk + as; k1) < Glaw; okr1) — Ypapy  for some v, € (0,1),

pf, »= min [M(sk;xk,am), A (530 wk, Hy, 04t1) | -
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An iterate xp+ay sk associated with a b-pair (g, i) decreases both the constraint
violation and the penalty function; we say that k is a b-iterate since the conditions
that define a b-pair suggest that one or more filter entries are blocking a productive
step. In this case, we choose to accept the trial point, add (vg, fi) to the filter,
and enter what we will refer to as a penalty mode. We view penalty mode as an
alternative to a traditional restoration phase. Moreover, since steps are always tested
for acceptability based on the filter criteria, i.e., o- and v-pairs, before checking for
decrease in the constraint violation and penalty function as stipulated by b-pairs, we
give clear preference to staying in filter mode.

In penalty mode, we calculate a new iterate by perform a backtracking line search
until we find a pair (ag, §x) for some §; € {s?, sy} that satisfies the following condi-
tions that define a p-pair.

DEFINITION 2.17 (p-pair). The pair (a,s) constitutes a p-pair if (2.34) is
satisfied.

If (o, Sk ) isap-pair, then ¢(zy + g Sk ; o1 ) issufficiently smaller than ¢(xy; op41);
we say that k is a p-iterate since the penalty function has been decreased. In addition,
if x + a8y is acceptable to the current filter, we return to filter mode; otherwise, we
remain in penalty mode.

Finally, after a new trial step is computed, we choose to increase the penalty
parameter if

(2.36) Aq¢(sk;xk,Bk,ak+1) < n¢Aq¢(si;xk,Bk,ok+1) for some 74 € (0,1),

since this indicates that 73 is very small and the search direction s; does not ade-
quately reflect the decrease predicted by s in the penalty function.

For future reference we define the following index sets based on the different types
of pairs:

Sy ={k: k is a v-iterate }, S, = {k: k is an o-iterate },
Sy ={k: kis a p-iterate }, Sy = {k: k is an b-iterate }.

We complete this section by summarizing the computational complexity of each
iteration of Algorithm 1, which requires the calculation of multiple directions. Specifi-
cally, each iteration requires the solution of a linear program to obtain the steering step
(see (2.10)), a strictly convex quadratic program to get the predictor step (see (2.12)),
a single matrix-vector multiplication to solve the one-dimensional optimization prob-
lem for the Cauchy-f step (see (2.27)), a one-dimensional search along a piecewise
linear path to obtain the Cauchy-¢ step (see (2.28)), and an approximate solution
to an equality-constrained quadratic problem for the an accelerator step (see (2.25)).
Therefore, the predominant computational cost for each iteration is the calculation of
the steering and predictor steps.

3. Well-posedness. In this section we verify that every step of the method is
well-posed under the following assumption, which we do not explicitly state for each
result.

Assumption 3.1. The functions f and ¢ are both differentiable with Lipschitz
continuous derivatives in the neighborhood of the point xj.

We begin by observing that the steering problem (2.11) is convex and always
feasible, and the objective function is bounded below by zero, i.e., it is well-defined.
If v(zr) > 0 and ALY(sj; 1) = 0, then zy is an infeasible stationary point and we
exit in line 7 of Algorithm 1. Otherwise, x, is not an infeasible stationary point and
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we proceed to compute a predictor step from problem (2.12), which we now argue is
well-defined. This is obvious when A¢Y(s}; k) # v(xy) since then the strictly convex
problem (2.12b) is always feasible. On the other hand, if Al¥(s};xr) = v(xy), then
it follows that ||[c(zk) + J(zk)si] |1 = 0, which implies that ¢, + Jgsi > 0. Thus,
s = s}, is feasible for (2.12a), and the predictor problem is well-defined. Lemma 2.3
shows that 7, > 0 and Lemma 2.8 shows that the update to the weighting parameter
is well-defined. The accelerator problem (2.25) does not cause difficulties since by
construction it is feasible, has bounded solutions, and may be solved (approximately)
as noted in section 2.5. It is also easy to see that both Cauchy step problems (2.27)
and (2.28) are well-defined.

We now proceed to show that the line search terminates finitely. To this end, we
first show that feasible iterates are never added to the filter.

LEMMA 3.1. Algorithm 1 ensures that if (vg, fr) is added to the filter, then
v > 0.

Proof. For a proof by contradiction, suppose that v(zy) = 0. It follows from
v(zg) = 0 and the fact that ¢ is a convex function that A¢Y(s;, zx) = 0, and we may
then use (2.12a), (2.15), (2.16), and the fact that x is not a KKT point for (1.1)
(otherwise we would already have exited on line 10 of Algorithm 1) to show that

(3.1) =1, sp=sh#0, and AL (sp;xr) = AL(sh;a) = 0.
It then follows from (3.1), (2.8), Lemma 2.7, v(xg) = 0, and the fact that By > 0 that

(3.2)
Aﬂf(sk;xk) = Aéf(sz;xk) = A€¢(s£;xk,ok+1) = Aéd)(sk;ka,okJrl) 2 %SzTBkSz > 0.

Since (vg, fi) was added to the filter, it follows from the construction of Algorithm 1
that either (ag, Sg) is a v-iterate or (ay, si) is a b-pair, which implies that at least one
of v(xy, + agsk) < v(xy) or Al (sp;21) < YVoALY (s1; 1) holds, among other require-
ments. However, since v(xy + apsk) < v(xg) = 0 is not possible, we conclude that
Al (815 21) < Yo ALY (sg;11) = 0, where we have also used (3.1); this contradicts (3.2)
and proves the result. d

The next two results show that our line search procedure terminates any time
P-mode has the value false at the beginning of the kth iteration. We first consider
the case when x, is feasible.

LEMMA 3.2. If P-mode = false at the beginning of the kth iteration, v(xg) = 0,
and xy, is not a first-order solution to problem (1.1), then the pair («, sy) is an o-pair
for all a > 0 sufficiently small. Moreover, k € S,.

Proof. As in the proof of Lemma 3.1, it follows that v(zx) = AL’(s3;z,) = 0.
This may be combined with the fact that zj is assumed to not be a first-order solution
to (1.1), (2.12a), (2.15), (2.16), Lemma 2.7, the fact that By is positive definite, and

the definition of A¢? to conclude that
(3.3) sp==5p#0, cp+ Jpsy >0, and
' Aﬁf(sk;xk) = A€¢(sk;xk, k1) > 0= v, Al (s xg).

Next, v(x) = 0 and (3.3) imply that ¢ + aJisg > 0 for all o € [0, 1]. Combining
this fact with Taylor’s theorem, Assumption 3.1, and (3.3) yields

(3.4)
v(zg + asg) = H[c(a:k + ask)r”l = H[Ck + aJi sk —|—O(o¢2)]7||1 < O(a2) for a € [0, 1].
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Since Lemma 3.1 implies that v; > 0 for all (v;, f;) € Fi, we may conclude from (3.4)
that

v(rg +asg) < min _ Pv; for all @ > 0 sufficiently small,
(vi, fi)EFk

where 8 € (0,1) is defined in (2.29), so that
(3.5) x + asy is acceptable to the filter for all o > 0 sufficiently small.

Next, Taylor’s theorem, Assumption 3.1, the definition of A¢/, and (3.3) imply
that

fxr + asy) = fu +aglsp + 0(a?) = fr — all (s z1) + O(a?)
(3.6) < fr— ’yfocAéf(sk; x) for all @ > 0 sufficiently small,

where v € (0,1) is defined in (2.31b). It follows from (3.3), (3.5), and (3.6) that
(a, si) is an o-pair for all « > 0 sufficiently small, which proves the first result of this
lemma.

We just proved that the for loop on line 25 in Algorithm 1 always terminates.
Moreover, it cannot terminate on line 28 since (3.3) holds. Also, it can never terminate
as a result of the if on line 32 since v(xy + asy) < v(xg) = 0 is impossible for all a.
Therefore, the line search must terminate with an o-pair (o, 8x), which implies that
keS,. d

We now consider the case when xj is infeasible.

LEMMA 3.3. If P-mode = false at the beginning of iteration k, v(zy) > 0, and xj
is mot an infeasible stationary point, then (a, s) is a b-pair for all o > 0 sufficiently
small.

Proof. Tt follows from the assumptions of this lemma and Lemma 2.10 that

(3.7) [Ds, @15 01 41) < —ALP(sp; 8, 041) <O

so that the direction s is a strict descent direction for ¢ at xp with penalty parameter
0k+1. Using the definition of the directional derivative, (3.7), v4 € (0,1) defined
in (2.34), and (2.35) we conclude that

(3.8) (wk + asp;opt1) < d(xk; ok+1) + V[ Ds @) (k5 Oh11)
< G(@n; Org1) — AV ALY (S Tk, Ohg1)
< (xg; Okt1) — 0474),0? for all a > 0 sufficiently small.

Since v(zr) # 0 and xj is not an infeasible stationary point, we know that
ALY(s3;x) > 0. Lemma 2.6 then implies that

[Ds,v)(wr) < —AL (g5 28) < —1p ALY (s7;0%) <0

so that sy is a descent direction for v at xx. An argument similar to the one that lead
to (3.8) yields

(3.9) v(xg + asg) <wv(xg) for all a > 0 sufficiently small.

It follows from (3.8) and (3.9) that (a,sy) is a b-pair for all a > 0 sufficiently
small. O

The next lemma considers the case when P-mode is true at the beginning of
the kth iteration and shows that successful trial iterates may be obtained through
backtracking as performed in Algorithm 1.
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LEMMA 3.4. If P-mode = true at the beginning of the kth iteration and xj is
neither an infeasible stationary point nor a first-order solution to problem (1.1), then
(a, k) is a p-pair for all o > 0 sufficiently small.

Proof. The proof follows exactly as in the first part of Lemma 3.3. O

We now combine these results to prove that Algorithm 1 is well-posed.

THEOREM 3.5. Algorithm 1 is well-posed.

Proof. As described in the first paragraph of section 3, every subproblem and step
computation is well defined, and Lemma 2.8 ensures that the update to the weighting
parameter is well defined.

All that remains is to prove that the line search terminates. First, if P-mode
has the value false at the beginning of iteration xy and v(xg) = 0, then Lemma 3.2
guarantees finite termination and that k£ € S,. Second, if P-mode has the value
false and v(xg) > 0, then Lemma 3.3 ensures that the backtracking line search will
terminate finitely. Finally, suppose that P-mode has the value true at the beginning
of iteration k. It then follows from Lemma 3.4 that the backtracking terminates
finitely. ad

4. Global convergence. In this section we prove that limit points of the iterates
generated by Algorithm 1 have desirable properties. To this end, we use the following
common assumptions.

Assumption 4.1. The iterates {x)} lie in an open, bounded, convex set X.

Assumption 4.2. The problem functions f(z) and c(z) are twice continuously
differentiable on X.

Assumption 4.3. The matrices By are uniformly positive definite and bounded,
i.e., there exists values 0 < A < Amax < 00 such that A, SHg < $TBrs < Apux HsHé
for all s € R™ and all By.

Assumption 4.4. The matrices Hj, are uniformly bounded, i.e., |[Hg||y < fimas for
Some fhae > 1.

For clarity and motivational purposes, we immediately state our main conver-
gence theorem, which makes use of the Mangasarian—-Fromovitz constraint qualifica-
tion (MFCQ) [35].

THEOREM 4.1. If Assumptions 4.1-4.4 hold, then one of the following must occur:

(i) Algorithm 1 terminates finitely with either a first-order KKT point or an
infeasible stationary point in lines 10 or 7, respectively, for problem (1.1).

(ii) Algorithm 1 generates infinitely many iterations {xi}, o = & < oo for all
k sufficiently large, and there exists a limit point x. of {xi} that is either a
first-order KKT point or an infeasible stationary point for problem (1.1).

(iii) Algorithm 1 generates infinitely many iterations {x}, limg_,o0 o = 00, and
there exists a limit point x. of {xx} that is either an infeasible stationary
point or a feasible point at which the MFCQ fails.

Proof. The result follows from the following analysis that considers the various
cases that can occur. In particular, it follows from Theorems 4.11, 4.14, 4.18, and
4.21 and the construction of Algorithm 1. |

We now present a sequence of lemmas that will be useful in the convergence
analysis. The first result is adapted from [9, Theorem 3.6] and provides a bound on
the trial step sy.

LEMMA 4.2. If Assumptions 4.1-4.3 hold and xi and sy are generated by Algo-
rithm 1, then

2
(a.1) sl < max {152 aul, + owolon)] Vs .

min
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Furthermore, if {or} is bounded, then there exists a constant My > 0 such that
Isklly < My for all k.
Proof. First, we claim that the predictor step s} must satisfy

2
(1.2 1541, < mox {152 llul, + ovo(a)] .

min

which can be seen as follows. Suppose that (4.2) is not satisfied so that

(4.3) [shll, >1 and %)\min

[silly > llgklly + okv(ar).

It then follows from the definitions of A¢? and ¢V, the Cauchy-Schwarz inequality,
Assumption 4.3, and (4.3) that
Aq¢(sz; Tk, B, op) = —ggsz — %ngBksﬁ + o (é”((); Tg) — é”(si;xk))
2
< llgnllz 1sglly = 3 153115 + orv(a)

2
splls + Ishlly orv(a)

< llgelly l1sglly = 3 A

= lsgll, (Ngelly = $Ausn

splly + Ukv(a:k)) <0,

which contradicts the fact that s? is the unique global minimizer to the strictly convex
predictor problem. Thus, (4.2) must hold and when combined with (2.15), the use of
the triangle inequality, and the use of the trust-region radius 0; € [Jmin, Omax] D the
steering problem implies that

2
(4.4 sl < max {1 52 gl + ()] Vs |

which proves (4.1). Since g; and v(xy) are uniformly bounded as a result of Assump-
tions 4.1 and 4.2, it is clear that if {o}} is bounded, then there exists My < oo such
that ||sg||, < M, for all k. O

The following result provides a relationship between the predicted change in the
linear model and the change achieved in the line search process for both the objective
function and the constraint violation.

LEMMA 4.3 (equivalent to [45, Lemma 3]). Suppose that Assumptions 4.1 and 4.2
hold. Then, there exist constants {Cy,Cy} > 0 such that for all k and o € (0,1], we
have

(4.5) flar +as) < flag) — oA (s;2) + Q?Cy Hng
and
(4.6) v(xk + as) < v(zg) — AL (s;21) + a0, HsHé .

Proof. Inequality (4.5) is a direct result of Taylor’s theorem and Assumption 4.2.

For (4.6), it follows from the integral mean-value theorem, Assumptions 4.1
and 4.2, and the implied Lipschitz continuity of J(x), the triangle inequality, and
the convexity of ¢V, that for some constant Lipschitz constant C,
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vz + as)

= ||le(zr + as)] ||, = {c(xk) + adys + a/o [J(zk + Oas) — J(xk)]sdﬁ}

1
< || )+ adis] ||, + a®V/nC || s
<(1l-a || c(zy)] || +a|| c(xg) + Jis]~ || —|—o¢2\/7_LC'Hs||§
= v(zg) — ALY (s;21) + a*/nC ||SH2 for all o € (0,1].
This proves (4.6) by defining C, := \/nC. O
The next two lemmas provide a relationshlp between the predicted linear decrease

in the objective function and the quantity p defined by (2.32).
LEMMA 4.4. If Assumption 4.4 holds and Al (sy;xy) > 0, then

ACF (s
(4.7) Aqf(skf,xk,Hk) 1A€f(sk,mk)m1n{%, 1}.
Homaz || Sk 2

Proof If Alf(sy; 1) =0, then the result follows immediately from the definition
of Sk in (2.27).

Now, suppose that Af (sp;zr) > 0. It follows from (2.27) and the definition of
Aq’ that

Aqf(szf;xk,Hk) > Aqf(ask;xk,Hk) = —ag,{sk — %azs;;FHksk forall0 < a<1.
The right-hand side of the previous equation may be written as
(@) = aa® + ba, where a =—2s[Hys), and b= A (s ) = —gisk > 0.

We wish to maximize ¢ on the interval [0,1] so we differentiate q(«) with respect to
« and set the result to zero to obtain a stationary point at —%. Now, consider three
cases.

Case 1 (a < 0 and —£ < 1). The maximum of g(c) on the interval [0, 1] is
achieved at o = —2. Note that a > 0, since b = A¢f(sy;xx) > 0 by assumption.

2a
Then, we have
b\ _ e 8
4 %) “1a2 2a  4a’

It follows from the definition of a and b, the Cauchy—Schwarz inequality, and Assump-
tion 4.4 that

. (_i) B A (515 21)? - A (515 21)? Aéf(sk,xk)
2a 2siHyse 2| Hylly H8k||2 pJT

Case 2 (a < 0 and —£ > 1). The maximum of ¢(a) on the interval [0,1] is
achieved at = 1, where

1) =a+b>—3b+b=1b= LA/ (s3;24).

Case 3 (a > 0). The maximum of ¢(«) on the interval [0, 1] is achieved at av = 1
so that

g1)=a+b>b>1b= %Aéf(sk;xk).
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Finally, combining all three cases and defining o’ = arg max,¢[o,1] ¢(), it follows
that

Al (sp; )2
2
2 |55

f .
= %Aéf(sk;xk) min {M, 1}
Hamas |55 |[5

Aqf (s 0, Hy) = q(o) > min{ , %Aéf(sk;a:k)}

as desired. O

LEMMA 4.5. Suppose that Assumptions 4.1-4.4 are satisfied and that {o}} is
bounded. Then, there exists a constant C, > 0 such that whenever A (sk;x) > 0,
it follows that

(4.8) p£ > min [C,,Aff(sk; k)2, %Aéf(sk; zy)] -

Proof. It follows from (2.32), Lemma 4.4, Lemma 4.2, and the assumption
Al (sy; ) > 0 that

pi:min Aéf(sk;a:k) Ag’ (s ,xk,Hk)}

A f . 2
> min | A (s; x1), min {M, %Aéf(sk;xk)}]
2/'I’max HSkHQ

= min TR TER

Fla oo )2 Fla oo )2
Al (Sk,acig)2 ’ %A‘gf(sk;fk)‘| > min [AZ (sk; xk) 1A€f(sk;xk)} 7
| 2hmas I8k I3

where { My, fma} C (0,00) are defined in (4.1) and Assumption 4.4, respectively. The
result now follows by defining C,, := 1/(24. M2). O

The next two results provide a relationship between the predicted linear change
in the penalty function and the quantity pf defined by (2.35).

LEMMA 4.6. If Assumption 4.4 holds and x is not an infeasible stationary point,
then

A0 (51
(4.9)  Ag¢® (Sk Tk, Hey 0gy1) > %A€¢(Sk;$k70k+1)min{ (3k7$k,0'k+1)’ 1}.

2
fmas |5kl
Proof. Since xj is not an infeasible stationary point by assumption, it follows
from Lemma 2.8 that A?(sp;ar,0k11) > 0. If AlP(sp;ap,0611) = 0, then the
result follows immediately. Therefore, for the remainder of the proof we assume that
A€¢(8k; Tk, 0k+1) > 0.
It follows from (2.28), the convexity of £¥(-), and simple algebra that
Aq? (570 ak, Hy, 0pt1)
> Aq?(asg; xy, Hi, 0541)
= —agisy, — 504 2sTHysy, + opi1 (||[ck]*H1 — ||[c;.C + aJksk]*Hl)
> —agisk = 30 spHyse + o ([[len] | = afllee + Tese] ||, = (1= o) [|le]7[],)
= —ag,{sk — ;oz skask + a0k (|| Ck _Hl — || cr + Jksk]_Hl)

= Al (sp;ap, Ohrt) — 50[ 2sTHysy, for all o € [0, 1].
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The right-hand side of the equation is a quadratic function of a:
q(a) = aa? 4+ ba, where a = —%sfH;@sk and b= A£¢(sk; T, 0k+1) > 0.
Analysis similar to that used in the proof of Lemma 4.4 yields

A (s T, 2
(4.10) Aq¢(82¢§$k7Hl~c,0k+l) > min{ ;Sk xﬁ Uﬁgl) ) %A£¢(Sk;xk,0k+1)}a
Hmax |[Sk||2

where fi,,., 1 from Assumption 4.4, as desired. 0

LEMMA 4.7. Suppose that Assumptions 4.1-4.4 are satisfied, that Algorithm 1
never encounters an infeasible stationary point, and that {oy} is bounded. Then, there
exists a constant C, € (0,00) such that

pf > min [CpAW(sk; Thy Opt1), %Aﬁ(sk;xk, O’k+1)] for all k > 0.

Proof. The proof follows exactly as in Lemma 4.5. d

4.1. Convergence analysis under bounded weighting parameter. In this
section we study Algorithm 1 under the assumption that the weighting parameter
stays bounded. It follows from this assumption and Lemma 4.2 that there exists
some k' and & < oo such that

(4.11) lsklly <My <oo and o, =6 <oo forallk>Fk.

Part (iii) of Theorem 4.1 implies that this scenario is guaranteed to occur, for example,
when all limit points are neither infeasible stationary points nor feasible points at
which the MFCQ fails.

We begin by showing that the line search step length is bounded away from zero
in certain situations.

LEMMA 4.8. If Assumptions 4.1-4.3 and (4.11) hold and € > 0, then the following
hold:

(i) There exists a constant ap > 0 such that oy, > ap > 0 for all k € Kp, where

Kp={keS,:k>Fk and At®(sy;rr,5) > €.
(ii) There exists a constant ap > 0 such that ay > ap > 0 for all k € K, where
Kr={keSUS,US,:k>Fk and Al’(s};xi) > €}.

(iii) There exists a constant ay; > 0 such that (o, s) = (o, sg) satisfies (2.31b) for
all0 < a < a; and all k € Ky, where

Kp={k>FK: A (sp;21) > €}
Proof. From [8, Lemma 3.4], there exists some positive constant Cy such that
(4.12) |p(zr + ausp; 0) — €¢(ask;xk,6)| < Cy HozskHS for all k > k" and « € [0, 1].
We first prove part (i). Suppose that « satisfies

(1 —g)e

4.13 0<a<
(4.13) e TE
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where v4 € (0,1) is set in Algorithm 1 and M, is defined in (4.11). We then use
é(x1;6) = £%(0; 21, 5), the convexity of £2( - ;xp,a), (4.12), Al?(sy;x1,5) > € for
ke Kp, (4.11), (4.13), and (2.35) to conclude that
P(x;0) — Gk + ask; o)

= [02(0; 2k, 0) — 0% (asi; 2k, 0)] — @k + asp; &) — 07 (ousp; 2, )]

> [09(0; 25, 7) — al®(sp; 2, 5) — (1 — @)l (0325, 5)] — Cpa® |[sill5

za[€¢(0;xk,6) — 0 (sp; ke, 0 7)] — Cpa? ||sk||2

= Yo QAL (15 1, 0) + (1 = 3p) AL (55 28, 0) — Cpa” |5

> QAL (si; wk, 0) + (1= yp)ae — Coa® ||

> YoAL? (sy; T, 7) > ’yw)zpf for all k € Kp,

which with (2.34) implies that («, si) is a p-pair. Thus, Algorithm 1 must select an
«y, that satisfies

L —yp)e
: > SUTE gLy
(4.14) i > min { Gz 1 o

where £ € (0,1) is the backtracking parameter in Algorithm 1, which completes the
proof of part (i).
We now prove part (ii). It follows from (2.20) that

(4.15) AL (s x5, G) > 61 ALY (555 21) > Gnge for k € Kp.
If « satisfies

(1 —vg)an.€  mye
CoM2 ' C,MZ|’

(4.16) a < min

where C, is defined in (4.6) and 7, is defined in (2.16), then we may use (4.15) and
proceed as in the proof of part (i) to conclude that (2.34) holds. Moreover, we have
from Lemma 4.3, (2.16), (4.16), Al¥(sj;xx) > € for k € Kp, and (4.11) that

(4.17)  v(zk + asg) —v(zk)
< —aAl (s;x) + a2C, |8kl < —amy ALY (s3; 1) +

e Co sl

—amye + anye =0 for all k € Kp,
where the strict inequality holds since s # 0 as a result of (4.15). Combining (4.17)

with (2.34) implies that («, si) is a b-pair. Thus, we conclude from the structure of
Algorithm 1 that

(1 —vg)anse  Enve
CoM2 ' C,M2’

(4.18) oy > min{ 1} =:ap >0 forallk € Kp,

where £ € (0,1) is the backtracking parameter used in Algorithm 1.

Part (iii) is a standard result used in continuous unconstrained optimization that
follows since Al (sy; 1) > € is equivalent to g(zx)T sy < —e < 0 and sy, is uniformly
bounded by (4.11). O
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The next lemma justifies the three cases that we consider when analyzing Algo-
rithm 1.

LEMMA 4.9. If Algorithm 1 does not terminate finitely, then one of the following
scenarios occurs:

Case 1. k € S, for all k sufficiently large,

Case 2. k € S, for all k sufficiently large, or

Case 3. |S, U Sp| = 0.

Proof. We proceed by contradiction and assume that none of the cases occurs. In
particular, since Case 3 does not hold it follows that £ € S, U S, for all k sufficiently
large. Combining this with the fact that Cases 1 and 2 do not hold implies that the
iterates must oscillate between p- and o-iterates. However, this is not possible since
there is no mechanism in Algorithm 1 that allows for iterate k + 1 to be a p-iterate if
iterate k is an o-iterate. O

We now analyze Algorithm 1 for each of the three possible scenarios stated in the
previous result.

Case 1: k € S, for all k sufficiently large. In this case, there exists k” such that
(4.19) keS, foralk>k'">Fk,

where £’ is defined in (4.11). We first show that our measure of feasibility converges
to zero.

LEMMA 4.10. If Assumptions 4.1-4.4, (4.11), and (4.19) hold, then
limy o0 ALY (s3;25) = 0.

Proof. For a proof by contradiction, suppose that there exists an infinite subse-
quence

S i={k>FK": Al°(si;zp) > €'}

for some constant ¢’ > 0. It follows from (4.19), (2.20), (4.11), and the definition of
S" that

(4.20) AL (sp;a1,0) > G0, AL (s5;2) > Gnee’ =€ >0 for all k € S”,
which implies with (4.19) that
S"CKp:={keS,: k>k and Al?(s;xr,G) > € > 0}.

Combining Kp with Lemma 4.8 implies the existence of a positive ap such that
ar > ap > 0 for all kK € §”, which used with the definitions of 8" and S, (4.19),
Lemma 4.7, and (4.20) yields

(4.21) d(z;0) — d(x + apsp;7) > 'y¢ozkpi
> 740y min [CpAW(sk; Ty, 0)%, %Aé“i)(sk;xk, Er)]
> 4 min [Cpez, %e} >0 forall ke S”.

Now, for k" <k € §,\ 8", it follows from (2.34), (2.20), and (2.28) that
(4.22)

O(z1;0) — Pz + apdy; ) > Yo min {Aﬁ(sk;xka&)’ Aq¢(82¢;xk7Hl~c,5)} > 0.
It is now easy to see from (4.21), (4.22), and (4.19) that limg_ o ¢(xg;7) = —00,

which contradicts Assumptions 4.1 and 4.2. Thus, we conclude that
limy 00 ALY (s5; 21) = 0. a
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We now show that all limit points are infeasible stationary points for prob-
lem (1.1).

THEOREM 4.11. Suppose that Assumptions 4.1-4.4, (4.11), and (4.19) hold. If
X, 08 any limit point of the sequence {xy} generated by Algorithm 1, then x, is an
infeasible stationary point for problem (1.1).

Proof. Let vmin := min{v; : (v;, f;) € Frr} = minf{v; : (v;, f;) € Fr and k >
k"}, where the second equality holds since by assumption k € S, for all k£ > k" and
the filter is never expanded when k € S,. It follows from Lemma 3.1 that vmin > 0.
But then if there was a feasible limit point z,, there must be iterates zy, k > k" that
are arbitrarily close to feasibility and thus ultimately one such that xj is acceptable to
Fi. Thus line 21 of Algorithm 1 implies that there will be an iterate k > k" for which
k ¢ Sp, which contradicts (4.19). Thus, all limit points are infeasible. It follows from
this fact, Lemma 4.10, and Lemma 2.1 that all limit points are infeasible stationary
points. 0

Importantly, the previous result shows that our algorithm remains in penalty
mode for all k£ sufficiently large only when all limit points are infeasible stationary
points.

Case 2: k € S, for all k sufficiently large. In this case, there exists k" such that
(4.23) keSS, forallk>k">Fk,

where k' is defined in (4.11). We begin by showing that our feasibility measure
converges to zero.

LEMMA 4.12. If Assumptions 4.1-4.4, (4.11), and (4.23) hold, then
limy 00 ALY (s%; 1) = 0.

Proof. For a contradiction, suppose that there exists ¢’/ > 0 and an infinite
subsequence

S i={k>Fk": Al (s};m) > €'} C Sy,

where we have used k" defined in (4.23). It then follows from the definition of S,, the
o-pair (ag, 8) selected in Algorithm 1, (2.31b), (4.11), Lemma 4.5, (2.31a), (2.16),
and part (ii) of Lemma 4.8 that

fxr) = flog + agdy) > 'YfOékpi
> o min {C’,,Aﬁf(sk;xk)2, %Aﬁf(sk;xk)}
2

> Yy min {Cp [%Aé”(sk; a:k)} , %fyvAév(sk; a:k)}
> oy min {Cp [%mAZU(sZ; xk)]z, %'yvnvAév(sZ; xk)}
> vfay min {Cp [%771;6”]2, %%771)6”} forall k € S”

for some ap > 0. Similarly, for ¥ < k € S, \ §”, it follows from (2.31), (2.16),
and (2.27) that

F@e) = flo+ ansi) = vpane] 2 yyonmin {1, AL (siswn), Mg’ (si7sww, Hi) | > 0.
Combining the two previous inequalities with the definition of k" yields limg_, oo f(xg) =

— 00, which contradicts the fact that f is bounded as a consequence of Assumptions 4.1
and 4.2. This proves the result. d
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We now show that feasible limit points are also first-order solutions of the penalty
function.

LEMMA 4.13. Suppose that Assumptions 4.1-4.4, (4.11), and (4.23) hold. If x, =
limges xy, for some subsequence S and v(x,) = 0, then limyes Aq¢(s£; xg, Bg,0) = 0.

Proof. Suppose that there exists a constant ¢’ > 0 and an infinite subsequence

S"i={keS:k>k:Ag°(s};wk, By,7) > €'},

where k" is defined in (4.23). It follows from line 34 of Algorithm 1, (4.11), and (4.23)
that

(4.24) Aq®(sk; ok, By, @) > 19Aq% (sh; zy, B, ) > nge’ for ke S”.

From (2.6) and (2.16), we know that v(xy) > ALY (sk;xk) > ALY (s5; x1) > 0 for all
k, which may be combined with limges v(xi) = v(z.) = 0 (holds by assumption) to
conclude that

1
(4.25) AL (s xp) < ﬁj_ely for k € S sufficiently large,
o v

where 7, € (0,1) is defined in (2.31a). It follows from (2.8), (2.9), (4.24), By > 0,
and (4.25) that
(4.26) Al (sg;a1)

> L5 Bisk — G AL (s 2k) + npe” > npe’ — GAL (si; )

5 o€ _ e
0+Y% 0+

> npe” — =:¢/ >0 for k € 8" sufficiently large.
Combining this with part (iii) of Lemma 4.8, we know that there exists some oy > 0
such that («, si) satisfies (2.31b) for all k € S§” sufficiently large and o € (0, a¢], since
by assumption S, =S, US, U S, for k > k”.

Next, we define

(4.27) Dy = (vr}n)ré}_k {max [Ui — ;AL (s x4), ﬁvi} } > 0,

where F, is the kth filter. The fact that ® > 0 follows since v; > 0 for all (v;, f;) € Fi
as a consequence of Lemma 3.1. Moreover, it follows from (4.23) that Fj, = Fy» for
all k € 8" so that &, = ®p» > 0 for all k¥ € S”. Now, pick €’ > 0 such that
O — Cy M2 < ¢ < O and consider a such that

D — €?
b <1

. < ——
(4.28) 0<a< Coar S

It then follows from Lemma 4.3, the fact that limzesv(zi) = 0, (2.16), (4.23), and
(4.28) that

(g + asg)
<wv(zk) — AL (sp;xK) + a’C, HSng <€+ cuZC'UMS2
q’k” — Gv

2
<€’ 4+ aCyM; SEU—FW

CyM? = & for all k € S” sufficiently large.
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Thus, xp + asg is acceptable to F = Fpr for all « satisfying (4.28) and k € §”
sufficiently large.
Combining the above, (4.23), and the structure of Algorithm 1, we conclude that

q’k// —¢€v
C, M2

where £ € (0,1) is the backtracking parameter used in Algorithm 1. It then follows
from (4.23), (2.31b), (2.16), Lemma 4.5, (2.31a), (4.29), and (4.26) that

(4.30) f(xk) — f(%k + Ozkék)
> ’yfakpi > 7oy min [CpAéf(sk; xk)2, %Aéf(sk; xk)}

(4.29) aj > min {5 Jay, 1} = Qi > 0 for all k € S sufficiently large,

. 2 7 :
> Yf Qi N [Cp (), %ef} > 0 for all k € §” sufficiently large.

However, for all k € S,, it follows from (2.31b), (2.31a), (2.16), and (2.27) that f(z)—
f(xp+arsy) > 0. This observation combined with (4.30) implies that limg_,o f(z) =
—00, which contradicts the fact that f is bounded as a consequence of Assumptions 4.1
and 4.2. This completes the proof. d

We now show that limit points are either infeasible stationary points or KKT
points for problem (1.1).

THEOREM 4.14. Suppose that Assumptions 4.1-4.4, (4.11), and (4.23) hold. If
Xy 18 a limit point of {xy}, then either

(i) x« is an infeasible stationary point or

(ii) x« is a KKT point for problem (1.1).

Proof. Suppose that limges xx = =4 for some subsequence S. It follows from
Lemma 4.12 that limy_,oc ALY(s7; 1) = 0, so that if v(z,) > 0, then z, is an infea-
sible stationary point (see Definition 2.1). Otherwise, we have that v(z,) = 0. In
this case, it follows from Lemma 4.13 and (4.11) that limges Aq®(sh; zx, Bi,7) = 0.
It follows from this fact, v(x,) = 0, and Lemma 2.2 that z, is a KKT point for
problem (1.1). O

Case 3: |S, U Sp| = oo. The next result shows that if P-mode = false at the
beginning of the kth iteration, then zj is acceptable to the filter F.

LEMMA 4.15. If P-mode = false at the beginning of iteration k, then xjy is
acceptable to Fy.

Proof. The result immediately follows from the construction of Algorithm 1 and

consideration of the possible outcomes associated with iteration k — 1. a
We first show that the feasibility measure converges to zero along S, U Sp.
LeMMA 4.16.  If Assumptions 4.1-4.3 hold and |S, U S| = oo, then

limkegvugb AZU(SZ; :Ek) =0.
Proof. To reach a contradiction, suppose that we have the infinite subsequence

S:={keS,US,: Al'(s;; 1) > €}

for some constant € > 0. It follows from the definition of S, Lemma 4.15, and (2.29)
that

(4.31) vp < max {v; — a;ny ALY (s;25), Buv;} or
fr < fj —ymin {vj — any AL (s3; x5), ﬂvj}

for k € S and (vj, f;) € F; note that by construction (v, fr) € Fry1 for all k € S.
Moreover, it follows from the definitions of A¢¥ and S that vy, > AlY(s}; xx) > € for
k € S. Using Assumptions 4.1 and 4.2 we have a subsequence &’ C S so that
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lim Al’(sp;x,) =6, and lim v, =6, for constants 6, > 6, > e > 0.
keS’ kES!

For any ¢ € (0,0;) and €, € (0,6,), it follows that
(4.32)
|AC (s mr) — 00| < €0 and  |ug — 0,] <€, for all k € S’ C S sufficiently large.

Using (4.32), the definitions of €, n,, A¢” and S, ar € (0,1], &’ C S, and part
(ii) of Lemma 4.8 gives

(4.33)
0 <wp — apnpALY(si;ok) < vk — apny (0 — €0) < Bavy for all k € S’ sufficiently large

and some ay > 0, where

(00 + €v) — awny (07 —
(0, + €0)

By = ) (0,1)

and 2 may be forced to lie in (0,1) by choosing e, sufficiently close to zero and ¢
sufficiently close to 6y. Now define 8* := max{3s, 8} € (0, 1),

1-—p*
f=ming ——=0,, € 0,
€ min { 1+ 5 € } >
and the subsequence §” = {k € §’ : vy — 0,| < €} so that
208"

2
W&J <o < W&J for all k € 8" C &' sufficiently large.

Given k € 8", define k™ € 8" to be the successor to k in S”. It then follows
from (4.34), the definition of 8*, and (4.33) that

(4.34)

*

Vgt > %HU > Bu = max{ﬂg,ﬂ}vk

> max {vk — apny AL (s3; Tr), ka} for all k € S”.

Since §” C & C S, it follows from the previous inequality, the definition of k™, the
fact that (vk, fx) € Fp+, (4.31), the definition of AlY(s5;xk), ar € (0,1], n, € (0, 1),
Be(0,1),v€(0,1), 0, > €, > €*, and the definition of §” that

fre — fror > ymin {op — axnu AL (s} 2), Buk}
= ymin {(1 — QM) Vg + My ||[c(xk) + J(xk)sz]*Hl , ﬂvk}
> ymin{l — agny, B}vr > ymin{l — n,, B}(0, —€*) > 0 for all k in S”.

Summing over k € S§”, we deduce that limges f(xr) = —oo, which contradicts
Assumptions 4.1 and 4.2. O

We now prove that our optimality measure for ¢ converges to zero along a certain
subsequence.

LEMMA 4.17. Suppose that Assumptions 4.1-4.4 and (4.11) hold and that |S, U
Sp| = 0.

(i) If |Sy| = 00 and limyes, xx = . for some x. satisfying v(z.) = 0, then

lim Aq?(s?; 2y, By, 5) = 0.
Jim Ag (sys Tk, Bi, )
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(i) If |Sy| < o0 and limges, T = x4 for some x,. satisfying v(x.) =0, then

lim inf Aq®(s?; 2, By, 5) = 0.
KES) q ( ko Lky Dk, )

Proof. We first prove part (i). To obtain a contradiction, suppose that there
exists the subsequence

S ={keS8,:k>k and A¢®(s};ar, By, 7) > €}

for some constant ¢ > 0 and k' defined in (4.11). It then follows from line 34 of
Algorithm 1 that

(4.35) AG?(sg; x, Br, @) > 1gAq? (sV; 2k, Bi, ) > nge’ for k€ S'.

Then, since v(xz,) = 0 by assumption, we may use (4.35) (analogous to (4.24)) and
follow the same steps that led to (4.26) to show that

Aff(sk; xK) > ef > Yo ALY (s xy) for k € S8 sufficiently large and some ef >0,

where the second inequality follows from limges, 2 = x4, v(z+) = 0, and the def-
inition of A¢Y. Thus, (2.30) does not hold, which implies that k¥ ¢ S,. This is a
contradiction and proves part (i).

We now prove part (ii), where |S,| < oo = |Sy|. To obtain a contradiction,
suppose that

Aq‘z’(si; Tk, Bi,5) > € for k € S, sufficiently large
and some constant ¢ > 0. It then follows from line 34 of Algorithm 1 that

(4.36)
Aq?(sy; Ty, By, ) > 77¢Aq¢(sz; Tk, By, 7) > nge’ for k € S, sufficiently large.

Since (4.36) is analogous to (4.35), we may again conclude as above that

(4.37)
Aéf(sk; xg) > ef > Yo ALY (sg; x) for k € Sy sufficiently large and some e >o0.

Using (4.37), limges, v(xr) = v(x.) = 0, and part (iii) of Lemma 4.8, we may conclude
that there exists oy > 0 such that («, sp) satisfies (2.31b) for all & € (0, of] and k € S
sufficiently large. Now, if a; — 0 along some subsequence S; C Sy, then it follows
from the previous sentence and (4.37) that («, sk) satisfies (2.31a) and (2.31b) for
all k € S sufficiently large. We now show that xp + agsy is also acceptable to the
filter F, for all k € S; sufficiently large.

To this end, let (v;, f;) € Fj for some k € S;. It then follows from Lemma 4.15
that either v, < max {vi—avaé”(sf; Zi), ﬁvi} or fr < fi—ymin {Ui—avafv(sf; x;),
ﬁvi}. In this first case, it follows from the definition of a b-pair that v(zy + agsk) <
v < max {vi — Ny ALY (855 x;), ﬁvi} for all k € Sp. In the second case, we have from
the fact that (2.31b) holds for k € S; sufficiently large (recall that oy — 0 on Sj),
(4.37), and Lemma 4.5 that f(xg+agsg) < fr < fi—ymin {vi—avaﬁ”(sf;xi), ﬁvi}.
Thus, in either case we have that (v(zx +arsk), f(2r+arsk)) is acceptable to the sin-
gle element filter {(v;, f;)} for all k € S; sufficiently large. Since this element (v;, f;)
of the filter F, was arbitrary, we may conclude that (U(!Ek + agsk), f(zr + aksk)) is,
in fact, acceptable to the filter Fj, for all k € S) sufficiently large.
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To summarize, we have shown that (o, sk) is an o-pair for k € S; sufficiently
large. This is a contradiction since Algorithm 1 would have labeled such an iterate
as an o-iterate, not a b-iterate. Thus, there exists a3 such that ap > a3 > 0 for all
k € S sufficiently large. Combining this with (2.1), (2.34), v(-) > 0, Lemma 4.7,
(2.8), (2.16), and (4.37) gives

(4.38)
flar) = flar + andy)
= ¢(x1;0) — d(ak + ardp; 0) — 7 (v(zk) — v(zk + ags)) > Yoorp} — av(Tk)
> Y40 min [CpA€¢(sk;xk, 7)?%, %Aﬁ(sk; Tk, 5)} —av(xg)
= Y40 min [Cp (Aff(sk; xp)? + 25A€f(sk; o) ALY (s k) + GEALY (s51; xk)2),
%(Aéf(sk;xk) + &Aé”(sk;xk))} —ov(zk)

> Yp0p min [CpAéf(sk; a:k)2, %Aéf(sk;xk)] —av(xg)
> 740 min [Cp (ef)Q, %ef} —av(xy,) for k € Sy sufficiently large.

Since |Sp| = 0o > |S,], we may define k* as the first iteration greater than k such

that k* € S,US,. It then follows from the construction of Algorithm 1 and |S,| < oo
that

if k € S is sufficiently large, then k™ € S, US, and I € S, for all k < < k.
Using (2.34), a; > 0, (2.20), and (2.28) we conclude that

kt—1 k-1
G(xh1150) — Gap+;0) = Y S(ai0) — d(wi + 2i8i;0) > Y Ypip!
i=k+1 i=k+1
kt—1
= Z Y Cri Min {Aw(si;%i,&), Aq¢(5§¢;$i,Hi75')}
i=kt1

>0 for k € S sufficiently large,
which may be combined with (2.1), v(-) > 0, and (2.33) to conclude that

(4.39)  flzpir) = flaps) 2 0 (v(zps) — v(@pe1))
> —ov(xpe1) > —ov(zy) for k € Sp sufficiently large.

It then follows from (4.38) and (4.39) that

flaw) = flaee) = (F(en) = Flae + ande)) + (f(@rr1) — (@)

(4.40) > Y0y Min [Cp (ef)z, %ef} —25v(zy) for k € Sp sufficiently large.
Next, since limges, v(zr) = 0 we know that

1
v(zy) < 156 min [C’p (ef)Q, %ef} for k € Sy sufficiently large,
g
which may be combined with (4.40) to deduce that

(4.41)
f(@r) = fz+) > 27400 min [Cp (ef)2, %ef] =:¢€" >0 for k € S sufficiently large.
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If we define kT to be the first b-iteration greater than k (thus, k™ > kT), it follows
from (4.41), the fact that Algorithm 1 does not allow further p-iterations until it has
its next b-iteration, and the fact that the objective f is decreased during o-iterations
that f(xx)—f(x;4) > € for k € Sy sufficiently large. Since |Sp| = oo, this implies that
limges, f(xr) = —oo, which contradicts the fact that f is bounded as a consequence
of Assumptions 4.1 and 4.2. This proves the result. d

We now show that limit points of {x}}s,us, are infeasible stationary or KKT
point for problem (1.1).

THEOREM 4.18. Suppose that the Assumptions 4.1-4.4, (4.11), and |S, US| = oo
hold. Then, there exists a limit point x,. of {xr}s,us, such that either

(i) x« is a KKT point of problem (1.1) or

(ii) x« is an infeasible stationary point.

Proof. From Assumptions 4.1 and 4.2 we know that there exists a limit point z.
of {zr}s,us,. First, if v(x,) > 0, then it follows from Lemma 4.16 and Lemma 2.1
that x, is an infeasible stationary point, which is part (ii) of this theorem. Second, if
v(zs) = 0 and |S,| = oo, then it follows from part (i) of Lemma 4.17 and Lemma 2.2
that z. is a KKT point of problem (1.1). This is case (i) of this theorem. Finally,
if v(zyx) = 0 and |S,| < oo (so that |Sp| = o0), then it follows from part (ii) of
Lemma 4.17 and Lemma 2.2 that z, is a KKT point of problem (1.1), which once
again is case (i) of the theorem. O

4.2. Convergence analysis under unbounded weighting parameter. We
now consider the situation when the weighting parameter increases without bound,
i.e., that

(4.42) lim o = 0.
k—o0
Our analysis begins with the following lemma, which is similar to [9, Lemma 3.8].
LEMMA 4.19. Suppose that Assumptions 4.1-4.4 are satisfied, (4.42) holds, x.
is a limit point of {xx} satisfying v(z.) > 0, and ALY(s3;2,) > 0, where s& is the
solution to

minimize e’r subject to c(z.) + J(zx)s+7r >0, >0, |s] <4,
(s,r)ERN+m™

for some & € [Opmin, Omas)- Then, along any subsequence {xk}rex that converges to x.,
the weighting parameter is updated only a finite number of times.
Proof. We begin by defining

(4.43) sf(a) := argmin ¢?(s; xy, By, 0)
seR™
and
(4.44) = (o) == <1 - n—g) o <o,
v

where we used the fact that 0 < 1 — 7, /7, < 1 holds since 0 < 1, < 1, < 1 is defined
in (2.19).

Using the fact that Aq‘i’(sf(u);xk,Bk,u) > 0, (2.9), and the definition of p =
(o), we can see that
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Ag?(sP(p); xy, B, )

= A (s (0)s 2 B + (1 - ”—“) AL (s (1n); )

v

= Aq‘i’(sf(u);xk,Bk,U) - n—aaAﬁv(sz(u);xk) >0 for p = p(o) and all o > 0,

v

which implies that

(4.45) Aq¢(sz(u);xk,3k,0) > n—aoAZU(sz(u);xk) for 4 = p(o) and all o > 0.

v

Since ALY(sf; ) > 0 and limgex 2 = 2. by assumption, it follows from [17,
Theorem 3.2.8] that there exists € € (0,1) and &k’ such that

4.46 ALV (s3:x) > € forall K <k e K.
( A

Moreover, since the Newton step —Bk_lg;.C minimizes ¢f (s; zk, By), it follows from
Assumption 4.3 that

(4.47) ¢! (s3(0); xx, Br) > ¢/ (=B gii vw, Br) = fx — 39x By, * g
2
> f— !ik||2 for all & > 0.

Next, it follows from (2.10), the choice 0 € [dumin, Omax], NOrm inequalities, and As-
sumption 4.3 that
(4.48) @’ (s352, Bi) < fro + |9klo Omax + 2 Amaxd?

max

Then, (4.47), (4.48), and Assumptions 4.1 and 4.2 imply the existence of a constant
C4 > 0 such that

(4.49) ¢’ (s3;xk, B) — qf(sf(o); T, Br) < Cy for all o > 0.

We now define

C C
(450) Ocrip +— af > (Ucrit) = 6(17(#) > 0,
_ _ Do — N
e(1—ny) (1 m) U
and the associated infinite subsequence
(4.51) S ={keK:k>k and o > 0o}

It follows from the fact that Aq¢(sz(o); Tk, Bi, o) > Aq®(si; xk, Bi, o) (by the defi-
nition of s (c)), (2.9), (4.49), (4.46), and (4.50) that

1
(4.52) Aé”(sf(o); xg) > AL(si;xr) — p (qf(si;xk, By) — qf(si(cr);xk, Bk))

1 Cat
> A5 an) — —Cp = ALY (5 L - — e
e V4 (Sk7$k) O_qu 4 (Sk’xk)< UAZU(Sz;ﬁk)>

> n, ALY (s5;mp) for o > p(o.:) and k' < k € K.
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We may now use the definition of &, (4.52), the fact that sl (o) = %, (2.15),
and (2.16) to show that

(4.53)
7 =1, sp=s}, and Aq¢(sk;xk,Bk,ak+1) > n¢Aq¢(s£;xk,Bk,ak+1) for ke S’

since 1y € (0,1) in Algorithm 1. Next, it follows from (4.53), (2.9), By > 0, the fact
that s? = s¢(ox) and s? minimizes ¢®(s; zg, By, 0%), (4.45), the fact that p(og) >
w(oes) for k € 8’ and (4.52) that

(4.54)  AL(sp;ap, o) > Ag®(sh;ax, Bi,or) > Aq®(sf (1u(ow)); ok, Br, o)
> n—oakAév(si(u(ak));a:k)

v

> n—ocrk (nvAév(sz;xk)) = ok ALY (sh;xr) for ke S'.

We now conclude from (4.53), (4.54), (2.19), and the fact that the weighting parameter
is only increased in lines 12 and 34 of Algorithm 1 that oy is increased a finite number
of times on K. O

We now consider feasible limit points at which the MFCQ [35] holds.

LEMMA 4.20. Suppose that Assumptions 4.1-4.4 are satisfied, (4.42) holds, x. is a
limit point of {xx} at which v(xy) = 0, and the MFCQ holds. Then, the following hold
for all xy, sufficiently close to x. and oy, sufficiently large: (1) ALY(sh;xr) = v(wk);
(ii) sk = sh; and (iii) o is not increased during iteration k.

Proof. We may use [9, Lemmas 3.12 and 3.13] since the proofs only used the
properties of the MFCQ), the continuity of the problem functions f and g, and the
convexity of their penalty and steering subproblems. Their subproblem [9, equa-
tions 2.7(a—d)] is equivalent to our predictor subproblem (2.12) and both methods
minimize the same quadratic model of the penalty function. A small difference is that
our predictor subproblem is designed so that if £”(s§;zx) = 0, then £ (s};x,) = 0 as
well; they satisfy this requirement by increasing their penalty parameter in Step 4a
of [9, equation 2.11] and re-solving for a new step. Their steering subproblem [9,
equations 2.9(a—e)] is equivalent to (2.10).

The assumptions of this lemma and [9, Lemma 3.12] imply the existence of r > 0
and k' > 0 so that

(4.55) 0°(sh,xp) = v(zyg) forall ke S,

where 8’ := {k : ||z — x| <r and k > k’}, which proves part (i). The inequality
Al (s3; ) > 0, (4.55), and the definition of A¢¥ imply

AL (shs ) > v(ag) — 00 (s wr) = AL (s ax) > ny AL (s xy) for ke S,

where 1, € (0,1) is defined in (2.16). Thus, we conclude from (2.16) that 7, = 1 and
sk = s, for k € &', which proves part (ii). Finally, it follows from [9, Lemma 3.13]
and the assumptions of this lemma that

(4.56) Aq?(sh;xy, Br,ox) > oxnev(wr) > opne ALY (si;ax) for k€ S,

where the last inequality follows from the definition of A¢Y. It then follows from part
(ii) of this lemma, (2.9), By, > 0, and (4.56) that

AL (s ag, o) = AL (Vs 2y, 00) > Aq® (8% vk, By 0k) > oxne AL (s5; 1) for k€ S
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We may conclude from this inequality, (2.19), and the fact that o will not be increased
on line 34 as a result of part (ii) of this lemma that o411 = oy for k € &', which proves
part (iii). O

THEOREM 4.21. If Assumptions 4.1-4.4 and (4.42) hold, there is a limit point
T4 such that either

(i) x« is an infeasible stationary point or

(ii) w4 is feasible, but the MFCQ does not hold.

Proof. Let D to be the infinite index set consisting of the iterations for which the
weighting parameter is increased. Then, let x, be a limit point of {zj}rep, which
must exist as a consequence of Assumptions 4.1 and 4.2. First, suppose that v(z,) > 0.
It then follows from Lemma 4.19 that if A¢¥(s%;x,) > 0 (s2 is defined in Lemma 4.19),
then the weighting parameter is updated only a finite number of times along D, which
is a contradiction. Therefore, we deduce that A¢¥(s%;x,) = 0 and consequently that
x, is an infeasible stationary point. Second, suppose that v(z.) = 0. It then follows
from Lemma 4.20 that if the MFCQ holds at x,, then o, will be increased only a
finite number of times along D. This is a contradiction and, therefore, the MFCQ
does not hold at z.. a0

5. Conclusions. In this paper, we presented a new filter line search method
that replaced the traditional restoration phase with a penalty mode that systemat-
ically decreased an exact penalty function. Importantly, we solved a single strictly
convex quadratic program subproblem during each iteration that was always feasible.
Each search direction was defined as a convex combination of a steering step (a solu-
tion of a linear program) that represented the best local improvement in constraint
violation and a predictor step that reduced our strictly convex quadratic model of the
exact penalty function. We also allowed for the computation of an accelerator step
defined as a solution to a simple equality constrained quadratic program (plus trust-
region constraint) to promote fast local convergence. In this manner, the trial step
always incorporated information from both the objective function and constraint vi-
olation. To further promote step acceptance, we utilized second-order information in
the computation of Cauchy steps that provided realistic measurements of the decrease
one might expect from the nonlinear problem functions. By using local feasibility es-
timates that emerged during the steering process, we defined a new and improved
margin (envelope) of the filter. This new definition encouraged the acceptance of
steps that made reasonable progress but might be considered inadmissible by a tra-
ditional filter. Under standard assumptions, we proved global convergence of our
algorithm.

The fact that every subproblem of our method is feasible has an interesting (fa-
vorable) consequence when compared to previous SQP filter methods. Those methods
trigger a restoration phase in multiple situations, the most common being when the
traditional SQP subproblem is infeasible. In this case, the primary role of the restora-
tion phase is to obtain a new feasible subproblem. This undesirable situation is not
encountered in our method since all subproblems are feasible. Our method still may
enter a penalty phase, but only when overwhelming evidence indicates that previously
added filter entries are blocking progress. We believe this feature of our method is far
more attractive and practical in comparison to previous filter methods.

Local convergence issues have not been considered in this paper and are currently
under investigation. It is evident that our method—like filter methods and SQP meth-
ods based on exact penalty functions—may experience the Maratos effect [36], i.e.,
reject the unit step (the traditional SQP step) when the current iterate is arbitrarily
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close to a minimizer. We remain optimistic, however, that superlinear convergence
may be established if we make common second-order optimality assumptions on the
minimizer and include either a second-order correction strategy or a nonmonotone
approach [17, section 15.3.2.3].

Simple and straightforward modifications to our method allow for the solution of
problems defined by a mixture of inequality and equality constraints. For instance, the
definition of the constraint violation would be augmented to represent an #; measure
of infeasibility for both inequality and equality constraints. Each key subproblem
must also be modified. For example, (2.13) would additionally include the linearized
equality constraints augmented by a pair of nonnegative elastic variables. Otherwise,
the algorithm remains unchanged.

We are currently implementing our algorithm. Once a robust and well-tested
code is obtained, we will investigate many interesting practical questions related to
our method. These questions include (i) computing the frequency with which our
method enters a penalty mode relative to a traditional restoration phase; (ii) evaluat-
ing the benefits and possible disadvantages of our penalty mode versus a traditional
restoration phase on test problems that trigger such phases; (iii) studying the stabil-
ity and quality of the iterations typically generated by a traditional restoration phase
and our penalty mode; and (iv) investigating the practical benefits of defining our
filter margin adaptively based on local estimates. However, such tests should only
be performed after a polished implementation is obtained so that reliable conclusions
may be obtained.
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