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Abstract The details of a solver for minimizing a strictly convex quadratic objec-
tive function subject to general linear constraints are presented. The method uses
a gradient projection algorithm enhanced with subspace acceleration to solve the
bound-constrained dual optimization problem. Such gradient projection methods are
well-known, but are typically employed to solve the primal problem when only simple
bound-constraints are present. The main contributions of this work are threefold. First,
we address the challenges associated with solving the dual problem, which is usually a
convex problem even when the primal problem is strictly convex. In particular, for the
dual problem, one must efficiently compute directions of infinite descent when they
exist, which is precisely when the primal formulation is infeasible. Second, we show
how the linear algebra may be arranged to take computational advantage of sparsity
that is often present in the second-derivative matrix, mostly by showing how sparse
updates may be performed for algorithmic quantities. We consider the case that the
second-derivative matrix is explicitly available and sparse, and the case when it is
available implicitly via a limited memory BFGS representation. Third, we present the
details of our Fortran 2003 software package DQP, which is part of the GALAHAD
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suite of optimization routines. Numerical tests are performed on quadratic program-
ming problems from the combined CUTEst and Maros and Meszaros test sets.

Keywords Convex optimization - Quadratic programming - Gradient projection -
Large-scale optimization - Sparse factorizations - Dual method

1 Introduction

Quadratic problems (QPs) occur naturally in many application areas such as discrete-
time stabilization, economic dispatch, finite impulse response design, optimal and
fuzzy control, optimal power flow, portfolio analysis, structural analysis, support vec-
tor machines and VLSI design [40]. They are also a vital component of so-called
recursive/successive/sequential quadratic programming (SQP) methods for nonlinear
optimization, in which the general nonlinear problem is tackled by solving a sequence
of suitable approximating QPs [9,41]. Traditionally, QPs have been solved by either
active-set or interior-point methods [65, Ch. 6], but in certain cases gradient-projection
methods, which are the focus of this manuscript, may be preferred.
We consider the strictly convex QP

mini%ﬁzeq(x) = Mx, Hx) + (g, x) subjectto Ax >c, )
xeR"

where (-, -) is the Euclidean inner product, the symmetric matrix H € R™"*" is positive
definite, and A € R™*" is the constraint matrix for some positive integers m and n. We
are especially interested in the case when 7 is large and the structure of A and H may
be exploited, e.g., when A and H are sparse [40] or the inverse of H is represented in
the form

H'=H'+vwyT )

with the matrix HO_l € R™*" sparse and positive definite (often diagonal), the matrices
V e R"™ and W € R dense with W symmetric and non-singular, and ¢ a small
even integer typically in the range 0-20 [11]. Matrices of the form (2) often arise as
limited-memory secant Hessian approximations in SQP methods [44-48,61,76].

It is well known [21] that (1) has a related primal-dual problem

maximize —i(x, Hx) + (c, y) subjectto Hx — ATy4+¢=0, y>0. 3
(x’y)ERner

The optimal objective values of (1) and (3) are equal. After eliminating x from (3),
an optimal dual vector y, of (3) is a solution to

Y« = arg ming®(y) := 5y, Hy) + (¢°, y) subjectto y >0, )

yeR"
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which is the dual problem to (1) with
HP := AH"'AT and gD = —AH_lg —c. 5)

Once y, is computed, the optimal x, may be recovered by solving Hx, = ATy, —g.
The advantage of this dual formulation is that the geometry of the feasible region is
simpler—finding a feasible point is trivial—but at the expense of a more complicated
and likely dense Hessian HP. The method that we consider does not require ! but
rather that we can find u = H~'w by solving Hu = w or by other means. Note that
(1) is infeasible if and only if (4) is unbounded; the latter is possible since H D may
only be positive semidefinite.

1.1 Prior work and our contributions

A great number of algorithms have been proposed to solve the general QP (1). They
may be classified as either interior-point algorithms, active-set methods, penalty meth-
ods, or projected gradient methods, all of which we summarize in turn.

Interior-point methods typically are primal-dual [20,49,56,60,74] in the sense that
they solve a linear system during each iteration that is obtained from applying Newton’s
Method for zero finding to a certain primal-dual nonlinear equation based on a shifted
complementary condition. For problems that are convex but perhaps not strictly con-
vex, regularized formulations have been proposed [30] to address the issues associated
with potentially solving singular linear systems, or systems that are ill-conditioned.
Primal-dual interior-point methods are revered for requiring a small number of iter-
ations in practice, but are difficult to be warm-started, i.e., to solve (1) much more
efficiently when given a good estimate of a solution as compared to an arbitrary starting
point.

The class of active-set methods complements the set of interior-point solvers. They
typically are robust and benefit from warm-starts, but are less scalable than interior-
point methods. Active-set methods solve a sequence of equality-constrained quadratic
subproblems (equivalently, they solve a sequence of linear systems of equations) where
the constraints are defined using the current active set (more accurately, using a work-
ing set). The diminished capacity for active-set methods to scale is rooted in the fact
that the active-set estimates typically change by a single element during each itera-
tion. Thus, it is possible that an exponential number (exponential in the number of
constraints) of subproblems may need to be solved to obtain a solution to the original
problem (1), which is potentially problematic when the number of constraints is large.
Primal feasible active-set methods [5,34,35,43,49,56] require a primal-feasible point
that is often costly to obtain, whereas a trivial feasible point exists for dual feasible
active-set methods [3,10,36,67,71]. We also mention that non-traditional active-set
methods have recently been developed primarily motivated by solving certain prob-
lems that arise in optimal control [17,18,52], and that dual active-set methods have
also received attention [27,51].

The class of penalty methods may, in some sense, be considered as a com-
promise between interior-point and active-set methods. Penalty methods solve the

@ Springer



N. I. M. Gould, D. P. Robinson

original generally-constrained QP by solving a sequence of QP problems with sim-
pler constraint sets. For example, the method by Spellucci [72] uses a penalty
approach to formulate a new primal-dual quadratic objective function with simple
bound-constraints whose first-order solutions correspond to solutions of the original
generally-constrained problem (1). Although this is a reasonable approach, it typ-
ically does not perform well on moderately ill-conditioned problems because the
reformulated penalty problem has a condition number that is the cube of the condi-
tion number of the original problem. A more standard augmented Lagrangian penalty
approach is used by Friedlander and Leyffer [29]. They improve upon standard aug-
mented Lagrangian methods for general nonlinear optimization by using the structure
of the QP to more efficiently update problem parameters. The augmented Lagrangian
approach means that each subproblem is cheaper to solve, but to ensure convergence,
a penalty parameter and an estimate of a Lagrange multiplier vector must be itera-
tively updated. In our experience, such penalty methods typically warm-start better
than interior-point methods but not as well as traditional active-set methods, and scale
better than active-set methods, but not as well as interior-point methods. In this sense,
one may view them as a compromise between interior-point and active-set methods.

The final class of QP methods, which consists of gradient projection methods, is
well-known and typically employed to solve the primal problem when only simple
bound-constraints are present [22,23,62—-64,69]. When applied to bound-constrained
problems, such methods have a modest cost per iteration and usually perform well
when the problems are well conditioned or moderately ill-conditioned. However,
they tend to perform poorly on ill-conditioned problems. Projection methods are
less commonly used to solve dual formulations. One such example is the primal-
dual projection method used to solve linear-QPs that arise in dynamic and stochastic
programming [77]. In this setting, however, both the primal and dual problems have
nonsmooth second derivatives. A second example is the dual projection method [2],
which focuses on the special structure of the QPs used to solve mixed-integer prob-
lems in predictive control. The projection method in [66] is perhaps the most similar
to ours. The authors present a gradient projection method called DPG for solving
the dual problem, and an accelerated version called DAPG. The formulation of their
method is motivated by obtaining an optimal worst-case complexity result, and has a
modest cost per iteration of O (mn). They prove that the convergence rate for DPG is
O(1/k), and that the convergence rate for DAPG is O(1/ k?), where k is the iteration
number. Both of these methods require a single projected gradient iteration on the
dual problem during each iteration. Whereas their method was designed to obtain an
optimal complexity result, the method that we describe is designed to be efficient in
practice. For example, whereas DPG and DAPG perform a single gradient projection
computation, we allow for either a search along the projected gradient path or a sim-
ple projected gradient backtracking search. An additional enhancement to our method
is subspace acceleration computations that are routinely used in gradient projection
methods. These calculations improve upon a vanilla fixed step length gradient projec-
tion method, which is known to have a convergence rate of O(1/k) in terms of the
optimal objective value, so that the methods discussed in this paper inherit the same
rate.
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The contributions of this paper can be summarized as follows. (i) We address the
challenges faced by gradient projection methods in the context of solving the dual
QP problem, which is typically a convex (not strictly convex) problem even when
the primal problem is strictly convex. In particular, for the dual problem, one must
efficiently compute directions of infinite descent when they exist, which is precisely
when the primal formulation is infeasible. (ii) We show how the linear algebra may
be arranged to take computational advantage of structure that is often present in the
second-derivative matrix. In particular, we consider the case that the second-derivative
matrix is explicitly available and sparse, and the case when it is available implicitly
via a limited memory BFGS representation. (iii) We present the details of our Fortran
2003 software package DQP, which is part of the GALAHAD suite of optimization
routines. Numerical tests are performed on quadratic programming problems from the
combined CUTEst and Maros and Meszaros test sets.

1.2 Notation

We let I be the appropriately-dimensioned identity matrix and e; its jth column. The
vector e will be the appropriately-dimensioned vector of ones. The standard inner
product of two vectors x and y in R™ is denoted by (x, y), with the induced vector
(Buclidean) norm being ||lx|| := +/{x, x). For any index set S € {1,2,...,m}, we
defined (x, y)s := z]’es x;yj with x; denoting the jth entry in x, i.e., (x, y)s is the
standard inner produce over the sub-vectors of x and y that correspond to the index set
S. Throughout, H € R"*" is positive definite and A € R™*" is the constraint matrix.
The quantity max(y, 0) is the vector whose ith component is the maximum of y; and
0; a similar definition is used for min(y, 0).

2 The method

The method we use to solve the dual bound-constrained quadratic program (BQP) (4)
is fairly standard [12, 15,62] and makes heavy use of projections onto the dual feasible
set. Thus, we let

Pply] := max(y, 0)
be the projection of y onto the dual feasible set
D={yeR":y>0}

associated with (4). The well-studied gradient projection method for BQP is given by
Algorithm 1.

Computing only the Cauchy point y© during each iteration is sufficient to guarantee
convergence and, under suitable assumptions, to identify the set of variables that are
zero at the solution [14,58,62]. Subsequently, the subspace step A ys will identify
the solution, although empirically it also accelerates convergence before the optimal
active set is determined. The use of oy« allows for additional flexibility although the
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Algorithm 1 Accelerated gradient projection method for solving the BQP (4).
input: Solution estimate y € D.
Choose ¢ > 0.
while || Pp[y — VgP ()] = yl| > & do
1. (Cauchy point)
Setd = —VqD(y) and compute o
Set y© = Pply + oCd].
2. (subspace step)
Compute A = AGS) =1 : in = 0}.
Compute Ays = argminAyERm qD(yC + Ay) subjectto [Ay] 4 =0.
3. (improved subspace point)

€ = argmin,- qD(PD[y + ad]).

Select amax > 0 and then compute oS

Sety = PD[yC +a54y8].
end while

=argming (0, ¢pax ] qD (PD [yC + oszS]).

choice amax = 00 would be common. Another choice would be to set omax to the
largest « value satisfying (y© + aAy®) € D so that &5 can easily be computed in
closed form.

The Cauchy point and improved subspace point computations both require that
we compute a minimizer of the convex dual objection function along a piecewise
linear arc. Of course, the exact minimizer suffices, but there may be a computational
advantage in accepting suitable approximations. We consider both possibilities in turn.

2.1 An exact Cauchy point in Algorithm 1

The Cauchy point may be calculated by stepping along the piecewise linear arc Pp[y-+
ad] while considering the objective function on each linear segment [15, §3]. The entire
behavior can be predicted while moving from one segment to the next by evaluating
and using the product HP p, where p is a vector whose non-zeros occur only in
positions corresponding to components of y that become zero as the segment ends;
thus, p usually has a single nonzero entry. The required product can be obtained as
follows:

HPp = Au, where Hu = wand w = AT p.

Note that w is formed as a linear combination of the columns of A” indexed by the
non-zeros in p.

The details of the search along the piecewise linear path is given as Algorithm 2,
which is based on [16, Alg. 17.3.1 with typo corrections]. The segments are defined
by “breakpoints”, and the first and second derivatives of ¢ on the arc at the start of
the ith segment are denoted by ¢/ and ¢/, respectively.

Algorithm 2 seems to need a sequence of products with A and AT and solves
with H to form the products with HP, but fortunately, we may simplify the process
considerably. We consider two cases.
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Algorithm 2 Finding the Cauchy point (preliminary version).

input: Solution estimate y € D and search direction d.
Compute the gradient VgD(y) —AH! (g — ATy) — ¢ and Hessian H? = AH1AT.
Compute the vector of breakpoints

a: =

B —yj/d; if dj <0 .
] oo i d forall j=1,...n

Compute the index sets 70 = {j: a? = 0} and AV =TU {j:yj=0andd; =0}
Seta? =0, 0 = Z/EZO d[e/,do =d—¢Y and s = 0.
Compute 0= (VgD(y) dO) and HPdO.
Set qo =¢% and compute q (do HDdO).
fori =0,1,2,... do
1. (find the next breakpoint)
Determine the next breakpoint o “, and then set Aol = it — ol
2. (check the current interval for the Cauchy point)
if qlf > 0 then return the exact Cauchy point yC =y+ s'. end
if ¢ > 0 then set Ax = —g/ /g’ else set Ao = oc. end
if ¢/ > 0and Aa < Ac! then return the Cauchy point y© =y + s/ + Aad’. end
3. (prepare for the next interval)
Compute the index sets Zit1 = {j : a}g = a’“} and Ait! = Al y it
Compute ¢/ T! = Z;eIf“ djej,s sitl =i 4 Aad di, and @it = qi — ¢+,
Compute HP¢!t1 and (VgP(y), i t1).
Update ¢/t = ¢f — (vgP(y), ety and HPgi+! = HPgi — HP(i+1,
4. (compute the slope and curvature for the next interval)

Use HP @+ to compute yl+1 (s"T1, HPa'*1) and g/, | = (a'*!, HPa'T),
_ pi+l
Compute qi+l =+l
end for

2.1.1 Sparse H

Suppose that H is sparse and that we have the (sparse) Cholesky factorization
H=LL", (6)

where L is a suitable row permutation of a lower triangular matrix. By defining x :=
—H Y g —ATy),h' := L7'ATd!, and p' := L7'ATs!, and rearranging the inner
products, we obtain a simplified method (Algorithm 3), in which products with A and
back-solves with L7 are avoided in the main loop.

Notice that the product ' = AT ¢ is with a sparse vector, and that each row of A
is accessed at most a single time during the entire solve. Advantage may also be taken
of sparsity in r* when performing the forward solve Lw' = r' since in many cases w"
will be sparse when L is very sparse. This depends, of course, on the specific sparse
factorization used, and in particular nested-dissection ordering favors sparse forward
solutions [31]. New subroutines to provide this (sparse right-hand side) functionality
have been added to each of the HSL packages MA57 [24], MA87 [53] and MA97 [55].
There may also be some gain on high-performance machines in performing a block
solve
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Algorithm 3 Finding the Cauchy point (preliminary sparse version).

input: Solution estimate y € D and search direction d.
Solve LLT x = ATy — g and then set VgD(y) =Ax —c.
Compute the vector of breakpoints

B_ | -yj/dj if dj <0, .
af = ot ifdjzo forall j =1,...n.
Compute the index sets 70 = {j: a? =0} and AV =1u {j:yj=0andd; =0}

Set ao =0, eO = ZjEZO d/K/, do =d— 60, and pO =0.
Compute €0 = (VgP(y), d°) and r® = AT 40, and solve LhY = rO.
Set g = 9 and compute qp = (h0, h0y.
fori =0,1,2,... do
1. (find the next breakpoint) ‘ ) _ )
Determine the next breakpoint a1 and then set Aa’ = oit! — @f.
2. (check the current interval for the Cauchy point)
if ¢/ > 0 then set Ax := —q//q]’ else set Aa = co. end
if ¢/ > 0,0rg] > 0and Aa < Ac' then define s component-wise by
aedj for j e 7 foreach ¢ =0,...,1i,
s = . . .
J aldj for j ¢ Ui_oT".
end
if ql.’ > 0 then return the exact Cauchy point yc =y+s.end
if ¢/ > 0and Ax < Adc! then return the Cauchy point y© = y + 5 + Aad’. end
3. (prepare for the next interval) . ) )
Compute Z1H = {j a? =oitl}and At = AT UTIHL
Compute et = ZjeIi‘H djej, ditl = gi — ei"'l, and ¢! = ¢ — (VgD(y), ei"'l).
Compute r’+1 = ATe"H‘, and then solve L‘w""1 = pitl
Update p't! = p/ + Aa! hi and hiT! = i — i+l
4. (compute the slope and curvature for the next interval) ) )
Compute yt+1 — <pl+l’ hl+1), qi,+l — et+l + )/I+1, and ql{/+1 — <hl+l’ /’ll+1>.
end for

L(wi...wi+j) = (ri...ri+-/)

in anticipation of future w'*/ for j > 0, as such solves may take advantage of
machine cache. The breakpoints may be found, as required, very efficiently using a
heapsort [75].

While this algorithm is an improvement on its predecessor, it may still be ineffi-
cient. In particular, the vectors {i'} will generally be dense, and this means that the
computation of '*! and ql.”+1, as well as the update for p’, may each require O (1)
operations. As we have already noted, by contrast w' is generally sparse, and so our
aim must be to rearrange the computation in Algorithm 3 so that products and updates
involve w' rather than A'.

Note that, using the recurrence h't! = b’ — w/*! allows us to write
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while this and the recurrence p't! = p! + Aol h' give
(PR = (pl ) + Ad ) = (p W,
Combining this with the relationship g/ = (h;, h;) yields the recursions
Yt =yl 4 Adig! — (Pt withy and gfy, = g + (T =2k with), (7)

where we only need the inner products over components j for which w;'H # 0.
Now let

ui+1 — pi+1 o Oli+]hi, with MO —=0. (8)
Using p't! = p' + Ad’hl, o't! = o' 4+ Ad?, and h' ! = b — wit! we have

W = pi 4 A b — o = pf (e — o TR

=p —ahi = p —a (= w) =i+l

Thus, rather than recurring p’, we may instead recur u’ and obtain p'*! = u/+1 +
o't h' from (8) as needed. The important difference is that the recursions for u’ and
h' only involve the likely-sparse vector w'. Note that by substituting for p*!, the
recurrence for y*! in (7) becomes

yiJrl — )/i + Aaiqi// _ (ui+1, wi+1) _ (Xi+1 </’li, wi+1)’
which only involves inner products with the likely-sparse vector w!*!.

Rearranging the steps in Algorithm 3 using the above equivalent formulations gives
our final method stated as Algorithm 4. We note that in practice, we compute g; 41
afresh when |g; 1/ g;| becomes small to guard against possible accumulated rounding
errors in the recurrences.

Remark 1 We use this remark to highlight for the reader the differences between Algo-
rithms 2—4. The preliminary sparse Algorithm 3 differs from Algorithm 2 by using the
factorization (6) of the sparse matrix H along with the paragraph immediately follow-
ing (6) to efficiently compute the matrix-vector products with H”. While Algorithm 3
was an improvement, it still involved computations with the dense vectors {A'}. This
weakness was overcome in Algorithm 4 by showing that the calculations could be
rearranged to only involve calculations with the often sparse vectors {w'}.

2.1.2 Structured H

Suppose that H has the structure (2). We assume that we can cheaply obtain
Hy'=BB" 9)
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Algorithm 4 Finding the Cauchy point (sparse version).
input: Solution estimate y € D and search direction d.
Solve LLT x = ATy — g and then set VgD(y) =Ax —c.
Compute the vector of breakpoints

B _ —yj/dj if dj <0, .
af = ot i djzo forall j =1,...n.

Compute the index sets 70 = {j: a? =0} and AV =1u {j:yj=0andd; =0}
Seta? =0, 0 = zjeIO djej,do =d—¢e% u% =0,and 0 = AT 40,

Solve Lw? = r0 and set 1% = 0.

Compute g, = (VgP(y),d’) and g = (h°, n0).

fori =0,1,2,... do

1. (find the next breakpoint) ‘ ) _ )
Determine the next breakpoint a1 and then set Aa’ = oit! — @f.

2. (check the current interval for the Cauchy point)
if ¢ > 0 then set Ax := —q//q]’ glse set Aa = 0o. end
if ql./ > 0, or ql.” > 0and Aa < Aa' then define s component-wise by

aedj for j e T foreach £=0,...,i,
S = . . .
P oldj for j g Ui_(Tt
end
if ql.’ > 0 then return the .Cauchy point yC =y+s.end '
if g/ > 0and Ao < Ac’ then return the Cauchy point yC =y 45+ Aad'. end
if Ao’ = 0o and g/ < 0 then the problem is unbounded below. end
3. (prepare for the next interval) . ) )
Compute ZiH = {j a? =aityand A+ = AT UTIH,
Compute e’:‘H = Zjef“ djej, ditl =gt - et f'ind Wt =yl ol
Compute ritl — AT oi+1 and then solve Lwit! = pi+l,

4. (compute the slope and curvature for the next interval) . o
Compute ¢; | = g; — (ng(y), e’fl) + Ad'ql! - (it falﬂ,hl’ withy,
Compute ¢/’ | = g/ + (with —2pt ity and it = pi — i+l

end for

for some sparse matrix B (this is trivial in the common case that H~! is diagonal).
Now, consider Algorithm 2 and define the following:

hy = BTATd" e R",  ph:=BTATs' e R,
By =viATd eR, pi=viATs e R

The key, as in Sect. 2.1.1, is to efficiently compute
g; = €'+ (ph hg) + (P, Wh) and gf = (hy, hiy) + (hy, WhY,).

The terms ( p{,, Wh{,) and ( {,, Wh{,) involve vectors of length ¢ and a matrix of
size t X t, so are of low computational cost; the updates sitl = §f + Aald’ and
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di+! = ' — ¢/t show that hi" and pit! may be recurred via

i+l _ i i+1
hy™ = hy —wy',

i+1

X . where w(,‘H = VIt and piH = ATt
Py = py + Ad'hy,

Note that w{,“ is formed from the product of the likely-sparse vector ' +! and the

t x n matrix VT Thus, we focus on how to efficiently compute
a,; =0+ (pl. hi) and qf ; := (h, hi)
since h% and I’{s are generally dense. It follows from d'+! = d' — ¢/*! that
hf;l = hfa — wf;l and p?l = pfg + AaihiB, where wf;l = BT/ *1. (10
Note that wf;'l is likely to be sparse since it is formed from the product of the likely-

sparse vector 77! and the sparse matrix B”. We then follow precisely the reasoning
that lead to (7) to see that

g1 = a5, — (V&P (. et + Aciqf ; — (pgt'. wi™) and
qB.is+1 =4p.; + (wf;’l — 2hj, wsz)’

where we only need to take the inner products over components j for which [wf;rl l; #
0. The only remaining issue is the dense update to py, which is itself required to

compute pg"l, w{;l ). However, we may proceed as before to define ugl = p{;l -
a1 hly with ufy = 0 so that
ul ! = uk + o’ wh (11)

and
ql/g’i+1 — q]/g’i _ <VgD(y)’ ei+l) + Aaiq]/?:’i _ (u;;rl’ U){;_l) _ai+1( %7 wf;—l)'

This recurrence for gg ;| and the previous one for gy ;| merely require uE’l and

hg, which may themselves be recurred using the same likely-sparse w{;’l from (10)
and (11). We summarize our findings in Algorithm 5.

2.2 An approximate Cauchy point in Algorithm 1

In some cases, it may be advantageous to approximate the Cauchy point using a
backtracking projected linesearch [62]. The basic idea is to pick an initial step size
ainit > 0, a reduction factor 8 € (0, 1) and a decrease tolerance 1 € (0, 1), and then
compute the smallest nonnegative integer i for which

® (™) = ¢® ) +n(vgP ), d'th) (12)
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Algorithm 5§ Finding the Cauchy point (structured version).

input: Solution estimate y € D and search direction d.
Compute x = (BBT + VWVT)(ATy — g) and then set VgD(y) =Ax —c.
Compute the vector of breakpoints

B _ [—vj/d; if dj <0, _
aj = ot ifdjzo forall j =1,...n.
ComputeIO ={j :oz;.3 =0} and A° :ZOU{j :yj=0andd; =0}
Seta? = 0,0 = ZjEIO djej,do =d-é0, u% =0, and p% =0.
Compute 0= ATdO, h% = BTrO, h(\), =yT,0,

Compute gy = (VgP(y), d°) and q4 = (h%, h%) + (hY, Wh(\)/).
fori =0,1,2,... do
1. (find the next breakpoint) . i . )
Determine the next breakpoint a'T1 and then set Aal = /T — @,
2. (check the current interval for the Cauchy point)
if ¢ > 0 then set Aa := —q//q]’ else set Aa = co. end
if qlf > 0, or ql.” > 0and Aa < Ac' then define s component-wise by

_ aedj for j e I for each £=0,...,1i,
/ o'dj for j ¢ UEZOI(.

end
if qlf > 0 then return the exact Cauchy point yC =y+ s'. end
if ¢/ > 0and Aa < Ac! then return the Cauchy point y© = y + s + Aad’. end

3. (prepare for the next interval) ) ] . .
Update the index sets Z/t1 = {j : a? = o/t and A+ = AT UZIHL
Compute ei+1 — ZjeIH’l djej’ di+1 — di _ €i+1, and ri+1 — AT€i+].
Compute, w{;l = BT i+l w{,ﬂ =vTri+! and LtiB+l = u% +aiw§.
Set pitt = pl, + Aal By and hi = ni, — wif!

4. (compute the slope and curvature for the next interval)
Compute g ; | =q; — (VeP(y), ety + Adiq! — (! + o 1Rk, wi ).

11 i
Compute g ; | = ¢q; + (wit! —2nk, with).
i+1 i+1 i+1 i+1
Compute qz{+1 = ’11/_3,i+1 + (v WR) and gy =g+ 0T WG,
Compute h’B"'l =hy — ng.
end for

with

Y = Pply+aid]. o = (B) e, and dT =yt —y,
for i > 0. Thus, we must efficiently compute yi“A, Gi+1 = gy, and g/ =
(VgP(y), d't1). To this end, we define Ay’ := yi*! — yi for i > 1. We can then
observe, for all i > 1, that

gl = (Ve8P d"th) = (VeP (), ¥y — y + Ay') = ¢/ + (VEP (), 4y). (13)

To achieve efficiency, we take advantage of the structure of Ay’ and basic properties of
the backtracking projected line search. In particular, we know that once a component,
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say the jth, satisfies yj > 0, then it will also hold that y]‘? > O for all £ > i. Thus,
in contrast to an exact Cauchy point search that moves forward along the piecewise
projected gradient path, the projected backtracking line search only starts to free up
variables as the iterations proceed. With this in mind, we compute the index sets

A={j:y;=0andd; <0},
F={j Idj >0, ord.,' :O<yj}, and (14)
U={1,2,...,m}\ (AU F),

at the beginning of the process, and maintain the index sets
Ai::{jEL{:y;:O} and]:i::{jel/l:yj->0} for i >1, (15)
as well as, for all i > 2, the index sets
S= FH A,
Shi=F T nF nA~! and (16)
Sii=FtnF nF-L

The set A (F) contains the indices of variables that we know are active (free) at the
Cauchy point that will be computed. We also know that

Fic FiIFland A C AT forall i>1

as a consequence of the approximate Cauchy point search. Using these inclusions, it
follows that

St =8jus), St =], and S{T' = F AT
These index sets become useful when noting that, for i > 2, the following hold:
0 if j e AUATL
Ay = 1payi™t ifje FUS, (17)
Y=y it j e StU S
Also, for future reference, note that it follows from (17) that

if j e AUATTUFUSE

i~ if j e STUS,

Ayt = BAy T 45y with syl = 0
/ Ay — BAY;

(18)

where the vector 8y’ ~! is usually sparse. Second, the index sets are useful when com-
puting the inner products that involve Ay’ (e.g., see (13)) as shown in Algorithm 6. By

combining the recursion performed for g' = (VgP(y), Ay’) in Algorithm 6 with (13)
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Algorithm 6 Efficiently computing ¢/ = (Ay’, ¢) and g' := (VgP(y), Ay').
input: y!', y2, Ayl, F, A, F!, Al 72 and A2,
Compute 51 F2nAl, S} =0, and sl Flnr2.
Compute g = (VeP(»). Ay!) 7. 8] = <VgD<y) Al g1

Compute g2 =0, and g3 = (VgD(y) Ayl )
%
ComputecF = (c, AV )_7:,c1 (c, Ay >81’C2 =0, andc2 (c, Ay )
Setg =gF+g] +g2 +g3 and ¢! _cF+c] +c2—|—c3.
fori =2,3,... do )

1. (Compute required elements of y’fl and update active sets.)
Set y’Jrl =yj+a'djforall j e SH] and y}“ = Pp(y; +a'd;) forall j € A"
Compute C' = {j € A : '+1 > 0}.

Set Fitl = FiyCl and A’“ AfCl

2. (Compute required elements of Ay'.)

Set St = Fitln Al

Sets =S usi ! and 8 = siL
Compute Ay = y’+1 - y’ forall j € S’ USZ'
3. (Perfqrm recursmn)
Set g} :<VgD<y),Ay'>S,i,g’2=<VgD(y>,Ayl>55,andg’3=ﬁ(g’2 +g57h.
Set ¢l = ﬂc’;l, ¢ =, Ay")si-,cé = (c, Ayi>S§’ and ¢, = B(c}” ! +L’3 h.
Set g/ =g5,+gli +g£+g§ and ¢! :c"F-i-c‘i +c§+c§.
end for

we obtain an efficient recursion for the sequence {g;}. The other sequence {c'} that is
recurred in Algorithm 6 will be used when considering the different representations
for H in the next two sections.

2.2.1 Sparse H

We may use (4), (5), (6), and = (Ayi, c) introduced in Algorithm 6 to derive

qi+1

=qD(yi+l) =qD(yi +Ayi)

=40 — Ay, AH (g — ATy) + o) + 1Ay, AHTTAT Ay')
=g () —(Ay . ) HLTTAT AY LT (AT y—g))+ WL AT Ay L1 AT Ay!)

=qP0") — Ay )+ (5T Ry 4+ L(s', 5Ty = qi — (AY )+ (sT, h) + (st sT)
=qi —c 4 (", h) + L(s', 5T, (19)
where

"= ATAy" and Lh= ATy —g. (20)
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Note that s is not likely to be sparse since Ay’ is usually not sparse, which makes the
computation in (19) inefficient. However, by making use of (18), we can see that

st = Bs' + 8s', where L(8s') = AT (8y") (1)
since Ls't! = BLs' + L(8s") = BAT Ay + AT(8y") = AT (BAY + (8y")) =

AT Ay™*1. Moreover, since 8y’ is usually sparse, it follows from (21) that the vector
ds' will likely be sparse when L and A are sparse. We can also use (21) to obtain

(s"*1 hy = B(s', h) + (85", h) and
(Si-H,SH_l) — ﬂ2<si,si> + <8Si72si +8Si>,

which allow us to perform the sparse updates required to compute (19). These obser-
vations are combined with our previous comments to form Algorithm 7.

2.2.2 Structured H
When H is structured according to (2) and (9), an argument similar to (19) shows that

giv1 =q° (') = 4P (' + ay')
_ Dy i T i —1 T 1 T i —1 4T i
=q°(y') —(Ay'. ) + (AT Ay H ' (ATy — g)) + (AT Ay', H~' AT Ay')
= qi — (AY', ¢) + (hp, sh) + (hy, Wsi) + Lisk, sb) + (st Wsi),

=qi — ¢ + (hp, s§) + (hv, Wsi) + L(sh. sp) + 3 (s, Wsd)), (22)
where
Sp = BT AT Ay', hg = BT(ATy — g),
T AT T T (23)
sy = VAT Ay, hsz(A —g
Similar to (21), we can use (18) to obtain
sptl = Bsh + 8sh,  with 8sh = BT AT (8y"), (24)

which in turn leads to

(sit!, hp) = B(sh, hp) + (8sh, hp) and

(shTt, sEthy = B2 (s, sh) + (8sh, 255 + 8sE).

These updates allow for the sparse updates required to compute (22). These observa-
tions are combined with our previous comments to form Algorithm 8.

2.3 The subspace step in Algorithm 1

Let A be the active set at the Cauchy point (see Algorithm 1) and F = {1, 2, ..., m}\ A
with mz = |F|. By construction, the components of y© that correspond to A are
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Algorithm 7 Finding an inexact Cauchy point (sparse version).
input: Current point y € D and search direction d.
Choose constants ¢ini¢ > 0, B € (0, 1), and 5 € (0, 1).
Solve Lh = ATy — g and LT x = h, and then set VgP(y) = Ax — c.
Solve Lw = ATy, set v = w — h, solve LT, = v, and then setqD(y) = %(w, w) — (y, c+ Az).
Define A, F, and U using (14).
Sety} =yj+djforje Fand yjl. = Pply; +adj]for j € U.
Compute F! and A! using (15).
Solve Lv = g, then solve LTz=v.
Setq = §(w, w) — {y'. e+ Az) and ¢} = (V¢® ). ' = ») Fos-
if g1 <qP ) + nqi then return the approximate Cauchy point yl. end
Compute y}z. =yj +a2d./~ forall j € FUFand y]z = Pp(yj +a2dj) forall j € Al
Compute C! = {j € Al :yjz. > 0}.
Set 72 = Fluc! and A% = A1\ cl.
Compute 811 =FInAl, 821 =, and 831 =Flnr2,
Compute ijl. = yjz. — y} forall j e FU Sll V] S;.
Compute g}. = (VgP(y), ay!) 7.
Compute g} = (VgP (), Ayl g1, 87 = 0,and g5 = (Vg (), Avh g1

Compute c}, = (c, Ay])_y:, c} = {(c, Ay')sll, c% =0, and c; = {c, Ay1)531.
Setg1 =g}p+g} +gé +g; and ¢! :c}F +c} +c£+c;.
Solve for s! using (20), and then compute (s1 , h) and (s1 .51 ).
Setgy =q1 —c' + (st h)+ J(s' sTyand ¢ = ¢} + g".
fori =2,3,... do )
if i <qP(y) + nqi’ then return the approximate Cauchy point y'. end
Seta! = (B)! ciniy.- ' '
Compute y}+1 =y +o¢"dj forall j € Srl and y}+l = Pp(y; +a"dj) forall j € Al
Compute C! = {j € A :yj.Jrl > 0}.
Set FI*! = FluCl and AT = AT\ C. .
SetSj = FH N A s =87 US L and 85 = 8771
Set Ay; = y}+1 — y;. forall j € S| USj.
mﬁzW?@ﬁﬂ@%zW?@AﬂgﬂMkﬁ%f+§W
Set ciF = ﬂc'lfl, c’i = {c, Ayi)s,i,cé = {c, Ayi)sé-, and cé = }3(61271 +c'371).
Set g =g§,.+g’i +g£ +g§ and;" :ci, +c’i +c§ +cg.
Compute 85' ! from (21) with 8y’ ~! defined by (18).
Compute (s', h) = B(s'~1 h) + (&8s~ 1 h). ,
Compute (s', s') = ﬁz(;’_l,s’_l)'—s— (&v"l, 251 4 tSSl_'l).
Setgipi =q; —c' + (s, h) + (s, s") andg/ | =q;+g'"
end for

zero, and those corresponding to JF are strictly positive. With Ay = (Ay”4, AyF), the
subspace phase requires that we approximately

minimize { (Ay, HP Ay) + (Ay, g + HPyC) subjectto Ay4 =0,

AyeR’"
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Algorithm 8 Finding an inexact Cauchy point (structured version).
input: Current point y € D and search direction d.
Choose constants ¢ini¢ > 0, B € (0, 1), and 5 € (0, 1).
Compute x = (BBT + vwvT)ATy — g), and then set VgD(y) Ax —c.
Compute w = BTATy z= VTATy, by = BT g and vg = vT g.
Compute hg = w — bg and hy =z — vg.
Set g (y) = J(w, w) + Sz, Wz) — (v, ¢) — (w, bg) — (z, Wuy).
Define A, F, andl/{ using (14).
Sety} =yj+djforjeFand yjl. = Pply; +adj]for j € U.
Compute F! and Al using (15).
Compute ¢ = +(y, A(BBT +vwvDHATyhy 4 (ABB+ VWV g4, yly.
Compute q1 (VqD(y) y —Y)Fuu-
if g1 < qD(y) + '7111 then return the approximate Cauchy point yl. end
Compute y% =yj +oz2dj forall j € FUFand yjz. = Pp(yj +a2dj) forall j € Al
Compute C! = {j € Al :yjz. > 0}.
Set F2 = Fluc!l and A2 = A1\ Cl.
Compute 811 =F2n Al 821 =, and 831 =Flnr2,
Compute Ay1 = yj2 - y1 forall j € ]—'USll US31.

Compute gp (VeP (), Ay ) F-

Compute gl (VgP(y), ay! )Sl,gz =0, and g3 (VgP (), ay! )31

ComputecF = (c,Ay )_7:,cl = (L,Ay >$1"2 _O,elndc3 = {(c, Ay )S .
1 3

Setgl =gl +gl +g) +edandc! =ck +cf +cl+cl.

Solve for sll3 using (23), and then compute (s]13, hp) and (sp 1 113).

Setgy =q1 —c! + (s, hg) + 3(sg. sh) and g5 = g} + g

fori =2,3,... do .
if g; < qD(y) + nq/ then return the approximate Cauchy point y'. end

Setal = (,3) Xinit- . ) )
Computey = =y +o d forall j € Sl ! and y’j+1 = Pp(yj +a'dj) forall j € A'.
Compute C! = {j € A’ : H'l > 0}.

Set Fitl = Flucl and.AH'l Fi \ci .

SetS| = Fitln Al S =87 usi ™ and 8§ = si7 .

Compute Ay = y’+l —y forall j e S’ US’

SetgF —Iggp | |
Set g = (VgP(y), 4y’ >5hg2 = (VgP(y). 4yl >Sz,andg3 Beh !t +gih.
Seth = ﬂc’[ "1 = (c, Ay! )Si,cz = (c, Ay’ )Sé,and C3 = ﬂ("zﬁ +c37l)'

Setgi —g}—i-g’i +g£+g§ and ¢! _cﬁp—i-c’i +c§+cg.

Compute SYB ! from (24) with (Sy’_l defined by (18).

Compute(sB,hB = Bisk ! hp) + (355", hp).

Compute (s} s) = (s | ’*1) +(osp 1 25! +5sl’;1>.

Setgit+1 =¢q;i —c' + <sB,hB> Lsk, sk) andg; | =q; +g"
end for
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whose solution (when it exists) we denote by Ay, = (Ayf, Ayf ) = (0, Ayf ) with

AyF = argmin g% (ay") := 1ay", H ayF) + (ayF, g"), (25)
AyF eR™F

where

HF .= APTH 1 (AF)T and gF = —AFH—I(g _ (AF)T(yC)F) —cF. (26)
here, AF and (y©)F/ct denote, respectively, the rows of A and components of yC/c
that correspond to the index set . There are then two distinct possibilities. Either (25)
has a finite solution or g© (Ay”’) is unbounded below. Moreover, we may attempt to
find such a solution using either a direct (factorization-based) or iterative approach.

We consider these aspects over the next several sections.

2.3.1 Finite subspace minimizer

Since the objective in (25) is convex and quadratic, when g (Ay") is bounded below
its stationarity conditions give that

H" Ay, = —g", 27
that is to say
ATH AN ay] = ATH (g = (AN (9T ) 4" (28)
Given x, if we then define Ax, via
X+ Axy = H_l[(AF)T((yC)F + Ayf) - g],
then we have

H (AHT Ax, -
(B ) =) e

or equivalently

H AF T + A N AF T (v C\F _
(AF< O) )(X—Ayg )z(( ) (CyF) g). (30)

Notice that, so long as (29) (equivalently (30)) is consistent, we have

Ax, = argmin }(x + Ax, H(x + Ax)) + (x + Ax, g) subject to AF(x + Ax) = oF,
AxeR"
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with (y©)F + A yf the Lagrange multiplier vector. Of course the previous optimization
problem is nothing other than a subproblem that would be solved by a primal active-set
method for a correction Ax to a given x, and this indicates that the dual generalized
Cauchy point may alternatively be viewed as a mechanism for identifying primal active
constraints. Finally, we note that Ay may be computed using any of the many direct
or iterative methods for solving (28) or (30) [4].

2.3.2 Subspace minimizer at infinity

Since H is positive semi-definite and possibly singular, the linear system (28) (equiv-
alently (27)) may be inconsistent. We shall use the following well-known generic
result.! (The proof follows by minimizing ||Mu — b||% and letting v = b — Mu
whenever Mu # b).

Theorem 1 [The Fredholm Alternative [S7, Thm 4, p. 174]] Let M € R™*" and
b € R™. Then, either there exists u € R" for which Mu = b or there exists v € R™
such that MTv = 0 and (b, v) > 0.

It follows from Theorem 1 that if (27) is inconsistent, there must be a direction of
linear infinite descent [13], i.e., a vector Ay(fO for which

HEAyE =0 and (AyE, ¢f)y <0 (31)
along which
q" (@ayl) = alayl, ¢")

decreases linearly to minus infinity as « increases. Alternatively, examining (26), it is
clear that inconsistency of (28) is only possible when ¢/ does not lie in the range of
AT In this case, the Fredholm alternative implies that there exists a AyL satisfying

ANHTAYE =0 and (AyE, cF) >0, (32)
which is also a direction of linear infinite descent since
qF(aAyfo) = —ot(Ay(fo,cF).

We now consider how touse H¥ to finda Ay(fo that satisfies (31), and leave the details
of how we might instead satisfy (32) to the Supplementary Material.

To find AyZ satisfying (31), we require HF AyE = ATH1(AN)T AyE = 0.
Now, if we define Awe := H ™! (AF)TAy(fO, then we have that

H (ADHT AWeo 0
(4 ) ()= 6):

I Note that the sign of the inner product (b, v) is arbitrary, since, for —v, MT (—v) = 0and (b, —v) < 0.
We shall refer to a negative Fredholm alternative as that for which the signs of the components of v are
flipped.
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Moreover, the second requirement in (31) is that
0> (Ayk, &™) = (—ayL. ") + (Awe, (AN GO =), (34)
where we have used (26) and the definition of Aw,. Notice that (33)—(34) together

satisfy the negative Fredholm alternative to (30), which can be seen by applying
Theorem 1 with the following data:

. ( H @AHT [ x+ Ax
M—K—(AF 0 ] u = —AyF ?

AFVT (yCYF _ A
b::(( )(CyF) g), ”=(_A;);)-

To see how we might compute the required direction of linear infinite descent in
this case, suppose that

K =LBL", (35)
where L is a permuted unit-lower-triangular matrix and B is a symmetric block diag-
onal matrix comprised of one-by-one and two-by-two blocks—the sparse symmetric-
indefinite factorization packages MA27 [25], MA57 [24], MA77 [68],MA86 [54],MA97
[55], PARDISO [70] and WSMP [50] offer good examples. Crucially, any singularity
in K is reflected solely in B. Our method will return either a solution to (30) or to
(33)—(34). To this end, we define w so that

Lw=b,
and then consider trying to solve the system

Bz = w. (36)
If the system (36) is consistent, and thus there is a z satisfying (36), the vector u for
which LT u = z also solves Ku = b and thus its components solve (30). By contrast,
if (36) is inconsistent, Theorem 1 implies that there is a vector p for which

Bp =0 and (p,w) > 0. (37)
In this case, the vector v for which LT v = p also satisfies
Kv=LBLTv=LBp=0

and

(v,b) = (v, Lw) = (LTv,w) = (p, w) > 0
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because of (37). Thus the Fredholm alternative for data K and » may be resolved by
considering the Fredholm alternative for the far-simpler block-diagonal B and w.

To investigate the consistency of (36), we form the spectral factorizations B; =
0;D; Ql.T for an orthonormal Q; and diagonal D; for each of the ¢ (say) one-by-one
and two-by-two diagonal blocks, and build the overall factorization

01 0 0 Dy 0 0 of o o0

. . . T

B=1¢9 . o0 0 . 0 o . o0 |=eDbo.
0 0 O 0 0 D o o of

Singularity of B is thus readily identifiable from the block diagonal matrix D, and
the system (36) is consistent if and only if (Q7 w); = 0 whenever D;; = 0, where
D;; is the ith diagonal entry of the matrix D. If the system is inconsistent, then
a direction p of linear infinite descent satisfying (37) can be obtained by defining
J={j:Dj; =0and (QTw)j # 0} # () and then setting p = Qs, where

0 for j¢J,
sj = o ]
(Q w)] for ]Ej

In particular, it follows that

(p, w) = (Os, w) = (s, oTw) = z (QTwﬁ >0 and
jed

Bp=0DQ"p=0Ds=0

since Ds = 0 by construction. Thus, we have verified that this choice for p satisfies (37)
as required. New subroutines to implement the Fredholm alternative as just described
have been added to the HSL packages MA57, MA77 and MA97, and versions will be
added to MA27 and MA86 in due course.

When H~! is structured according to (2), it is easy to show that

H=Hy—zU 'zT,

where U = W' + YTHyY € R and Z = HyY € R"*!. Although the decom-
position (35) is possible for such an H, it will most likely result in a dense factor L
since H is dense, and thus a sparse alternative is preferable. The trick is to see that
(30), with (Ax, AyF) = (Ax,, Ayl), may be expanded to give

Hy (ANHT Z\ [x+ Ax (ADHTOHF —¢
AF 0 0 Ayl ) = cf , (38)
zT 0 U —Az 0

where we introduced the variables Az := U~ ZT (x + Ax). The leading (n + m ) x
(n 4+ m ) block of this system is sparse, and only the last # rows and columns are
dense. If we consider Theorem 1 with data
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Algorithm 9 The conjugate gradient method for solving (25).

input: gF and H¥ as defined in (26).
Set AyOF =0, g0 = g, and py = —go, and then choose & > 0.
for j =0,1,2,... do

if ||g; |l < e then return the subspace step Ay,f = Ay;.end

if (pj, H Fp j) < ¢ then return the direction of linear infinite descent AyE =p j- end
Seta; = lg;l3/(pj. H p;).

Set Ay]ﬂ_l = Ay}F +ajpj.

Setgj+] =gj +0leij.

Set B = llgj+113/1gj13.

Setpji1=—8j+1+Bjpj-
end for
Hy (AN z ADTGOHF —¢
M=K, :=|AF 0 0] and b= cf ,
zT 0 U 0

we can conclude that there either exists a vector

x + Ax Aw
u=|—Ayf or v=[—-AyL
—Az —Azxo

such that the first two block components of u# and v provide, respectively, either a
solution to (30) or its Fredholm alternative (33)—(34). A decomposition of the form
(35) for K and its factors then reveals the required solution to the subspace problem
or a direction of linear infinite descent precisely as outlined above for the sparse H
case. Sparse factorizations of K4 generally aim to preserve sparsity, with the few
dense rows pivoted to the end of the factors.

2.3.3 Iterative methods

The obvious iterative approach for solving (25) is to use the conjugate gradient method
to generate a sequence {Ayf.p } for j > O starting from Ay(l)p = 0 (see Algorithm 9).

Here, g; = VqF(AyJF) so that go = g©. The iteration is stopped with Ayf = Ayf
as an approximate solution to (25) when the gradient g; = vgf (ijF ) is small, or

with Aycfo = p; as a linear infinite descent direction when (p;, H Fp ) is small. We
note that a basic property of CG is that qF(Ayf) <¢qf(0)forall j > 1.

The input gradient g7 and each product H* p; requires products with A, AT and
H~! and as always the latter are obtained using the Cholesky factors (6) or the struc-
tured decomposition (2). Note that if (p;, Hij) = 0 then Hij = 0 since H' is
positive semi-definite, and in this case

(pj»8") = (pj, Va" (Ay])) — (pj. HF AyT) = (pj, V" (4y])) = (pj. gj) <0,
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where we have used Vg’ (ijF y=HF Ay}.F + ¢ and the well-known fact that the

CG iterations satisfy (p;, g;) < 0. Thus, the vector y; = p; is a direction of linear
infinite descent satisfying (31) at y©. On the other hand, when (p i H Fp j) > 0, then

a"(Ay]) —a" (Avfr) = $pj. 8/ pj H pj), (39)

which follows from Ay ]F L1 =4y ]F +a; p; and the fact that o/; in Algorithm 9 can be

equivalently written as a; = —(g;, p;)/{p;, Hij). Thus, for some small €5, > 0,
we stop the iteration whenever

(pjs HE pj) < Leso(pj. g))?

since (39) then gives a decrease in the dual objective function of at least 1/€4,, which
indicates that it is likely unbounded below.

3 The method for the general problem formulation

In practice most problems have the general form

miniﬁgizeq(x) = Lx, Hx) 4+ (g, x) subjectto c; < Ax <cy, x1 <x <xy,
xeRn

(40)

where any of the components for ¢y, cy, x1, and xy may be infinite (i.e., we permit
one-sided or free constraints/variables) and individual pairs may be equal (i.e., we
allow equality constraints/fixed variables). We now briefly describe how our algorithm
applies to this general formulation.

The constraints in (40) may be written as

A CcL YL
—| A —cu | _. - - |~
Ag = ] x> x =:cg, with dual variables y, := -
-1 —Xy —ZU

Then using the recipe (4), we have the dual problem
minimize %yg H;)yg + ygggD subjectto y, > 0, “4n
g
with
HY = AgH'A] and g7 = —A;H 'g —c,. (42)
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If we now introduce the notation

YL A cr
HP =g JT,
o= =14 b=|U|. and (43)
L 1 XL ¢°:=—JH 'g—b,
U 1 Xy

then it is easy to show that

ng?yg:vTJH_IJTv:vTHDU and ynggD:vT(—JH_lg—b):ngD.

Using these relationships, we see that problem (41) is equivalent to the problem

Vy = argmian(v) = %UTHDU + ngD subject to (yr,zr) >0, (yu,zv) <0,
veR™w

(44)

where n, = 2m + 2n, in the sense that a solution to (41) is trivially obtained from a
solution to (44).
Notice that since

P ) = [AT G+ y0) + G+ 2] H AT G+ yo) + 21 + 20]

—[or+y)"A+ @+ |H g - (C{yL ey + XLz + xgzU),

thatif (cp); = (cp);,foranyi (i.e., the ith constraint is an equality constraint), then we
may replace the corresponding variables (yz); and (yy); in(44)by yi = (yp)i+Ov)i,
where y; is not restricted in sign. Also, anytime an infinite bound occurs, we omit the
relevant dual variable, its bound and the corresponding row of A or I from the formal
description above.

To solve (44), we simply generalize the method used to solve (4). Let

Pplv] = [max(yz, 0), min(yy, 0), max(zz, 0), min(zy, 0)]7

be the projection of v = [y, yu, zL, zu 1T onto the feasible region

D={v=1Iy,yv-zr,zv]’ : (br,z2) = 0 and (yy,zy) <0}

for (44). Then we apply Algorithm 10.

The only significant differences for finding the Cauchy and improved subspace
points using the obvious extension of Algorithm 4—aside from the implicit increase
in dimension when considering v rather than y—are that (i) we need to compute
additional breakpoints for the upper bounded variables using

aB—[_vj/dj if dj>0,
L 00 if dj <0,
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Algorithm 10 Gradient projection method for solving the BQP (44).

input: Solution estimate v € D.
while Pp[v — VgL ()] # v do
1. (Cauchy point)
Setd = —VqD(v) and compute o
Set v€ = Pplv+ acd].
2. (subspace step)
Compute A = AWC) :={i : vl.C =0}.
Compute AvS = argmin 5, crnv qD(vC + Av) subjectto [Av] 4 =0.
3. (improved subspace point)

€ = argming. o ¢° (Pplv + ad)).

Select amax > 0 and then compute oS =argmina€l0,amaxl qD (PD[UC + chvS]).
Setv = PD[UC + asAvS].

end while

(ii) the index sets Z; | need to take into account these extra breakpoints, and (iii) any
mention of A and ¢ should now refer to J and b from (43).

The computation of the subspace step is likewise very similar. The Cauchy point
fixes components of v at zero, and this results in expanded systems of the form

H HT\[(x+ax\ _ (UDHTHF —¢ 43)
JF 0 VL bF
for (30), and
Hy (JHT z x + Ax (UHTGHF — ¢
JF 0 0 —Avf ] = bF
zT 0 U —Az 0

for (38), where J ¥ and b* consist of the components of (43) that are free at the Cauchy
point v°.

3.1 A special block-diagonal Hessian

Animportant special case occurs when H has a particular block-diagonal structure, and
covers applications that include performing £,-projections onto a polytope [1], solving
bound-constrained least-squares problems [6,8, §7.7], and globalization strategies
within modern SQP algorithms [28,46]. An obvious simplification is that any solve
involving H can be decomposed into blocks, and is trivial if H is diagonal. A more
significant advantage comes in the subspace phase. Suppose, without loss of generality,
that

AF AT H 0 cF X
F_ 1 2 _ 1 F_ _ 1 _ [ &1
() = (5 ) = (5) = () mee=(3)
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with Af e R Hp € R">*"™ and g; € R™. Problem (45) can then be written as

H 0 (ADT 1 x| + Ax; —3g1

0 H @A)’ o0 n+dn | _ |- 46)
AT Al 0 o =09 =ay" 7| L

I 0 0 0/ \-EHF-afF X1

or equivalently Ax; = 0, AzZF = g1+ Hix; — (Af)T((yC)F + AyF) — (¥, and

H> (Ag)T X2 + Axp _ —82 (47)
Af 0 —OF — Ayl ) — \F = Afx )

Thus the subspace phase is equivalent to finding a Fredholm alternative to the
“reduced” system (47) or equivalently a Fredholm alternative to

- T _
ATHN (AD) Ay = AL (g2 = (AT GO ) + ¢ — Al
where we subsequently recover Ax, by solving trivially

Ha(x2 + Axv2) = (A5)T (6O + 4" - g2,

4 Regularized problems

A related problem of interest—for example, in S/,,QP methods for constrained opti-
mization [26]—is to

minimize g (x) + o || (Ax — )" Iy, (48)
xeR”
for given 0 > 0, where w™ = max(0, —w) for any given w. Introducing the auxiliary

vector v allows us to write (48) equivalently as

minimize g (x) + oelv subjectto Ax +v >c¢, v>0.
(x,v)eRn+m

This problem has the associated primal-dual problem
maximize —1(x, Hx) + (c, y)
(X,U,y,Z)ER2n+2m
subjectto Hx —ATy4+g¢=0, y+z=o0e, (y,2) >0,

whose optimal y value can equivalently be computed from the problem

mini]glize 1Ay — g, H7! (ATy —g)) — (c,y) subjectto 0 <y <oe. (49)
yeR™
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We may thus apply essentially the same accelerated gradient-projection method as
before, but now we project (trivially) into [0, oe]. Similarly, if we wish to

minimize g(x) + o || (Ax — o)y, (50)
xeRn
we may instead solve the problem

mini]glize %(ATy —g, Hfl(ATy — g)) — (c,y) subjectto —oe <y <oe (51)
yeR™

using gradient projection onto [—oe, oe], and recover x from Hx = ATy — g.
If we consider the same problem in the infinity norm, namely

minimize g(x) + o [|[(Ax —¢) ™ |, (52)
xeR”"
then by introducing the auxiliary vector v we see that (52) is equivalent to
minimize g(x) + ov subjectto Ax +ve >c, v > 0. (53)

(x,v)eRn+1
The primal-dual problem to (53) is then

maximize —1(x, Hx)+ (¢, y)
(x,v,y,E)ER’1+m+2

subjectto Hx — ATy +g=0, {e,y)+&E =0, (y,6) >0,
whose optimal y value may be equivalently computed as the solution to

mini[erlize %(ATy —g, H_I(ATy — g)) — (¢, y) subjectto y >0, (e,y) <o.
ye m

(54)

Once again, we may apply the accelerated gradient-projection method, but now the
projection is onto the orthogonal simplex Sy, (0) :={y € R” : y >0 and (e, y) <
o} for which there are nonetheless efficient projection algorithms [73]. In addition, in
the subspace step computation (30), the defining matrix may have an additional row
and column e whenever the dual constraint (e, y) < o is active. Similarly, to

minimize g(x) + o ||(Ax — ¢)llco» (55
xeR"
we can solve the optimization problem

minimize (AT (ve — yu) — g, H" (AT (v — yu) — 8)) — (e, v — yu)
L.yu)€Sam (o)

(56)
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using accelerated gradient projection within Sy, ('), and subsequently obtain x from
Hx = AT (y, — yu) — g.

5 Computational experience
5.1 Implementation and test problems

We implemented the algorithm outlined in Sects. 2 and 3 for strictly-convex quadratic
programs, in the general form (40), as a Fortran 2003 package called DQP that is
available as part of GALAHAD [38]. Details, including a complete description of user
control parameters, are provided in the package documentation provided as part of
GALAHAD.? Features such as problem pre-processing, removal of dependent con-
straints, general strategies for solving symmetric systems, exploiting parallelism in the
linear algebra, presolve strategies, and problem scaling are similar to those described
in [37] for the interior-point QP solver CQP within GALAHAD; package default val-
ues are chosen unless otherwise specified. DQP offers a choice of (dual) starting point
strategies. These include allowing the user to specify the starting point, picking a point
that is free from each dual bound (yr, zz) > 0 and (yy, zy) < 0, a point for which
every component is equal to one of its bounds, and the point that solves a separable
approximation to (44) in which HP is replaced by the zero or identity matrix; our
experiments start with all dual values at zero.

Both folklore and empirical evidence [62] on bound-constrained QPs suggest that
the dual active set A% (equivalently the fixed variables/constraints at the Cauchy
point) changes rapidly. Thus solving (45) (or finding its Fredholm alternative) is
unlikely to benefit from matrix factorization updating techniques [33] usually asso-
ciated with active-set methods, and it is better to solve successive systems (45) ab
initio. While we can confirm this behavior on well-conditioned problems, our expe-
rience with more difficult ones is that although there can be rapid changes in the
active set between iterations, in many cases the active set changes gradually in some
phases of its iteration history, especially towards the end. Thus while our initial
instinct was not to provide special code to cope with gradual active-set changes,
we are now convinced that there should be some provision to update factorizations if
requested.

Specifically, during the kth iteration of DQP, if the coefficient matrix for (45) is of
full rank (thus we are not required to seek a Fredholm alternative), and if the change in
the active set at iteration k 4 1 is modest, we may use the Schur-complement updating
technique [7,32,33,42] implemented as SCU in GALAHAD to solve (45) at this new
iteration rather than resorting to refactorization. The details are quite standard [42,
§3], but we choose to remove constraints that are present in A® but not in A%+
before we add constraints that are in A%+ but notin A® since removing constraints
maintains full rank, while adding them may result in a rank-deficient system. If rank-
deficiency is detected, the Schur-complement update is abandoned, and the Fredholm
alternative is sought instead. In addition, we limit the size of the Schur complement

2 Available from http://galahad.rl.ac.uk/galahad-www/ along with a Matlab interface.
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to 100 new rows (by default) before refactorization; setting the limit to zero disables
Schur-complement updating. We stop each run when

| Pplv — VgP ()] — v|l < max(eq, & - | Pplvo — Vg (o)1 — voll), (57)

where ¢, = 107% and &, = 10719, s0 long as a limit of 30 min or 10,000 iterations
has not already been reached.

Our tests involved the quadratic programming examples from the combined
CUTEst [39] and Maros and Meszaros [59] test sets—multiple instances of simi-
lar nature were excluded. We only considered the 68 strictly convex problems, which
ranged from the smallest (DUAL4) with n = 75 and m = 1 to the largest (QPBAND)
with n = 50,000 and m = 25,000; note that most instances have additional simple-
bound constraints on the primal variables, as shown in the general formulation (40).
(See Table 1 in the Supplementary Material for additional details.) A problem was
identified as being strictly convex by using the GALAHAD package SLS, which pro-
vides a common interface to a variety of solvers, from the Harwell Subroutine Library
(HSL) and elsewhere, for dense and sparse symmetric linear systems of equations.
We used the HSL solver MA97 [55]—a direct method designed for solving sparse
symmetric systems—to determine if the Hessian matrix H was numerically positive
definite.

All numerical experiments were performed on eight cores of a workstation com-
prised of thirty-two Intel Xeon ES-2687W CPUs (3.1GHz, 1200MHz FSB, 20MB L3
Cache) with 65.9 GiB of RAM. GALAHAD and its dependencies were compiled in
double precision with gfortran 4.6 using fast (-03) optimization and OpenMP enabled
(-fopenmp).

5.2 Evaluation of DQP

We first considered the performance of DQP when approximate solutions to the sub-
space subproblem were computed using the iterative CG method (see Sect. 2.3.3).
The complete set of detailed results can be found in Table 1 of the Supplementary
Material. This instance of DQP failed on 12 problems, where a failure means that the
termination test (57) was never achieved. Of the 12 failures, 10 were because the max-
imum allowed iteration limit was reached and 2 was because the maximum allotted
time limit was reached.

For comparison, we also considered the performance of DQP in the case when high
accuracy solutions to the subspace subproblem were computed using factorizations
(see Sects. 2.3.1 and 2.3.2). The complete set of results can be found in Table 2
of the Supplementary Material. (Note that problems FIVE20B and FIVE20C were
excluded because of an error in the factorization subroutine.) We can see that this
instance of DQP failed on 25 problems, which is twice as many as when CG was
used. However, note that 18 of these failures were because the maximum allowed
time limit was reached, 2 because the maximum allowed iterations was reached, and
5 because local infeasibility was detected. Thus we conclude that the degradation in
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Fig. 1 A comparison of iterations for DQP when using an iterative subproblem solver

performance is primarily due to reaching the time limit, which is a consequence of
using the more expensive factorizations in lieu of CG.

Interestingly, between the two variants of DQP, the only problems not solved
were CONT1-200, LASER, and QPBAND. Together with our previous discussion,
this highlights the trade-off between using iterative and direct methods for solving
the subspace subproblem. Namely, that the direct methods tend to be more expensive
and more frequently struggle to solve problems in the time allotted, while iterative
methods are much cheaper per iteration but more frequently find it difficult to achieve
the requested accuracy.

The previous paragraph motivates us to investigate how effectively DQP can obtain
approximate solutions for various levels of accuracy. To answer this problem we
tracked the iterates computed by DQP and saved the total number of iterations and
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Fig. 2 A comparison of times for DQP when using an iterative subproblem solver

total time required to satisfy the termination condition (57) for the values ¢, = 0
and €, € {1071, 1072, 1073, 107%, 1073, 107°}. The full set of results for when CG
is used as the subproblem solver is given in Table 4 of the Supplementary Material,
while the results for the case when factorizations are used can be found in Table 5 of
the Supplementary Material. For illustrative purposes, we represent the data found in
these tables in the form of stacked bar graphs in Figs. 1 and 2 for the CG case, and
Figs. 3 and 4 for the factorization case. (We only include problems that DQP was
able to achieve the finest stopping tolerance of 107°.) These plots have a stack of 6
rectangles for each test problem. For each of these 6 rectangles, the fraction filled with
blue represents the fraction of the total iterations (Figs. 1 and 3) or total time (Figs. 2
and 4) needed to achieve the various accuracy levels: the jth stacked block (counting
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Fig. 3 A comparison of iterations for DQP when using a direct method to solve each subproblem

from left to right) for each problem corresponds to the accuracy level 10~/ for each
Jje{l,2,3,4,5,6}.

To help clarify the meaning of the figures, we describe a few illustrative examples.
We comment that additional details for any problem can be obtained from Section 3
of the Supplementary Material.

— NINENEW From Section 3 of the Supplementary material, we see that the number
of iterations required to reach the 6 different tolerance levels are 7, 8, 9, 10, 12,
and 12, respectively. This means that it took 7 iterations to reach the tolerance
level 10~!, 8 iterations to reach the tolerance level 1072, 9 iterations to reach
the tolerance level 1073, 10 iterations to reach the tolerance level 10_4, and then
iteration 12 was the first to fall below 10~ and, in fact, it also fell below 107°.
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Fig. 4 A comparison of times for DQP when using a direct method to solve each subproblem

— LISWET?2 From Section 3 of the Supplementary material, we have that the number
of iterations required to reach the 6 different tolerance levels are 0, 4, 22, 54, 441,
and 5920, respectively. The initial point satisfied the tolerance 10~! but not 1072,
The level of 102 was reached by iteration 4. Bars 2—6 are all nonempty, but since
5920 iterations were needed to achieve the final accuracy of 10~°, bars 2—4 appear
empty to the eye.

— HUESTIS From Section 3 of the Supplementary material, we see that the number
of iterations needed to reach the 6 different tolerance levels are 4, 4, 4, 4, 4, and
4, respectively. This means the 4th iterate was the first to satisfy every tolerance,
i.e., the errors associated with the first 3 iterates were all greater than 10~!, and
then iterate 4 had an error of less than 107°. Such performance is not completely
uncommon for active-set methods.
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Figures 1 and 2 for DQP when CG was used as the subspace solver clearly show
a very tight relationship between the number of iterations and times required to reach
the 6 different accuracies. In fact, for most problems, the difference in the bars for
the fraction of iterations (Fig. 1) and the times (Fig. 2) are indistinguishable; two
exceptions are DUAL3 and TABLE7. We also remark that two problems in Fig. 2 do
not have any stacked bars because no significant time was needed to reach the final
desired accuracy. As expected, observe that in most cases the majority of iterations are
needed to reach the first optimality tolerance of 10~!, although LT SWET2-L.I SWET6
are exceptions.

Figures 3 and 4, which are based on using factorizations to solve the subspace
subproblem, also illustrate the close relationship between the number of iterations
(Fig. 3) and times required (Fig. 4) to reach the 6 different accuracy levels; there
is somewhat more variability here when compared to using CG. As before, there
is one problem (DUAL4) in Fig. 4 that does not have any stacked bars because no
significant time was needed to reach the final desired accuracy. One can also observe
that the figures associated with the use of a direct method (Figs. 3 and 4) tend to be
“denser” towards the bottom when compared to the use of CG (Figs. 1 and 2). This
is perhaps no surprise since it is often the case that only a couple of iterations are
required to obtain a high accuracy solution for direct methods once the active set at
the solution has been identified; this appears to often be the case once the tolerance of
1072 is reached. We also mention that obtaining high accuracy solutions for problems
LISWET2-LISWET6 seems to be somewhat challenging, much as we observed when
CG was used.

Overall, we are satisfied with these results. They clearly show the trade-off that
exists between using iterative and direct subproblem solvers. By allowing for the use
of both, we are able to solve 65 of the 68 problems to an accuracy of at least 107°,

6 Final comments and conclusions

We presented the details of a solver for minimizing a strictly convex quadratic
objective function subject to general linear constraints. The method uses a gradi-
ent projection strategy enhanced by subspace acceleration calculations to solve the
bound-constrained dual optimization problem. The main contributions of this work
are threefold. First, we address the challenges associated with solving the dual prob-
lem, which is usually a convex problem even when the primal problem is strictly
convex. Second, we show how the linear algebra may be arranged to take computa-
tional advantage of sparsity that is often present in the second-derivative matrix. In
particular, we consider the case that the second-derivative matrix is explicitly available
and sparse, and the case when it is available implicitly via a limited memory BFGS
representation. Third, we present the details of our Fortran 2003 software package
DQP, which is part of the GALAHAD suite of optimization routines. Numerical tests
showed the trade-off between using an iterative subproblem solver versus a direct
factorization method. In particular, iterative subproblem solvers are typically compu-
tationally cheaper per iteration but less reliable at achieving high accuracy solutions,
while direct methods are typically more expensive per iteration but more reliable at

@ Springer



A dual gradient-projection method for large-scale strictly...

obtaining high accuracy solutions given enough time. Both options are available in
the package DQP.

The numerical results showed that DQP is often able to obtain high accuracy
solutions, and is very reliable at obtaining low accuracy solutions. This latter fact
makes DQP an attractive option as the subproblem solver in the recently developed
inexact SQO method called iSQO [19]. The solver iSQO is one of the few SQO
methods that allows for inexact subproblem solutions, a feature that is paramount
for large-scale problems. The conditions that iSQO requires to be satisfied by an
approximate subproblem solution can readily be obtained by DQP.

Although not presented in this paper, we experimented with using DQP as the
second stage of a cross-over method with the first stage being an interior-point solver.
Specifically, we used the GALAHAD interior-point solver CQP and changed over to
DQP once the optimality measures were below 10~2. Our tests showed that DQP was
not especially effective in this capacity. The reason seemed to be because CQP [37]
was designed to be effective on degenerate problems and have the capacity of obtaining
high accuracy solutions; this was achieved by using nonstandard parameterizations and
high-order Taylor approximations of the central path. As a consequence, we believe
that CQP remains the best solver for solving QP problems when good estimates of
the solution are not known in advance. However, we still believe that when solving a
sequence of QP problems (e.g., in SQO methods) or more generally anytime a good
solution estimate is available, the method DQP is an attractive option.

In terms of cross-over methods, one could also consider using DQP as a first stage
solver that provides a starting point to a traditional active-set method. Although we
have not yet used DQP in this capacity, it does have the potential to be efficient and
more stable than using DQP alone. The potential for improved stability is because the
performance of DQP is tied to its ability to identify the optimal active set. Although
such a feature holds under certain assumptions for gradient projection methods, per-
formance often steeply degrades when such assumptions do not hold; this is typically
not true of a traditional active-set method.

Finally, although duality via (3) holds more generally when H is positive semi-
definite, it is not always then possible to eliminate the variables x as in (4) to arrive
at a dual with simple non-negativity constraints. In particular, the dual may involve
additional general linear inequality constraints on y, and projection into this region
may prove to be very expensive—indeed, the projection may itself be posed as a
strictly-convex QP. Fortunately for problems involving regularization, such as those
discussed in Sect. 4, very minor modifications are required to fit our basic framework.
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