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i H
i (x

∗ )

)

s
≡

s
T
H

(x
∗ ,y

∗ )s
≥

0

for
all

s
satisfyin

g
A

(x
∗ )s

=
0.
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A

R
K

A
S
’
L
E
M

M
A

F
u
n
d
am

ental
th

eorem
of

lin
ear

in
equ

alities

F
a
rk

a
s’

le
m

m
a
.

G
iven

any
vectors

g
an

d
a

i ,
i
∈
A

,
th

e
set

S
=
{s

|
g

T
s

<
0

an
d

a
i T

s
≥

0
for

i
∈
A
}

is
em

p
ty

if
an

d
on

ly
if

g
∈

C
=

{

∑i∈
A

y
i a

i
|

y
i
≥

0
for

all
i
∈
A

}

.



F
A

R
K

A
S
’
L
E
M

M
A

(co
n
t.)

C
a

1

a
2

a
3

g

s
C

a
1

a
2

a
3

g

cu
ttin

g
p
lan

e

L
e
ft:

g
/∈
C

=
⇒

sep
arated

from
{a

i }
i∈

A
by

th
e

hyp
erp

lan
e

s
T
v

=
0

R
ig

h
t:

g
∈
C



P
R

O
O

F
O

F
F
A

R
K

A
S
’
L
E
M

M
A

•
trivial

if
C

=
0.

•
oth

erw
ise,

if
g
∈
C

&
s

T
a

i
≥

0
for

i
∈
A

=
⇒

s
T
g

=
∑i∈

A

y
i s

T
a

i
≥

0
=
⇒

S
=
∅

•
oth

erw
ise,

g
/∈
C
.

C
on

sid
er

any
c̄
∈
C

an
d

m
in

c∈
C

‖g
−

c‖
2

=
m

in
c∈

C̄

‖g
−

c‖
2 ,

w
h
ere

C̄
=
C
⋂

{c
|
‖g

−
c‖

2
≤

‖g
−

c̄‖
2 }.

C
closed

(obviou
s

b
u
t

n
on

-trivial!)
&

{c
|
‖g

−
c‖

2
≤

‖g
−

c̄‖
2 }

com
p
act

=
⇒

C̄
n
on

-em
p
ty

an
d

com
p
act

=
⇒

(W
eierstrass)

∃

c
∗

=
arg

m
in

c∈
C

‖g
−

c‖
2



0,c
∗
∈

convex
C

=
⇒

α
c
∗
∈

C
∀

α
≥

0
=
⇒

φ
(α

)
=

‖g
−

α
c
∗ ‖

22

m
in

im
ized

at
α

=
1

=
⇒

φ
′(1)

=
0

=
⇒

c
∗
T
(c

∗
−

g
)

=
0.

(10)

c
∈

convex
C

=
⇒

c
∗ &

c
∗
+

θ(c
−

c
∗ )

∈
C
∀

θ
∈

[0,1].
O

p
tim

ality
of

c
∗

=
⇒

‖g
−

c
∗ ‖

22
≤

‖g
−

c
∗
+

θ(c
∗
−

c)‖
22 .

E
xp

an
d
in

g
an

d
takin

g
th

e
lim

it
as

θ
→

0
&

(10)
=
⇒

0
≤

(g
−

c
∗ )

T
(c

∗
−

c)
=

(c
∗
−

g
)
T
c.

D
e
fi
n
in

g
s

=
c
∗
−

g
=
⇒

s
T
c
≥

0
∀

c
∈
C

=
⇒

s
T
a

i
≥

0
∀

i
∈
A

.

A
lso

c
∗
∈
C

&
g

/∈
C

=
⇒

s
6=

0
&

(10)
=
⇒

s
T
g

=
−

s
T
s

<
0

=
⇒

s
∈
S

.
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:

T
h
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re
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.
S
u
p
p
ose

th
at

f
,

c
∈

C
1,

an
d

th
at

x
∗

is
a

local

m
in

im
izer

of
f
(x

)
su

b
ject

to
c(x

)
≥

0.
T

h
en

,
p
rovid

ed
th

at
a

first-

ord
er

con
straint

qu
alification

h
old

s,
th

ere
exist

a
vector

of
L
agran

ge

m
u
ltip

liers
y
∗

su
ch

th
at

c(x
∗ )
≥

0
(p

rim
a
l
fe

a
sib

ility
),

g
(x

∗ )
−

A
T
(x

∗ )y
∗

=
0

an
d

y
∗
≥

0
(d

u
a
l
fe

a
sib

ility
)

an
d

c
i (x

∗ )[y
∗ ]i

=
0

(co
m

p
le

m
e
n
ta

ry
sla

ck
n
e
ss).

O
ften

kn
ow

n
as

th
e
K

a
ru

sh
-K

u
h
n
-T

u
ck

e
r

(K
K

T
)

con
d
ition

s
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H
E
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R
E
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1
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C
on

sid
er

feasib
le

p
ertu

rb
ation

s
ab

ou
t

x
∗ .

c
i (x

∗ )
>

0
=
⇒

c
i (x

)
>

0

for
sm

all
p
ertu

rb
ation

s
=
⇒

n
eed

on
ly

con
sid

er
p
ertu

rb
ation

s
th

at
are

con
strain

ed
by

c
i (x

)
≥

0
for

i
∈
A

d
ef
=

{i
:
c
i (x

∗ )
=

0}.

C
on

sid
er

x
(α

):
x
(0)

=
x
∗ ,

c
i (x

(α
))
≥

0
for

i
∈
A

an
d

x
(α

)
=

x
∗
+

α
s

+
12 α

2p
+

O
(α

3)

=
⇒

0
≤

c
i (x

(α
))

=
c(x

∗
+

α
s

+
12 α

2p
+

O
(α

3))

=
c
i (x

∗ )
+

a
i (x

∗ )
T
α
s

+
12 α

2p
+

12 α
2s

T
H

i (x
∗ )s

+
O

(α
3)

=
α
a

i (x
∗ )

T
s

+
12 α

2
(

a
i (x

∗ )
T
p

+
s
T
H

i (x
∗ )s
)

+
O

(α
3)

∀
i
∈
A

=
⇒

s
T
a

i (x
∗ )
≥

0
∀
i
∈
A

(11)

an
d

p
T
a

i (x
∗ )

+
s
T
H

i (x
∗ )s

≥
0

w
h
en

s
T
a

i (x
∗ )

=
0

∀
i
∈
A

(12)



E
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an
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(3)
of

f
(x

(α
))

f
(x

(α
))

=
f
(x

∗ )
+

α
g
(x

∗ )
T
s

+
12 α

2
(g

(x
∗ )

T
p

+
s
T
H

(x
∗ )s
)

+
O

(α
3)

=
⇒

x
∗

can
on

ly
b
e

a
local

m
in
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izer

if

S
=
{s

|
s
T
g
(x

∗ )
<

0
an

d
s
T
a

i (x
∗ )
≥

0
for

i
∈
A
}

=
∅.

R
esu

lt
th

en
follow

s
d
irectly

from
F
arkas’

lem
m

a.
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h
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.
S
u
p
p
ose

th
at

f
,

c
∈

C
2,

an
d

th
at

x
∗

is
a

local

m
in

im
izer

of
f
(x

)
su

b
ject

to
c(x

)
≥

0.
T

h
en

,
p
rovid

ed
th

at
first-

an
d

secon
d
-ord

er
con

straint
qu

alification
s

h
old

,
th

ere
exist

a
vec-

tor
of

L
agran

ge
m

u
ltip

liers
y
∗

for
w

h
ich

p
rim

al/d
u
al

feasib
ility

an
d

com
p
lem

entary
slackn

ess
requ

irem
ents

h
old

as
w

ell
as

s
T
H

(x
∗ ,y

∗ )s
≥

0
for

all
s
∈
N

+

w
h
ere

N
+

=

{

s
∈

IR
n

∣∣∣∣∣

s
T
a

i (x
∗ )

=
0

if
c
i (x

∗ )
=

0
&

[y
∗ ]i

>
0

&

s
T
a

i (x
∗ )

≥
0

if
c
i (x

∗ )
=

0
&

[y
∗ ]i

=
0

}

.
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0

E
xp

an
sion

f
(x

(α
))

=
f
(x

∗ )
+

α
g
(x

∗ )
T
s

+
12 α

2
(g

(x
∗ )

T
p

+
s
T
H

(x
∗ )s
)

+
O

(α
3)

for
ch

an
ge

in
ob

jective
fu

n
ction

d
om

in
ated

by
α
s

T
g
(x

∗ )
for

feasib
le

p
ertu

rb
ation

s
u
n
less

s
T
g
(x

∗ )
=

0,
in

w
h
ich

case
th

e
exp

an
sion

f
(x

(α
))

=
f
(x

∗ )
+

12 α
2
(p

T
g
(x

∗ )
+

s
T
H

(x
∗ )s
)

+
O

(α
3)

is
relevant

=
⇒

p
T
g
(x

∗ )
+

s
T
H

(x
∗ )s

≥
0

(13)

h
old

s
for

all
feasib

le
s

for
w

h
ich

s
T
g
(x

∗ )
=

0
=
⇒

0
=

s
T
g
(x

∗ )
=
∑i∈

A

(y
∗ )

i s
T
a

i (x
∗ )

=
⇒

eith
er

(y
∗ )

i
=

0
or

a
i (x

∗ )
T
s

=
0.

=
⇒

secon
d
-ord

er
feasib

le
p
ertu

rb
ation

s
ch

aracterised
by

s
∈
N

+
.
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s
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all
feasib
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th
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en
su

re
c
i (x

(α
))

=
0

if
(y

∗ )
i
>

0

an
d

c
i (x

(α
))
≥

0
if

(y
∗ )

i
=

0
for

i
∈
A

=
⇒

s
∈
N

+
.

W
h
en

c
i (x

(α
))

=
0

=
⇒a

Ti
(x

∗ )p
+

s
T
H

i (x
∗ )s

=
0

=
⇒

p
T
g
(x

∗ )
=
∑i∈

A

(y
∗ )

i p
T
a

i (x
∗ )

=
∑i∈

A
(y

∗ )i >
0 (y

∗ )
i p

T
a

i (x
∗ )

=
−
∑i∈

A
(y

∗ )i >
0 (y

∗ )
i s

T
H

i (x
∗ )s

=
−
∑i∈

A

(y
∗ )

i s
T
H

i (x
∗ )s

+
(13)

=
⇒

s
T
H

(x
∗ ,y

∗ )s
≡

s
T

(

H
(x

∗ )
−

m
∑i=

1

(y
∗ )

i H
i (x

∗ )

)

s

=
p

T
g
(x

∗ )
+

s
T
H

(x
∗ )s

≥
0.

for
all

s
∈
N

+
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a
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T
h
e
o
re

m
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S
u
p
p
ose

th
at

f
,

c
∈

C
2,

th
at

x
∗

an
d

a
vector

of

L
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ge
m

u
ltip

liers
y
∗

satisfy

c(x
∗ )
≥

0,g
(x

∗ )
−

A
T
(x

∗ )y
∗

=
0,y

∗
≥

0,
an

d
c
i (x

∗ )[y
∗ ]i

=
0

an
d

th
at

s
T
H

(x
∗ ,y

∗ )s
>

0

for
all

s
in

th
e

set

N
+

=

{

s
∈

IR
n

∣∣∣∣∣

s
T
a

i (x
∗ )

=
0

if
c
i (x

∗ )
=

0
&

[y
∗ ]i

>
0

&

s
T
a

i (x
∗ )
≥

0
if

c
i (x

∗ )
=

0
&

[y
∗ ]i

=
0.

}

.

T
h
en

x
∗

is
an

isolated
local

m
in

im
izer

of
f
(x

)
su

b
ject

to
c(x

)
≥

0.
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C
on

sid
er

any
feasib

le
arc

x
(α

).
A

lread
y

sh
ow

n

s
T
a

i (x
∗ )
≥

0
∀
i
∈
A

(14)
an

d

p
T
a

i (x
∗ )

+
s
T
H

i (x
∗ )s

≥
0

w
h
en

s
T
a

i (x
∗ )

=
0

∀
i
∈
A

(15)

an
d

th
at

secon
d
-ord

er
feasib

le
p
ertu

rb
ation

s
are

ch
aracterized

by
N

+
.

(15)
=
⇒

p
T
g
(x

∗ )
=
∑i∈

A

(y
∗ )

i p
T
a

i (x
∗ )

=
∑

i∈
A

s
T
a
i (x

∗ )=
0

(y
∗ )

i p
T
a

i (x
∗ )

≥
−
∑i∈

A
s
T
a
i (x

∗ )=
0

(y
∗ )

i s
T
H

i (x
∗ )s

=
−
∑i∈

A

(y
∗ )

i s
T
H

i (x
∗ )s,

an
d

h
en

ce
by

assu
m

p
tion

th
at

p
T
g
(x

∗ )
+

s
T
H

(x
∗ )s

≥
s
T

(

H
(x

∗ )
−

m
∑i=

1

(y
∗ )

i H
i (x

∗ )

)

s

≡
s
T
H

(x
∗ ,y

∗ )s
>

0

∀
s
∈
N

+
+

(3)
+

(14)
=
⇒

f
(x

(α
))

>
f
(x

∗ )
∀

su
ffi

ciently
sm

all
α

.


