NSDE 1: LECTURE 11

TYRONE REES*

The numerical solution of parabolic problems

For the rest of the course we're going to look at problems of the form
ou 0 ou
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with u(z,0) = up(z) and appropriate boundary condititions.

In practice, we're going to concentrate on the model problem:
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Before we look at how to solve this numerically, let’s explore what the
analytic solution looks like. To do this, we're going to use the Fourier
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Applying this to the PDE, we get:
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where we've integrated by parts twice on the RHS and ignored boundary
terms at +00. So

This has solutions

(€, t) = A(€)e " = (€, 0)e ¢
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Now we just need to apply the inverse Fourier transform:
u(z,t) = F~* (e’52t150>
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AnalyticSolution.m
This behaviour can be explained by Parseval’s identity:
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If we apply this to our function:

where
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This is an important property of the solution, that we must make
sure is satisfied by any numerical approximation.

Proof of Parseval’s identity

Let v(x) and w(x) be two functions.
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Now, if we let w(§) = 0(€), then

w(€) = /00 O(x)e ® dr = /_OO 0(x)erdr = 2o

o0

Where we've used the fact that v = 5= [ 0e**dx (by definition of the
inverse Fourier transform). Therefore

o /OO (x)v(x)de = /oo o(€)0(€)ds
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Discretization Suppose z € [0, X] and ¢t € [0,7], where "> 0 is a
given final time, and 0, X are the left and right boundaries.
Construct a finite-difference grid:

AT = Tepq/N in the z-direction
At = T/M in the t-direction

so that
xj; = jAz, and t,, = mAt.
Since
ou u(my, by + AL) = u(xg, L)
ar (o te) = dim, At
and
0*u (x4 Az, ty) — 2u(xg, ty) + u(z; — Az, ty,)
w(lﬂj’tm) N Alglnglo (Ax)?

We can approximate u(z;,t,,) ~ UJ", so that

m+1 m
@(mt ):Uj+ _Uj
ot At
and
O ) = 200 T O
ox? (Az)?

This scheme can be illustrated by the stencil:



Putting it together, suppose we want to approximate the PDE
ou  0*u

ot ox?
for x € [0, X] and ¢ € [0,T], where u(x,0) = ug(x), and u(0,t) = u,(t),
u(X,t) = up(t). Then we get that

U} = ug(x;), §=0,%1,42, -

and then we can update U at the next time step by
U6n+1 = Uq(tmt1), Uﬁi_ll = up(tm+1)
ot Uy Uy - 2U + U
At (At)?

The final relation can also be written as
m—+1 m m m m

where p = 5.



