NSDE 1: LECTURE 14

TYRONE REES*

Recap
ou  du
ot 0a?
for x € [0,X] and t € [0,7] where u(z,0) = wuo(z), and with mixed
boundary conditions %(O,t) = uy(t), u(X,t) = up(t) Set up a grid:

zj=jAz,7=0,...,N+1landt,=mAt,m=1,..., M.

Jj+1

forj=1,...N.

Neumann boundary conditions Suppose that we have a Neumann

boundary condition at xg, so 9%(zg,t) = u,(t), with a Dirichlet b.c. at

zn+1. Now Uj" is also unknown, so what do we do?

The solution is to introduce a ficticious point, U™, and set

ur-umy

2Ax

(We must use central differences, otherwise the order of accuracy of the
boundary condition would be less than that of the PDE). Then U™ =
U —2Azu,(t,,). We can therefore substitute this into our scheme, giving

(I — OuEKMYU™ ™ = (I + (1 —0)uKMY\U™ + £V

U™ = 0p(UT =207+ U = U+ (1= 0) (U}, — 207" + U

= Uqa(tm)

where
-2 2 0 - 0 —2(1 — O)puAzuy(ty,) — 20uAzug(ty1)
1 -2 1 0 0 0
KN_ o 1 —2 1 L f= :
0 1 =2 (1 — 0)pup(ty,) + Opup(tmar)

Truncation error
Suppose we solve the heat equation with Dirichlet boundary condi-
tions:

ou O%u
E:w’ G[a,b], tG[OaT]

u(z,0) = up(x)
u(a,t) = ug(t),u(b, t) = up(t)
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using Explicit Euler in time and central differences in space

m+1 m m m m
At Ax?

UQ:UO(Ij),j:]_,...,N

J

U6n+]. = ua(tm+1), Ugflill = Ub(tm+1), m = 1, ey M

We define the truncation error of the scheme as

umtl —m

Y ' uity = 2u +ulty
J At Ax?
where u}* = u(z;, tm).
Then, expanding using Taylor series, we get
mtl _ { At? At r

u~+ Atuy + —uy + —u
j + ¢+ 5 tt + 6 tt 1

u
J
and so the time derivative gives

At? A3
um+1 — |:U + Atut + Tutt + Tuttt + = Ui|
J J

m

J

At At

zut+7utt+---

Now, for the central differences approximation:

. [ Ax? Ax? Ax?
uj-l—l - _U + Axux + Tuxx + Tumr + ﬂuxmcx + e
—2ut = —2u}’
. [ A Ax? Ax? Ax?
Uj_q = _u — ATUy + Tum: - Tu:cxx + ﬂumﬂ:az +o

and so we get

m m m 2 Azt
uipy —2uf gty AUy + S5 Usees + -

Ax? Ax?
-
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Therefore, putting it together:

At Ax?
TJ" = e = e e = gt 4+ = OB+ (A2)?)

For other schemes, choose the point that you expand about accord-
ingly to minimize the algebral
e Explicit Euler: uf" — O(At + Az?)
e Implicit Euler: "™ — O(At + Az?)
e Crank-Nicolson: u}nH/Q — O(At* + Az?)
Error analysis of the Explicit Euler scheme Let us define the
global error as

el = u(wj, ty,) — U™

Note that, for a Dirichlet problem,

m+1 __ m+1 __ 0 _ g
eg =0,eyi; =0,e;=0,7=1,....N

Then, we have
m+1 m m m m
I =l 4 op(u ) = 2u ) + AT

and so
emtt = el 4+ p(ely —2eT + el ) + AT
= (1= 2p)ef’ + pej’y + pefiy + AT
Let E™ = maxo<j<yy1 |ef'| and T = max<j<n [T]"|. As long as (1 —
2p1) > 0 (recall that this scheme is absolutely stable if 1 < 1/2) we can
write
E™ < (1 —2u)E™ + pE™ + pE™ + AtT™
=FE" 4+ AtT™
Therefore, since E° = 0,
m—1
E"<AtY T
i=0

< mAt max T
0<i<m—1

<T max max [T
0<m<M 1<j<N ' 7

Therefore, since the Euler scheme has truncation error

T = O(Az® + At)

J
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we have that

max  max |u(z;, tm) — U"| < Const.(Az® 4 At)
0<m<M 1<j<N



