
P
a
rt

3
:

T
ru

st-re
g
io

n
m

e
th

o
d
s

fo
r

u
n
co

n
stra

in
e
d

o
p
tim

iza
tio

n

N
ick

G
ou

ld
(R

A
L
)

m
in

im
ize

x
∈

IR
n

f
(x

)

P
a
rt

C
co

u
rse

o
n

co
n
tin

u
o
u
e

o
p
tim

iza
tio

n



U
N

C
O

N
S
T

R
A

IN
E
D

M
IN

IM
IZ

A
T

IO
N

m
in

im
ize

x
∈

IR
n

f
(x

)

w
h
ere

th
e
o
b
je

ctiv
e

fu
n
ctio

n
f

:
IR

n
−
→

IR

�
assu

m
e

th
at
f
∈
C

1
(som

etim
es
C

2)
an

d
L
ip

sch
itz

�
often

in
p
ractice

th
is

assu
m

p
tion

violated
,
b
u
t

n
ot

n
ecessary



L
IN

E
S
E
A

R
C

H
V

S
T

R
U

S
T

-R
E
G

IO
N

M
E
T

H
O

D
S

�
L
in

e
se

a
rch

m
e
th

o
d
s

�
p
ick

d
escent

d
irection

p
k

�
p
ick

step
size

α
k

to
“red

u
ce”

f
(x

k
+
α
p
k )

�
x
k
+

1
=
x
k

+
α
k p

k

�
T
ru

st-re
g
io

n
m

e
th

o
d
s

�
p
ick

step
s
k

to
red

u
ce

“m
od

el”
of
f
(x

k
+
s)

�
accep

t
x
k
+

1
=
x
k +
s
k

ifd
ecrease

in
m

od
elin

h
erited

by
f
(x

k +
s
k )

�
oth

erw
ise

set
x
k
+

1
=
x
k ,

“refin
e”

m
od

el



T
R

U
S
T

-R
E
G

IO
N

M
O

D
E
L

P
R

O
B

L
E
M

M
od

el
f
(x

k
+
s)

by:

�
lin

ear
m

od
el

m
Lk (s)

=
f
k

+
s
T
g
k

�
qu

ad
ratic

m
od

el
—

sym
m

etric
B
k

m
Qk
(s)

=
f
k

+
s
T
g
k

+
12 s
T
B
k s

M
a
jo

r
d
iffi

cu
ltie

s:

�
m

od
els

m
ay

n
ot

resem
b
le
f
(x

k
+
s)

if
s

is
large

�
m

od
els

m
ay

b
e

u
nb

ou
n
d
ed

from
b
elow

�
lin

ear
m

od
el

-
alw

ays
u
n
less

g
k

=
0

�
qu

ad
ratic

m
od

el
-

alw
ays

if
B
k

is
in

d
efin

ite,

p
ossib

ly
if
B
k

is
on

ly
p
ositive

sem
i-d

efin
ite



T
H

E
T

R
U

S
T

R
E
G

IO
N

P
revent

m
od

el
m
k (s)

from
u
nb

ou
n
d
ed

n
ess

by
im

p
osin

g
a

tru
st-re

g
io

n
con

straint

‖s‖
≤

∆
k

for
som

e
“su

itab
le”

scalar
ra

d
iu

s
∆
k
>

0

=
⇒

tru
st-re

g
io

n
su

b
p
ro

b
le

m

ap
p
rox

m
in

im
ize

s∈
IR
n

m
k (s)

su
b
ject

to
‖s‖

≤
∆
k

�
in

th
eory

d
oes

n
ot

d
ep

en
d

on
n
orm

‖
·‖

�
in

p
ractice

it
m

ight!



O
U

R
M

O
D

E
L

F
or

sim
p
licity,

con
centrate

on
th

e
secon

d
-ord

er
(N

ew
ton

-like)
m

od
el

m
k (s)

=
m
Qk
(s)

=
f
k

+
s
T
g
k

+
12 s
T
B
k s

an
d

th
e
`
2 -tru

st
region

n
orm

‖
·‖

=
‖
·‖

2

N
ote:

�
B
k

=
H
k

is
allow

ed

�
an

alysis
for

oth
er

tru
st-region

n
orm

s
sim

p
ly

ad
d
s

extra
con

stants

in
follow

in
g

resu
lts



B
A

S
IC

T
R

U
S
T

-R
E
G

IO
N

M
E
T

H
O

D

G
iven

k
=

0,
∆

0
>

0
an

d
x

0 ,
u
ntil

“convergen
ce”

d
o:

B
u
ild

th
e

secon
d
-ord

er
m

od
el
m

(s)
of
f
(x

k
+
s).

“S
olve”

th
e

tru
st-region

su
b
p
rob

lem
to

fin
d
s
k

for
w

h
ich

m
(s
k )

“<
”
f
k

an
d
‖s

k ‖
≤

∆
k ,

an
d

d
efin

e

ρ
k

=
f
k
−
f
(x

k
+
s
k )

f
k
−
m
k (s

k )
.

If
ρ
k
≥
η
v

[v
e
ry

su
cce

ssfu
l]

0
<
η
v
<

1

set
x
k
+

1
=
x
k

+
s
k

an
d

∆
k
+

1
=
γ
i ∆

k
γ
i
≥

1

O
th

erw
ise

if
ρ
k
≥
η
s

th
en

[su
cce

ssfu
l]

0
<
η
s
≤
η
v
<

1

set
x
k
+

1
=
x
k

+
s
k

an
d

∆
k
+

1
=

∆
k

O
th

erw
ise

[u
n
su

cce
ssfu

l]

set
x
k
+

1
=
x
k

an
d

∆
k
+

1
=
γ
d ∆

k
0
<
γ
d
<

1

In
crease

k
by

1



“
S
O

L
V

E
”

T
H

E
T

R
U

S
T

R
E
G

IO
N

S
U

B
P

R
O

B
L
E
M

?

A
t

th
e

very
least

�
aim

to
ach

ieve
as

m
u
ch

red
u
ction

in
th

e
m

od
elas

w
ou

ld
an

iteration

of
steep

est
d
escent

�
C

a
u
ch

y
p
o
in

t:
s

Ck
=
−
α

Ck g
k

w
h
ere

α
Ck

=
arg

m
in

α
>

0

m
k (−

α
g
k )

su
b
ject

to
α
‖g

k ‖
≤

∆
k

=
arg

m
in

0<
α
≤

∆
k /‖

g
k ‖

m
k (−

α
g
k )

�
m

in
im

ize
qu

ad
ratic

on
lin

e
segm

ent
=
⇒

very
easy!

�
requ

ire
th

at

m
k (s

k )
≤
m
k (s

Ck )
an

d
‖s

k ‖
≤

∆
k

�
in

p
ractice,

h
op

e
to

d
o

far
b
etter

th
an

th
is



A
C

H
IE

V
A

B
L
E

M
O

D
E
L

D
E
C

R
E
A

S
E

T
h
e
o
re

m
3
.1

.
If
m
k (s)

is
th

e
secon

d
-ord

er
m

od
el

an
d
s

Ck
is

its

C
au

chy
p
oint

w
ith

in
th

e
tru

st-region
‖s‖

≤
∆
k ,

f
k
−
m
k (s

Ck )
≥

12 ‖g
k ‖

m
in



‖g
k ‖

1
+
‖B

k ‖
,∆

k

 .



P
R

O
O

F
O

F
T

H
E
O

R
E
M

3
.1

m
k (−

α
g
k )

=
f
k
−
α
‖g

k ‖
2
+

12 α
2g
Tk
B
k g
k .

R
esu

lt
im

m
ed

iate
if
g
k

=
0.

O
th

erw
ise,

3
p
ossib

ilities

(i)
cu

rvatu
re
g
Tk
B
k g
k
≤

0
=
⇒

m
k (−

α
g
k )

u
nb

ou
n
d
ed

from
b
elow

as
α

in
creases

=
⇒

C
au

chy
p
oint

occu
rs

on
th

e
tru

st-region
b
ou

n
d
ary.

(ii)
cu

rvatu
re
g
Tk
B
k g
k
>

0
&

m
in

im
izer

m
k (−

α
g
k )

occu
rs

at
or

b
eyon

d

th
e

tru
st-region

b
ou

n
d
ary

=
⇒

C
au

chy
p
oint

occu
rs

on
th

e
tru

st-

region
b
ou

n
d
ary.

(iii)
th

e
cu

rvatu
re
g
Tk
B
k g
k
>

0
&

m
in

im
izer

m
k (−

α
g
k ),

an
d

h
en

ce

C
au

chy
p
oint,

occu
rs

b
efore

tru
st-region

is
reach

ed
.

C
on

sid
er

each
case

in
tu

rn
;



C
a
se

(i)

g
Tk
B
k g
k
≤

0
&
α
≥

0
=
⇒

m
k (−

α
g
k )

=
f
k
−
α
‖g

k ‖
2
+

12 α
2g
Tk
B
k g
k
≤
f
k
−
α
‖g

k ‖
2

(1)

C
au

chy
p
oint

lies
on

b
ou

n
d
ary

of
th

e
tru

st
region

=
⇒

α
Ck

=
∆
k

‖g
k ‖
.

(2)

(1)
+

(2)
=
⇒f
k
−
m
k (s

Ck )
≥

‖g
k ‖

2
∆
k

‖g
k ‖

=
‖g

k ‖
∆
k
≥

12 ‖g
k ‖

∆
k .



C
a
se

(ii)

α
∗k

d
ef
=

arg
m

in
m
k (−

α
g
k )

≡
f
k
−
α
‖g

k ‖
2
+

12 α
2g
Tk
B
k g
k

(3)

=
⇒

α
∗k

=
‖g

k ‖
2

g
Tk
B
k g
k

≥
α

Ck
=

∆
k

‖g
k ‖

(4)

=
⇒

α
Ck g

Tk
B
k g
k
≤

‖g
k ‖

2.
(5)

(3)
+

(4)
+

(5)
=
⇒

f
k
−
m
k (s

Ck )
=
α

Ck ‖g
k ‖

2
−

12 [α
Ck ] 2g

Tk
B
k g
k
≥

12 α
Ck ‖g

k ‖
2

=
12 ‖g

k ‖
2

∆
k

‖g
k ‖

=
12 ‖g

k ‖
∆
k .



C
a
se

(iii)

α
Ck

=
α
∗k

=
‖g

k ‖
2

g
Tk
B
k g
k

=
⇒

f
k
−
m
k (s

Ck )
=
α
∗k ‖g

k ‖
2
+

12 (α
∗k )

2g
Tk
B
k g
k

=
‖g

k ‖
4

g
Tk
B
k g
k

−
12

‖g
k ‖

4

g
Tk
B
k g
k

=
12

‖g
k ‖

4

g
Tk
B
k g
k

≥
12

‖g
k ‖

2

1
+
‖B

k ‖
,

w
h
ere

|g
Tk
B
k g
k |
≤

‖g
k ‖

2‖B
k ‖

≤
‖g

k ‖
2(1

+
‖B

k ‖
)

b
ecau

se
of

th
e

C
au

chy-S
chw

arz
in

equ
ality.



C
o
ro

lla
ry

3
.2

.
If
m
k (s)

is
th

e
secon

d
-ord

er
m

od
el,

an
d
s
k

is
an

im
p
rovem

ent
on

th
e

C
au

chy
p
oint

w
ith

in
th

e
tru

st-region
‖s‖

≤

∆
k ,

f
k
−
m
k (s

k )
≥

12 ‖g
k ‖

m
in



‖g
k ‖

1
+
‖B

k ‖
,∆

k

 .



D
IF

F
E
R

E
N

C
E

B
E
T

W
E
E
N

M
O

D
E
L

A
N

D
F
U

N
C

T
IO

N

L
e
m

m
a

3
.3

.
S
u
p
p
ose

th
at
f
∈
C

2,
an

d
th

at
th

e
tru

e
an

d
m

od
el

H
essian

s
satisfy

th
e

b
ou

n
d
s
‖H

(x
)‖

≤
κ
h

for
all
x

an
d
‖B

k ‖
≤
κ
b

for
all
k

an
d

som
e
κ
h
≥

1
an

d
κ
b
≥

0.
T

h
en

|f
(x

k
+
s
k )
−
m
k (s

k )|
≤
κ
d ∆

2k ,

w
h
ere

κ
d

=
12 (κ

h
+
κ
b ),

for
all
k
.



P
R

O
O

F
O

F
L
E
M

M
A

3
.3

M
ean

valu
e

th
eorem

=
⇒

f
(x

k
+
s
k )

=
f
(x

k )
+
s
Tk
∇
x f

(x
k )

+
12 s
Tk
∇
x
x f

(ξ
k )s

k

for
som

e
ξ
k
∈

[x
k ,x

k
+
s
k ].

T
hu

s

|f
(x

k
+
s
k )
−
m
k (s

k )|
=

12 |s
Tk
H

(ξ
k )s

k
−
s
Tk
B
k s
k |
≤

12 |s
Tk
H

(ξ
k )s

k |+
12 |s

Tk
B
k s
k |

≤
12 (κ

h
+
κ
b )‖s

k ‖
2
≤
κ
d ∆

2k

u
sin

g
th

e
trian

gle
an

d
C

au
chy-S

chw
arz

in
equ

alities.



U
L
T

IM
A

T
E

P
R

O
G

R
E
S
S

A
T

N
O

N
-O

P
T

IM
A

L
P

O
IN

T
S

L
e
m

m
a

3
.4

.
S
u
p
p
ose

th
at
f
∈
C

2,
th

at
th

e
tru

e
an

d
m

od
el

H
es-

sian
s

satisfy
th

e
b
ou

n
d
s
‖H

k ‖
≤
κ
h

an
d
‖B

k ‖
≤
κ
b

for
all

k
an

d

som
e
κ
h
≥

1
an

d
κ
b
≥

0,
an

d
th

at
κ
d

=
12 (κ

h
+
κ
b ).

S
u
p
p
ose

fu
rth

erm
ore

th
at
g
k
6=

0
an

d
th

at

∆
k
≤

‖g
k ‖

m
in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d


.

T
h
en

iteration
k

is
very

su
ccessfu

l
an

d

∆
k
+

1
≥

∆
k .



P
R

O
O

F
O

F
L
E
M

M
A

3
.4

B
y

d
efin

ition
,

1
+
‖B

k ‖
≤
κ
h

+
κ
b

+
first

b
ou

n
d

on
∆
k

=
⇒

∆
k
≤

‖g
k ‖

κ
h

+
κ
b
≤

‖g
k ‖

1
+
‖B

k ‖
.

C
orollary

3.2
=
⇒

f
k
−
m
k (s

k )
≥

12 ‖g
k ‖

m
in



‖g
k ‖

1
+
‖B

k ‖
,∆

k


=

12 ‖g
k ‖∆

k .

+
L
em

m
a

3.3
+

secon
d

b
ou

n
d

on
∆
k

=
⇒

|ρ
k
−

1|
=

∣∣∣∣∣∣∣∣ f
(x

k
+
s
k )
−
m
k (s

k )

f
k
−
m
k (s

k )

∣∣∣∣∣∣∣∣ ≤
2
κ
d ∆

2k

‖g
k ‖∆

k
=

2
κ
d ∆

k

‖g
k ‖

≤
1
−
η
v .

=
⇒

ρ
k
≥
η
v

=
⇒

iteration
is

very
su

ccessfu
l.



R
A

D
IU

S
W

O
N

’T
S
H

R
IN

K
T

O
Z
E
R

O
A

T
N

O
N

-O
P

T
IM

A
L

P
O

IN
T

S

L
e
m

m
a

3
.5

.
S
u
p
p
ose

th
at
f
∈
C

2,
th

at
th

e
tru

e
an

d
m

od
el

H
es-

sian
s

satisfy
th

e
b
ou

n
d
s
‖H

k ‖
≤
κ
h

an
d
‖B

k ‖
≤
κ
b

for
all

k
an

d

som
e
κ
h
≥

1
an

d
κ
b
≥

0,
an

d
th

at
κ
d

=
12 (κ

h
+
κ
b ).

S
u
p
p
ose

fu
rth

erm
ore

th
at

th
ere

exists
a

con
stant

ε
>

0
su

ch
th

at
‖g

k ‖
≥
ε

for
all
k
.

T
h
en∆

k
≥
κ
ε

d
ef
=
εγ

d
m

in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d



for
all
k
.



P
R

O
O

F
O

F
L
E
M

M
A

3
.5

S
u
p
p
ose

oth
erw

ise
th

at
iteration

k
is

first
for

w
h
ich

∆
k
+

1
≤
κ
ε .

∆
k
>

∆
k
+

1
=
⇒

iteration
k

u
n
su

ccessfu
l
=
⇒

γ
d ∆

k
≤

∆
k
+

1 .
H

en
ce

∆
k
≤
ε
m

in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d



≤
‖g

k ‖
m

in



1

κ
h

+
κ
b , (1

−
η
v )

2κ
d



B
u
t

th
is

contrad
icts

assertion
of

L
em

m
a

3.4
th

at
iteration

k
m

u
st

b
e

very
su

ccessfu
l.



P
O

S
S
IB

L
E

F
IN

IT
E

T
E
R

M
IN

A
T

IO
N

L
e
m

m
a

3
.6

.
S
u
p
p
ose

th
at
f
∈
C

2,
an

d
th

at
b
oth

th
e

tru
e

an
d

m
od

elH
essian

s
rem

ain
b
ou

n
d
ed

for
allk

.
S
u
p
p
ose

fu
rth

erm
ore

th
at

th
ere

are
on

ly
fin

itely
m

any
su

ccessfu
l
iteration

s.
T

h
en
x
k

=
x
∗

for

all
su

ffi
ciently

large
k

an
d
g
(x

∗ )
=

0.



P
R

O
O

F
O

F
L
E
M

M
A

3
.6

x
k
0 +
j

=
x
k
0 +

1
=
x
∗

for
all
j
>

0,
w

h
ere

k
0

is
in

d
ex

of
last

su
ccessfu

l
iterate.

A
ll

iteration
s

are
u
n
su

ccessfu
l
for

su
ffi

ciently
large

k
=
⇒

{∆
k }

−
→

0

+
L
em

m
a

3.4
th

en
im

p
lies

th
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